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PREFACE 


T his book may be regarded as a fifth edition of a Treatise on the Mathe- 
matical Theory of the Motion of Fluids^ which was published in. 1879. 
The second edition, largely remodelled and extended, appeared under the 
present title in 1895, and was followed by a third in 1906, and a fourth in 
1916. In this issue, as in the two preceding ones, no change has been made 
in the general plan and arrangement, but the work has again been carefully 
revised, occasional passages have been rewritten, and some important ad- 
ditions have been made, relating chiefly to recent investigatiotis. 

A word or two may be said with regard to certain departures from general 
usage which are to be found in the book. The use of the reversed sign for 
the velocity-potential which was adopted in the 1895 edition and is here 
continued, was not altogether an innovation, and has strong arguments of 
a physical kind to recommend it. It appears so much more natural to regard 
the state of motion of a dynamical system, in any given configuration, as 
specified by the impulses which would start it, rather than by those which 
would stop it, that the altered definition of the function would seem to require 
no further justification. It has also the advantage that the analogies with 
other branches of Mathematical Physics are rendered more complete, 

I ventured in the preceding edition to make a further deviation from 
prevalent usage, by choosing for special designation the vector 'j;, f) whose 
components in terms of the velocity (w, v, w) are 

dw dv dih dw dv du 
dy dz ^ dz ~dx^ dx dy ^ 

rather than that whose components have half these values. This procedure 
avoids the insertion of an unnecessary factor 2 or in a number of formulae, 
in particular in the theorem of Stokes (Art. 32) which is the fundamental 
relation in the present connection. The vector (f, vj, S’) as now defined may 
conveniently be called the ^vorticity,’ the term * rotation' being used, if 
required, in its established sense. It may be added that the altered notation 
is in conformity with the physical analogies already referred to. It is more- 
over already current in some writings on the present subject. 



Prejtme yii 

Pains have been taken to make due acknowledgment of authorities in 
the footnotes ; but it will be understood that the original methods have not 
always been followed in the text. 

I would add that the work has less pretensions than ever to be regarded 
as a complete account of the science with which it deals. The subject has 
of late attracted increased attention in various countries, and it has become 
correspondingly difficult to do justice to the growing literature. Some memoirs 
deal chiefly with questions of mathematical method and so fall outside the 
scope of this book ; others though physically important hardly admit of a 
condensed analysis ; others, again, owing to the multiplicity of publications, 
may unfortunately have been overlooked. And there is, I am afraid, the 
inevitable personal equation of the author, which leads him to take a greater 
interest in some branches of the subject than in others. 

As in the previous editions, I have to thank the staff of the University 
Press for their careful supervision of the printing, and for kindly calling 
attention to various oversights. 

It is again a satisfaction to me to inscribe on the fly-leaf the name of 
Mr H. M. Taylor, whose kindly encouragement first led me to write on the 
subject, and whose help in revision I had gratefully to acknowledge on former 
occasions. 

HORACE LAMB. 


Fdyniary, 1924. 
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HYDEODYNAMICS 


CHAPTEE I 

THE EQUATIONS OF MOTION 

1. The following investigations proceed on the assumption that the 
matter with which we deal may be treated as practically continuous and 
homogeneous in structure ; i.e. we assume that the properties of the smallest 
portions into which we can conceive it to be divided are the same as those of 
the substance in bulk. 

The fundamental property of a fluid is that it cannot be in equilibrium in 
a state of stress such that the mutual action between two adjacent parts is 
oblique to the common surface. This property is the basis of Hydrostatics^ 
and is verified by the complete agreement of the deductions of that science 
with experiment. Very slight observation is enough, however, to convince 
us that, oblique stresses may exist in fluids in motion. Let us suppose for 
instance that a vessel in the form of a circular cylinder, containing water 
(or other liquid), is made to rotate about its axis, which is vertical If the 
angular velocity of the vessel be constant, the fluid is soon found to be rotat- 
ing with the vessel as one solid body. If the vessel be now brought to rest, the 
motion of the fluid continues for some time, but gradually subsides, and at 
length ceases altogether ; and it is found that during this process the portions 
of fluid which are further from th-e axis lag behind those which are nearer, 
and have their motion more rapidly checked. These phenomena point to the 
existence of mutual actions between contiguous elements which are partly 
tangential to the common surface. For if the mutual action were everywhere 
wholly normal, it is obvious that the moment of momentum, about the axis 
of the vessel, of any portion of fluid bounded by a surface of revolution about 
this axis, would be constant We infer, moreover, that these tangential 
stresses are not called into play so long as the fluid moves as a solid body, 
but only whilst a change of shape of some portion of the mass is going on, 
and that their tendency is to oppose this change of shape. 

2. It is usual, however, in the first instance to neglect the tangential 
stresses altogether. Their effect is in many practical cases small, and inde- 
pendently of this, it is convenient to divide the not inconsiderable difficulties 
of our subject by investigating first the effects of purely normal stress. The 
further consideration of the laws of tangential stress is accordingly deferred 
till Chapter xi. 


L. H. 
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If the stress exerted across any small plane area situate at a point P of 
the fluid be wholly normal, its intensity (per 
unit area) is the same for all aspects of the 
plane. The following proof of this theorem 
is given here for purposes of reference. 

Through P draw three straight lines PA, 

PB, PC mutually at right angles, and let 
a plane whose direction-cosines relatively to 
these lines are I, m, n, passing infinitely 
close to P, meet them in A, B, C. Let 
Pj Pi, P 2 , Ps denote the intensities of the 
stresses* across the faces ABC, PBC, PCA, PAB, respectively, of the 
tetrahedron PABC. If A be the area of the first-mentioned face, the areas 
of the others are, in order, iA, mA, nA. Hence if we form the ecjuation of 
motion of the tetrahedron parallel to PA we have pi . ?A = j)? . A, where wo 
have omitted the terms which express the I'ate of change of momentum, and 
the component of the extraneous forces, because they are ultimately propor- 
tional to the mass of the tetrahedron, and therefore of the third order of 
small linear quantities, whilst the terms retained are of the second. We 
have then, ultimately, p=pi, and similarly P=P 2 ==P!J, which proves the 
theorem, *' 

3. The equations of motion of a fluid have been obtained in two dhforent 
forms, corresponding to the two ways in which the problem of determining 
the motion of a fluid mass, acted on by given forces and subject to given 
conditions, may be viewed. We may either regard as the ol)ject of our 
investigations a knowledge of the velocity, the pressure, and the density, 
at all points of space occupied by the fluid, for all instants ; or we may seek 
to determine the history of every particle. The equations obtained on these 
two plans are conveniently designated, as by German mathematicians, the 
'Eulerian' and the ‘Lagrangian' forms of the hydrokinetic e(juations, 
although both forms are in reality due to Eulerf, 

The Eulenan Equations, 

4. Let u, V, w be the components, parallel to the co-ordinate axes, of the 
velocity at the point (x, y, z) at the time t These quantities arc then 
functions of the independent variables x, y, z, t For any particular value of 
t they express the motion at that instant at all points of space occupied by 

* Beckoned positive when pressures, negative when tensions. Most fluids are, however, 
incapable under ordinary conditions of supporting more than an exceedingly slight degree of 
tension,, so thatp is nearly always positive. 

f “ Prinoipes g4n4ranx du mouvement des fluides,” KisU de VAcad. de Berlin, 1755. 

“ De principiis motus fluidorum,’* Novi Comm, Acad. Petrop. xiv. 1 (1759). 

Lagrange gave three investigations of the equations of motion ; first, incidentally, in 
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the fluid; whilst for particular values of x, y, z they give the history of 
what goes on at a particular place. 

We shall suppose, for the most part, not only that u, v, w are finite and 
continuous functions of x, y, z, but that their space-derivatives of the first 
order {dujdx, dvjdx, dwjdx^ &c.) are everywhere finite^; we shall understand 
by the term 'continuous motion,’ a motion subject to these restrictions. 
Cases of exception, if they present themselves, will require separate examina- 
tion. In continuous motion, as thus defined, the relative velocity of any two 
neighbouring particles P, P' will always be infinitely small, so that the line 
PP' will always remain of the same order of magnitude. It follows that if 
we imagine a small closed surface to be drawn, surrounding P, and suppose 
it to move with the fluid, it will always enclose the same matter. And any 
surface whatever, which moves with the fluid, completely and permanently 
separates the matter on the two sides of it. 


5. The values of % v, w for successive values of t give as it were a series 
of pictures of consecutive stages of the motion, in which however there is no 
immediate means of tracing the identity of any one particle. 

To calculate the rate at which any function F(x, y, z, t) varies for a 
moving particle, we remark that at the time t + Bt the particle which was 
originally in the position (x, y, z) is in the position {x -h iiht, y z-\- wBt), 
so that the corresponding value of F is 


,dF 


F{x + uBtj y + vBt, z ’hwBt, t + Bt) = F+tiBt-^ +vBt 


+ wBt^+Bt 


0^ 

dt • 


If, after Stokes, we introduce the symbol D/Dt to denote a diflferentiation 
following the motion of the fluid, the new value of F is also expressed by 
F+ DFjDt . Bt, whence 


DF dF dF dF dF 


( 1 ) 


6. To form the dynamical equations, let p be the pressure, p the density, 
X, Y, Z the components of the extraneous forces per unit mass, at the point 
{x, y, z) at the time t Let us take an element having its centre at {Xy y, z), 
and its edges Bx, By, Bz parallel to the rectangular co-ordinate axes. The rate 
at which the ^i7-component of the momentum of this element is increasing is 
pBxByBzDujDt] and this must be equal to the .-r-component of the forces 


connection with the principle of Least Action, in the Miscellanea Taurinensia, ii. (1760) {Oeuvres, 
Paris, 1867-92, i.] ; secondly in his “M4moire sur la Th4orie du Mouvement des Fluides,” 
Nouv. m6m. de VAcad. de Berlin, 1781 {Oeuvres, iv.] ; and thirdly in the MScanique Analytique. 
In this last exposition he starts with the second form of the equations (Art. 14, below), but 
translates them at once into the ‘ Eulerian ’ notation. 

* It is important to bear in mind, with a view to some later developments under the head 
of Vortex Motion, that these derivatives need not be assumed to be continuous. 


1—2 



4 


The Equations of Motion [chap, i 


acting on the element. Of these the extraneous forces give pZsohjZzX, The 
pressure on the 3/0-face which is nearest the origin will be ultimately 

(p — ^dpjdx . Bx) By Bz 

that on the opposite face 

(p + h^pl^^ * 

The difference of these gives a resultant --dpidx. BxByBz in the direction of 
^-positive. The pressures on the remaining faces arejperpendicular to x. 
We have then 

pBxByBz^^ = p Bx By BzX— ^BxByBz, 


Substituting the value of DujDt from (1), and writing down the sym- 
metrical equations, we have 


die 


du 

+ 


du 



du 

= x- 

1 dp 

Vt 

+ 


V 

dy 

+ 

w 


p dx ' 

dv 


dv 



dv 



dv 


1 dp 

dt 

+ 


+ 

V 

dy 

+ 

w 

dz 

= Y - 

-pdy’ 

dw 


dw 



dw 



dw 

= Z - 

_id_p 

¥ 

+ 


+ 

V 

dy 


w 

dz 

p dz ' 


7 . To these dynamical equations we must join, in the first place, a 
certain kinematical relation between Uj v, w, p, obtained as follows. 

If Q be the volume of a moving element, we have, on account of the 
constancy of mass, 

J).pQ 


Dt 


= 0 , 


or 


1 ^ l_£Q^ 

p Dt^ Q m 


(1) 


To calculate the value of 1 /Q . DQjDt, let the element in question bo that 
which at time t fills the rectangular space BxByBz having one corner P at 
{x, y, z), and the edges PL, PM, PN (say) parallel to the co-ordinate axes. 
At time Bt the same element will form an oblique parallelepiped, and since 
the velocities of the particle L relative to the particle P are dujdx . Bx, 
dvjdx . Bx, dwjdx. Bx, the projections of the edge PL on the co-ordinate axes 
become, after the time Bt, 


K dx J 


dv 

dx 


Bt . Bx, 


— 

dx 


Bt . Bx, 


respectively. To the first order in Bt, the length of this edge is now 

and similarly for the remaining edges. Since the angles of the parallelepiped 

* It is easily seen, by Taylor’s theorem, that the mean pressure over any face of the element 
6x oy dz may be taken to be equal to the pressure at the centre of that face. 



Equation of Continuity 


differ infinitely little from right angles, the volume is still given, to the first 
order in by the product of the three edges, we have 

n , U , , M 5.J 


■ = ■! 1 + 




Hence (1) becomes 


1 DQ __ du dv d'W 
Q Dt ds' 


Dp fdu dv dw' 
Dt^^xdx dy'^dz, 


This is called the ' equation of continuity.’ 


The expression 


9u dv dw 
dx"^ dy^ dz ’ 


which, as we have seen, ^measures the rate of dilatation of the fluid at the 
point {Xj y, z), is conveniently called the ^ expansion ’ at that point. From a 
more general point of view the expression (4) is called the 'divergence’ of the 
vector {Uj v, w ) ; it is often denoted briefly by 

div (u, V, w\ 

The preceding investigation is substantially that given by Euler ^ 
Another, and now more usual, method of obtaining the equation of con- 
tinuity is, instead of following the motion of a fluid element, to fix the 
attention on an element dxdydzoi space, and to calculate the change produced 
in the included mass by the flux across the boundary. If the centre of the 
element be at {x^ y, z), the amount of matter which per unit time enters it 
across the y^^-face nearest the origin is 

and the amount which leaves it by the opposite face is 

(j}U + 1 -0^ S?/ 

The two faces together give a gain 

per unit time. Calculating in the same way the effect of the flux across the 
remaining faces, we have for the total gain of mass, per unit time, in the 
space dxdySz, the formula 


d.pu d . pv d , pw 
dx dy dz 


BxBySz, 


Since the quantity of matter in any region can vary only in consequence 
of the flux across the boundary, this must be equal to 

I (p BxByBz), 


lx. ante p. 2. 
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whence we get the equation of continuity in the form 


‘ ^ ‘ P'^ — 0 

dt da: dy dz 


(5) 


8. It remains to put in evidence the physical properties of the fluid, so 
far as these affect the quantities which occur in our equations. 

In an ‘incompressible' fluid, or liquid, we have DpjDt = 0, in which case 
the equation of continuity takes the simple form 


du dv dw . 

ox cy oz 


.( 1 ) 


It is not assumed here that the fluid is of uniform density, though this is 
of coui\se by far the most important case. 

If we wish to take account of the slight compressibility of actual li(|ui(Is, 
we should have a relation of the form 


Pq)IPop ( 2 ) 

p/po=^ I (3) 

where k denotes what is called the ‘ elasticity of volume.' 

In the case of a gas whose temperature is uniform and constant we have 
the ‘ isothermal ’ relation 

■pIp^ = pIp^ (4) 


where po, pQ are any pair of corresponding values for the temperature in 
question. 

In most cases of motion of gases, however, the temperature is not constant, 
but rises and falls, for each element, as the gas is compressed or rarefied. 
When the changes are so rapid that we can ignore the gain or loss of heat 
by an element due to conduction and radiation, wo have the ‘ adiabatic ’ 
relation 

pipo=ipipoy, ( 6 ) 

where po and po are any pair of corresponding values for the element ct)n- 
sidered. The constant 7 is the ratio of the two specific heats of the gas; 
for atmospheric air, and some other gases, its value is 1'408. 

9 . At the boundaries (if any) of the fluid, the equation of continuity 
is replaced by a special surface-condition. Thus at a fixed boundary, the 
velocity of the fluid perpendicular to the surface must he zero, ie. if I, m, n 
be the direction-cosines of the normal, 

lu -f mv + nw = 0 (1) 

Again at a surface of discontinuity, i.e. a surface at which the values of 
u, V, w change abruptly as we pass from one aide to the other, we must have 

I (th- U 2 ) + m(vi — Vi) + n(wi- W2) = 0 ( 2 ) 

where the suffixes are used to distinguish the values on the two sides. 
The same relation must hold at the common surface of a fluid and a moving 
solid. 



7-9] 


Boundary Condition 


7 


The general surface-condition, of which these are particular cases, is that 
if F{x, y, z,t) — 0 be the equation of a bounding surface, we must have at 
every point of it 

DFIBt^O (3) 

For the velocity relative to the surface of a particle lying in it must be 
wholly tangential (or zero), otherwise we should have a finite flow of fluid 
across it. It follows that the instantaneous rate of variation of F for a 
surface-particle must be zero. 


A fuller proof, given by Lord Kelvin^, is as follows. To find the rate of motion (v) of 
the surface y, tf)=0, normal to itself, we write 

F{x+lvbty y-\-mvdt^ z + nubt, 

where I, m, n are the direction-cosines of the normal at (^, y, z). Hence 


Since 
where 
we have 



.__1 ^ 

B df 


(4) 


At every point of the surface we must have 

v=:hc+mv+nw, 

which leads, on substitution of the above values of I, m, w, to the equation (3). 

The partial differential equation (3) is also satisfied by any surface moving with the 
fluid. . This follows at once from the meaning of the operator DjDt A question arises as 
to whether the converse necessarily holds ; i.e, whether a moving surface whose equation 
F= 0 satisfies (3) will always consist of the same particles. Considering any such surface, 
let us fix our attention on a particle P situate on it at time t. The equation (3) expresses 
that the rate at which P is separating from the surface is at this instant zero ; and it is 
easily seen that if the motion he continuous (according to the definition of Art. 4), the 
normal velocity, relative to the moving surface F, of a particle at an infinitesimal distance 
f from it is of the order viz. it is equal to O^ where G is finite. Hence the equation of 
motion of the particle P relative to the surface may be written 

This shews that log f increases at a finite rate, and since it is negative infinite to begin 
with (when f=0), it remains so throughout, i.e. ( remains zero for the particle P. 


.(5) 


The same result follows from the nature of the solution of 
ZF ■ 0P . 0P . ZF ^ 

- 

considered as a partial differential equation in P+. The subsidiary system of ordinary 
differential equations is 


dt- 


dx _^dy _ dz 


.( 6 ) 


* (W. Thomson) “Notes on Hydrodynamics,” Camh, and Puh. Math, Journ. Feb. 1843. 
[Mathematical and Physical Papers, Cambridge, 1882..,, i. 83.] 
t Lagrange*, Oeuvres, iv. 706. 
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in which z are regarded as functions of the independent variable t. These are 
evidently the equations to find the paths of the particles, and their integrals may be 
supposed put in the forms 

^=/i («, h c, t\ y^f^ {a, 6, c, t\ (a, h, c, t\ (7) 

where the arbitrary constants a, c are any three quantities serving to identify a particle ; 
for instance they may be the initial co-ordinates. The general solution of (5) is then found 
by elimination of a, 6, c between (7) and 

F==^^lr(a,b,c), ( 8 ) 

where yjr is an arbitrary function. This shews that a particle once in the surface F=0 
remains in it throughout the motion. 


Equation of Energy. 

10. In most cases which we shall have occasion to consider, the extraneous 
forces have a potential ; viz. we have 

dy^ ~dz 

The physical meaning of fi is that it denotes the potential energy, per unit 
mass, at the point (^r, y, 2 ), in respect of forces acting at a distance. It will 
be sufficient for the present to consider the case where the field of extraneous 
force is constant with respect to the time, i.e. dCtjdt^O. If we now multiply 
the equations (2) of Art. 6 by u, v, w, in order, and add, we obtain a result 
which may be written 


ip ^ + r 4- w') + p - 


ox oy 02 . 


If we multiply this by hxSyBz, and integrate over any region, we find 

(3< + F) - - IJf (. g + , I + w I) (2) 

where ^ = ilff P + + vf) dxdydz, V = JffBpdxdydz, (?^) 

ie. T and V denote the kinetic energy and the potential energy in relation 
to the field of extraneous force, of the fluid which at the moment occupies 
the region in question. The triple integral on the right-hand side of (2) may 
be transformed by a process which will often recur in our subject. Thus, by a 
partial integration, 

= // ^y^^ ~IIIp 

where \_pu\ is used to indicate that the values of pu at the pointS; where the 
boundary of the region met by a line parallel to x. are to be taken, with 
proper signs. If I, m, n be the direction-cosines of^the inwardly directed 
normal to any element hS of this boundary, we have St/S 0 = ± IhSj the signs 
alternating at the successive intersections referred to. We thus find that 

SSipu] dydz^- ffpn I dS, 
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where the integration extends over the whole bounding surface. Transforming 
the remaining terms in a similar manner, we obtain 


^^(T + F)= {lu + mv +nw)dS i^ + ^ + ^-^dxdydz. ...(4) 

In the case of an incompressible fluid this reduces to the form 


Dt 


(T+r)^lj(iu + mv +nw)pdS. 


(5) 


Since lu + 7nv -h 7iw denotes the velocity of a fluid particle in the direction of 
the normal, the latter integral expresses the rate at which the pressures 
exerted from without on the various elements SS of the boundary are doing 
work. Hence the total increase of energy, kinetic and potential, of any 
portion of the liquid, is equal to the work done by the pressures on its 
surface. 

In particular, if the fluid be bounded on all sides by fixed walls, we have 

lu + = 0 


over the boundary, and therefore 

const (6) 

A similar interpretation can be given to the more general equation (4), 
provided p be a function of p only. If we write 

ji—fpd(^) m 

then B measures the work done by unit mass of the fluid against external 
pressure, as it passes, under the supposed relation between p and p, from its 
actual volume to some standard volume. For example, if the unit mass were 
enclosed in a cylinder with a sliding piston of area A, then when the piston 
is pushed outwards through a space Sx, the work done is pA . Bx, of which 
the factor ABx denotes the increment of volume, i.e. of p-\ In the case of the 
adiabatic relation we find 

( 8 ) 

7 ~ 1 \p pj 

We may call E the intrinsic energy of the fluid, per unit mass. Now, recalling 
the interpretation of the expression 

du Zv dw 
dx'^ dy^ dz 

given in Art. 7, we see that the volume-integral in (4) measures the rate 
at which the various elements of the fluid are losing intrinsic energy by 
expansion^ ; it is therefore equal to -DW/Dt, 

/du dv dw\ . . . 

* Otherwise 

= -y . ig. Sx5yS.=p^^ (i) . pSxSy8^= . pSxSySz. 
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where 

Hence 


W = /// Epdxdydz. 


^^(T + V+W)==IIp(Iu 


nw) dS. 


.,(9) 

( 10 ) 


The total energy, which is now partly kinetic, partly potential in relation to 
a constant field of force, and partly intrinsic, is therefore increasing at a rate 
equal to that at which work is being done on the boundary by pressure from 
without. 


Impulsive Generation of Motion, 


11. If at any instant impulsive forces act bodily on the fluid, or if the 
boundary conditions suddenly change, a sudden alteration in the motion may 
take place. The latter case may arise, for instance, when a solid immersed 
in the fluid is suddenly set in motion. 

Let p be the density, u, w the component velocities immediately before, 
u\ v\ w' those immediately after the impulse, X\ Y', Z' the components of 
the extraneous impulsive forces per unit mass, tv the impulsive pressure, 
at the point {x, y, z). The change of momentum parallel to x of the element 
defined in Art. 6 is then plxlylz{\i -u)\ the ^-component of the extraneous 
impulsive forces is pZxiyhzX\ and the resultant impulsive pressure in the 
same direction is — d'^jdx ,SxSyBz. Since an impulse is to be regarded as an 
infinitely great force acting for an infinitely short time (r, say), the effects of 
all finite forces during this interval are neglected. 


Hence, 

p SxByBz (u —u) — p BxByBzX' - 

or 

n =X . 

p ax 

Similarly, 

, 1 3'5r 

pdy 

, Idnr 

W —W — Z 

p dz 


3 - 53 : 

dx 


BxSySz, 


.(1) 


These equations might also have been deduced from (2) of Art. 6, by 
multiplying the latter by 8t, integrating between the limits 0 and r, putting 

X'^Txdt, Y'^^rYdt, Z'^Tzdt, 

Jo Jo Jo Jo 


and then making r vanish. 

In a liquid an instantaneous change of motion can be produced by the 
action of impulsive pressures only, even when no impulsive forces act bodily 
on the mass. In this case we have X\ F', Z' == 0, so that 



10 - 12 ] 


Moving Axes 

1 d^jj 

p dx ' 

1 d'UT 

p 'dy 

1 0tjy 

p 'hz * 


11 


u = — 


V — 


- 


w ^ t(j = . 


•( 2 ) 


If we ditferentiate these equations with respect to x, y, z, respectively, and 
add, and if we further suppose the density to be uniform, we find by Art. 8 (1) 
that 

9^tzr 32-aT ^ 

dx^ dy'^ dz^ 

The problem then, in any given case, is to determine a value of nr satisfying 
this equation and the proper boundary conditions^ ; the instantaneous change 
of motion is then given by (2). 

Equations referred to Moving Axes^ 

12. It is sometimes convenient in special problems to employ a system 
of rectangular axes which is itself in motion. The motion of this frame may 
be specified by the component velocities u, v, w of the origin, and the com- 
ponent rotations p, q, r, all referred to the instantaneous positions of the 
axes. If u, V, w be the component velocities of a fluid particle at (x, y, z\ 
the rates of change of its co-ordinates relative to the moving frame will be 

Dx . By Dz . 

^ = ^ w-f q^ -py. ...(1) 

After a time ht the velocities of the particle parallel to the new positions 
of the co-ordinate axes will have become 


u H- 


du duDx duDy duDz\ 

S + S K K + 5 is) *"• 


To find the component accelerations we must resolve these parallel to the 
original positions of the axes in the manner explained in books on Dynamics. 
In this way we obtain the expressions 


.(3) 


du 




du Dx 

du Dy . 

du 

Dz 

dt' 

- TV 

■+ 

+ 

1 

dx Dt 


dz 

Dt’ 

dv 




dv Dx 

dv Dy 

dv 

Dz 

dt 

-P^ 

+ 

ru + 

dx Dt ^ 

^Wt^ 

dz 

w ■ 

dw 


+ 

pt' + 

dw Dx 

dw Dy 

dw 

Dz 


- qu 

dx Dt ^ 


dz 

Dt\ 


These will replace the expressions in the left-hand members of Art, 6 (2)1. 

* It will appear in Chapter ni. that the value of is thus determinate, save as to an additive 
constant. 

t Greenhill, -“On the General Motion of a Liquid Ellipsoid...,” Proc. Camh, Phil Soc. iv. 
4 (1880). 
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( 

^ a , 

( 


fWt) 

92/ 

fW 

"^dz V Dt) 


The general equation of continuity is 
dt dx 

reducing in the case of incompressibility to the form 

du dv 
dx dy"^ dz 

as before. 


= 0, 


[chap. I 


,(4) 

(5) 


The Lagrangian Equations, 

13. Let a, h, c be the initial co-ordinates of any particle of fluid, x, y, z 
its co-ordinates at time t. We here consider x, y, 2 : as functions of the 
independent variables a, h, c, t; their values in terms of these quantities give 
the whole history of every particle of the fluid. The velocities parallel to 
the axes of co-ordinates of the particle (a, h, c) at time t are dxjdty dyjdt^ dzjdty 
and the component accelerations in the same directions are d^^xjdt^, dHjjdP, 
d^z/df. Let p be the pressure and p the density in the neighbourhood of 
this particle at time t\ X, Y, Z the components of the extraneous forces per 
unit mass acting there. Considering the motion of the mass of fluid which 
at time t occupies the differential element of volume SxSyBzy we find, by the 
same reasoning as in Art. 6, 

d^x _ ^ 1 ^ 

” pdx^ 
dt^ pdy’ 

^^Z _ ^ ^ 


These equations contain differential coefficients with respect to a?, y, 
whereas our independent variables are a, 6, c, t To eliminate these dif- 
ferential coefficients, we multiply the above equations by dxjda, dyjda^ dzjda, 
respectively, and add; a second time hjdx/dhj dy/dh, dz/db, and add; and again 
a third time by dx/dc, dyjdc, dzjdc, and add. We thus get the three equations 


fd^x ^ 
\dt^ ^ 

dt^ 

(d^x 


dx 




(• 


da 
dx 
Zb 
\ dx 


+ 


+ 


d’^y 
Zt- 

9i5“ 




.. yv" 4- 


da 

db' 

dy 




+ (^. 

do \dt^ 


z 


da p da ’ 
1 ap 
p dh ’ 

ac ■^pac" ’ 


^ 0 , 


These are the ^Lagrangian’ forms of the dynamical equations. 


14, To find the form which the equation of continuity assumes in terms 
of our present variables, we consider the element of fluid which originally 
occupied a rectangular parallelepiped having its centre at the point (a, 6, c), 
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13 


and its edges ha, hb, So parallel to the axes. At the time t the same element 
forms an oblique parallelepiped. The centre now has for its co-ordinates 
as, y, z ; and the projections of the edges on the co-ordinate axes are 
respectively 


dx » 

35®“’ 

l®“. 

dz j 

53®“- 

dx 5 J, 

85®*- 

1®*. 

3T®®' 

dx . 

s®'- 

1®'- 

dz . 

^ oc. 
9c 


The volume of the parallelepiped is therefore 

dz 


dx 

da’ 

dx 

dx 


dy 

Ta’ 

dj^ 

dh’ 

do' 


da 

dz 

dc 


Sa Sb Be, 


or, as it is often written, 


d (a, 6, c) 


Hence, since the mass of the element is unchanged, we have 

d (x, y, z) _ 


d (a, 6, c) 

where is the initial density at (a, 6, c). 

In the case of an incompressible fluid p = po, so that (1) becomes 

9 (^. ^) _ T 

d{a,b,c) 


•( 1 ) 


•( 2 ) 


Webers Transformation, 


15. If as in Art. 10 the forces X, T, Z have a potential O, the dynamical 
equations of Art. 13 may be written 

dx d’^y dy dHdz 0fl ^ 1 „ 

• dt^ da ^ dt^ da df da da p 9a ’ 

Let us integrate these equations with respect to t between the limits 0 and t 
We remark that 

'dxdxV f dx d^x , 
dt 9a Jo Jq dt dadt 



r'9' 
J 0 9 


dH' dx 
df da 


dt- 
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where is the initial value of the ^-component of velocity of the particle 
{a, b, c). Hence if we write 


we find^ 


X 




'oU p 
dx da. 

dt da ‘ dtda ' dt da 


dt, 


•( 1 ) 


dx dx dy dy dzdz _ ^ x 


dx dx dy dy dzdz _ _ i 

dtdh^Jtdh'^Tt^~'“'’~~m'^ ^ 

dx dx dy dy dz dz _ 9% 

dt 9c dt 9c dt 9c 9c ' ' 


( 2 ) 


These three equations, together with 





(3) 


and the equation of continuity, are the partial differential equations to bo 
satisfied by the five unknown quantities x, y, i>, f, %’> P being supposed 
already eliminated by means of one of the relations of Art. 8. 


The initial conditions to be satisfied are 


x = a, y = b, z = G, x = 0. 

16. It is to be remarked that the quantities a, b, c need not be restricted 
to mean the initial co-ordinates of a particle ; they may be any three (juauti- 
ties which serve to identify a particle, and which vary continuously from one 
particle to another. If we thus generalize the meanings of a, b, c, the form 
of the dynamical equations of Art. 13 is not altered ; to find the form which 
the equation of continuity assumes, let x^i, y^,, Zf, now denote the initial 
co-ordinates of the particle to which a, b, c refer. The initial volume of the 
parallelepiped, whose centre is at {x^,y^,z^) and whose edges correspond to 
variations 2a, 29, 2c of the parameters a, b, c, is 


8 (xq, yo, Zo) 

d (a, b, c) 


Ba.BbSo, 


so that we have 


8(x,y,z)_ d(xo,y^,Zo) 


^ 9 (a, b, c) 9 (a, b, c) 
or, for an incompressible fluid, 

9 ^ ^ (®o, yo, %) 

9 (a, b, g) 0 (a, b, c) 


.( 1 ) 


.( 2 ) 


* H. Weber, “ Ueber eine Transformation der bydrodynamischen Gleiohxmgen,” Grellef 
Ixviii. (1868). It is assumed in (1) that the density p, if not uniform, is a function otp only. 



CHAPTER II 

INTEGRATION OF THE EQUATIONS IN SPECIAL CASES 


17. In a large and important class of cases the component velocities 
Uj Vj w can he expressed in terms of a single-valued function as follows i 


u,v,w = — 


d(p 


dcf) 
dz ' 


•(!)* 


_ 

dx ^ dy^ 

Sucb. a function is called a ‘ velocity-potential/ from its analogy with the 
potential function which occurs in the theories of Attractions, Electro- 
statics, &c. The general theory of the velocity-potential is reserved for the 
next chapter; but we give at once a proof of the following important 
theorem : 


If a velocity -potential exist, at any one instant, for any finite portion of 
a perfect fluid in motion under the action of forces which have a potential, 
then, provided the density of the fluid be either constant or a function of the 
pressure only, a velocity-potential exists for the same portion of the fluid at 
all instants before or aft erf. 

In the equations of Art. 15, let the instant at which the velocity- 
potential ^0 exists be taken as the origin of time ; we have then 

u^da -i- v^dh -j- w^do = - d(/)o, 

throughout th^ portion of the mass in question. Multiplying the equations (2) 
of Art. 15 in order by da, db, do, and adding, we get 

If ^ ^ ~ + WocZc) = - dx, 

or, in the ‘ Eulerian ’ notation, 

udx 4- vdy -{- wdz = — i + ^) = — dej^, say. 

Since the upper limit of t in Art. 15 (1) may be positive or negative, this 
proves the theorem. 

It is to be particularly noticed that this continued existence of a velocity- 
potential is predicated, not of regions of space, but of portions of matter. 


* The reasons for the introduction of the minus sign are stated in the Preface. The theory of 
‘ cyclic ’ velocity-potentials is discussed later. 

t Lagrange, “ M^moire sur la Th^orie du Mouvement des Pluides,” Nouv, mem. de VAcad. de 
Berlin, 1781 [Oeuvres, iv. 714]. The argument is reproduced in the Mecanique Analytique. 

Lagrange’s statement and proof were alike imperfect ; the first rigorous demonstration is due 
to Cauchy, “ M4moire sur la Th^orie des Ondes,” Mem. de VAcad. roy. des Sciences, i. (1827) 
[Oeuvres Commutes, Paris, 1882..,, P® S4rie, i. 38]; the date of the memoir is 1815. Another 
proof is given by Stokes, Camb. Trans, viii. (1845) (see also Math, and Phys. Papers, Cam- 
bridge, 1880... , i. 106, 158, and ii. 86), together with an excellent historical and critical account 
of the whole matter. 
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A portion of matter for which a velocity-potential exists moves about and 
carries this property with it, but the part of space which it originally occupied 
may, in the course of time, come to be occupied by matter which did not 
originally possess the property, and which therefore cannot have acquired it. 

The class of cases in which a single-valued velocity-potential exists includes 
all those where the motion has originated from rest under the action of forces 
of the kind here supposed ; for then we have, initially, 

u^da -{- v^db + w^dc = 0 , 

or ^0 = const. 

The restrictions under which the above theorem has been proved must 
be carefully remembered. It is assumed not only that the extraneous forces 
X, F, Z, estimated at per unit mass, have a potential, but that the density p 
is either uniform or a function of p only. The latter condition is violated, 
for example, in the case of the convection currents generated by the unequal 
application of heat to a fluid ; and again, in the wave-motion of a hetero- 
geneous but incompressible fluid arranged originally in horizontal layers 
of equal density. Another case of exception is that of 'electro-magnetic 
rotations'; see Art. 29. 

18 . A comparison of the formulae (1) with the equations (2) of Art. 11 
leads to a simple physical interpretation of <^. 

Any actual state of motion of a liquid, for which a (single-valued) 
velocity-potential exists, could be produced instantaneously from rest by the 
application of a properly chosen system of impulsive pressures. This is evident 
from the equations cited, which shew, moreover, that (^ = 'sr/p -f- const.; so 
that 'txF — pcj> + G gives the requisite system. In the same way -cr = — 4* (7 

gives the system of impulsive pressures which would completely stop the 
motion^. The occurrence of an arbitrary constant in these expressions merely 
shews that a pressure uniform throughout a liquid mass produces no etfect 
on the motion. 

In the case of a gas, ^ may be interpreted as the potential of the extraneous 
impulsive forces by which the actual motion at any instant could be produced 
instantaneously from rest. 

A state of motion for which a velocity-potential does not exist cannot be 
generated or destroyed by the action of impulsive pressures, or of extraneous 
impulsive forces having a potential. 

19 . The existence of a velocity-potential indicates, besides, certain kine- 
matical properties of the motion, 

A ' line of motion ’ is defined to be a line drawn from point to point, so 

* This interpretation was given by Cauchy, loc. cit., and by Poisson, M^m, de VAcad. roy, 
des Sciences^ i. (1816). 



17-20] Velocity-Potential 


17 


that its direction is everywhere that of the motion of the fluid. The diffe- 
rential equations of the system of such lines are 

^ ^ ^ (^\ 

U V W ^ 

The relations (1) shew that when a velocity-potential exists the lines of 
motion are everywhere perpendicular to a system of surfaces, viz. the ‘ equi- 
potential ’ surfaces 4> = const. 

Again, if from the point (x, y, z) we draw a linear element Ss in the 
direction (I, w, n), the velocity resolved in this direction is lu-j~mv + nw, or 
__^d(\>dx d4>dy, dcj^dz v- i _ 9</> 
dx ds dy ds dz ds^ ^ ds ' 

The velocity in any direction is therefore equal to the rate of decrease of 
in that direction. 

Taking & in the direction of the normal to the surface ^ = const., we see 
that if a series of such surfaces be drawn corresponding to equidistant values 
of the common difference being infinitely small, the velocity at any point 
will be inversely proportional to the distance between two consecutive surfaces 
in the neighbourhood of the point. 

Hence, if any equipotential surface intersect itself, the velocity is zero 
at the intersection. The intersection of two distinct equipotential surfaces 
would imply an infinite velocity. 


20. Under the circumstances stated in Art. 17, the equations of motion 
are at once integrable throughout that portion of the fluid mass for which 
a velocity-potential exists. For in virtue of the relations 


dv _ 9 ^ dw __ dui dll __ dv 

dy ' dx dz ' dy dx' 

which are implied in (1), the equations of Art. 6 may be written 


du dv dw 9U 


19p 

)dx 


, &c., &c. 


These have the integral 

= + (3) 

where q denotes the resultant velocity {u^ -i- + w^)K and F{t) is an arbitrary 
function of t. 

Our equations take a specially simple form in the case of an incompressible 
fluid ; viz. we then have 

(4) 

P 


with the equation of continuity 




( 5 ) 


L. H. 


2 
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which is the equivalent of Art. 8 (1). When, as in many cases which we 
shall have to consider, the boundary conditions are purely kinematical, the 
process of solution consists in finding a function which shall satisfy (5) and 
the prescribed surface-conditions. The pressure p is then given by (4), and 
is thus far indeterminate to the extent of an additive function of t. It 
becomes determinate when the value of p at some point of the fluid is given 
for all values of t Since the term F{t) is without influence on resultant 
pressures it is frequently omitted. 

Suj)pose, for example, that we have a solid or solids moving through a liquid com- 
pletely enclosed by fixed boundaries, and that it is possible {e.g. by moans of a piston) to 
apply an arbitrary pressure at some point of the l>oundary. Whatever variations arc made 
in the magnitude of the force applied to the piston, the motion of the fluid and of the 
solids will be absolutely imafiected, the pressure at all points instantaneously rising or 
falling by equal amounts. Physically, the origin of the paradox (such as it is) is that the 
fluid is treated as absolutely incompressible. In actual liquids changes of pressure arc 
propagated with very great, but not infinite, velocity. 

If the co-ordinate axes are in motion, the formula for the pressure is 


P 


d(j> 

dt' 






dy) 


■q U 


d<l) 30 


.( 6 ) 


dx dz) 

where ^2 _ -f (tc — vrY (7) 

This easily follows from the formulae for the accelerations given in Art, 12 (3) 


Steady Motion, 


21 . When at every point the velocity is constant in magnitude and 
direction, i,e. when 


du 

~dt 


- 0 , 



?-^ = 0 
dt ’ 


(!) 


everywhere, the motion is said to be ‘ steady.’ 

In steady motion the lines of motion coincide with the paths, of the 
particles. For if P, Q be two consecutive points on a line of motion, a 
particle which is at any instant at P is moving in the direction of t}u‘ 
tangent at P, and will, therefore, after an infinitely short time arrive at Q. 
The motion being steady, the lines of motion remain the same. Hence the 
direction of motion at Q is along the tangent to the same line of motion, 
is. the particle continues to describe the line, which is now appropriatedy 
called a ‘ stream-line.’ 


The stream-lines drawn through an infinitesimal contour define a tube, 
which may be called a ' stream-tube.’ 

In steady motion the equation (3) of the last Article becomes 
i, J ^ _ £2 Igrs q. constant. 


( 2 ) 
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Steady Motion 


The law of variation of pressure along a stream-line can however in this case 
be found without assuming the existence of a velocity-potential. For if & 
denote an element of a stream-line, the acceleration in the direction of motion 
is qdqjds, and we have 


= 

^ ds ds p ds ’ 


whence, integrating along the stream-line, 

{dp 

P 




,(3) 

(4) 


This is similar in form to (2), but is more general in that it does not assume 
the existence of a velocity-potential. It must however be carefully noticed 
that the ' constant ' of equation (2) and the ' O' of equation (4) have different 
meanings, the former being an absolute constant, while the latter is constant 
along any particular stream-line, but may vary as we pass from one stream- 
line to another. 


22. The theorem (4) stands in close relation to the principle of energy. If 
this be assumed independently, the formula may be deduced as follows *. Taking 
first the particular case of a liquid, consider the filament of fluid which at 
a given instant occupies a length AB of a stream-tube, the direction of motion 
being from A to B. Let p be the pressure, q the velocity, O the potential of 
the extraneous forces, a the area of the cross-section, at A, and let the values 
of the same quantities at B be distinguished by accents. After a short 
interval of time the filament will occupy a length A^B^; let m be the mass 
included between the cross-sections at A and Aj, or B and Bj, Since the 
motion is steady, the gain of energy by the filament will be 

Again, the net work done on it is pmlp—p'mjp. Equating the increment of 
energy to the work done, we have 

p p 

or, using G in the same sense as before, 

^ = : (5) 

P 

which is what the equation (4) becomes when p is constant. 

To prove the corresponding formula for compressible fluids, we remark that 
the fluid crossing any section has now, in addition to its energies of motion and 
position, the intrinsic energy 

-jpdQ. or 

per unit mass. The addition of these terms in (5) gives the equation (4). 

* This is. really a reversion to the methods of Daniel Bernoulli, Hydrodynamica, Argentorati, 
1738. 


2—2 
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In the case of a gas subject to the adiabatic law 


= (p/po)^ (®) 

the equation (4) takes the form 

+ C) 

y-lp 


23. The preceding equations shew that, in steady motion, and for points 
along any one stream-line*, the pressure is, cceteris paribus, greatest where 
the velocity is least, and vice versd. This statement becomes evident when we 
reflect that a particle passing from a place of higher to one of lower pressure 
must have its motion accelerated, and vice versd’\. 

It follows that in any case to which the equations of the last Article 
apply there is a limit which the velocity cannot exceed J. For instance, let 
us suppose that we have a liquid flowing from a reservoir where the velocity 
maybe neglected, and the pressure is po, and that we may neglect extraneous 
forces. We have then, in (5), G — p^lp, and therefore 

P = Po-|p?" (8) 

Now although it is found that a liquid from which all traces of air or other 
dissolved gas have been eliminated can sustain a negative pressure, or tension, 
of considerable magnitude §, this is not the case with fluids such as we find 
them under ordinary conditions. Practically, then, the equation (8) shews 

that q cannot exceed (2^o/p)^* This limiting velocity is that with which the 
fluid would escape from the reservoir into a vacuum. In the case of water at 
atmospheric pressure it is the velocity 'due to' the height of the water- 
barometer, or about 45 feet per second. 

If in any case of fluid motion of which we have succeeded in obtaining 
the analytical expression, we suppose the motion to be gradually accelerated 
until the velocity at some point reaches the limit here indicated, a cavity will 
be formed there, and the conditions of the problem are more or less changed. 

It will be shewn, in the next chapter (Art. 44), that in irrotational motion 
of a liquid, whether ' steady ' or not, the place of least pressure is always at 
some point of the boundary, provided the extraneous forces have a potential 
O satisfying the equation 

8^X1 9^12 _ 

df ~ 

This includes, of course, the case of gravity. 

* It will be shewn later that this restriction is unnecessary when a velocity-potential exists, 
t Some interesting practical illustrations of this principle are given by Froude, Nature, 
xiii. 1875. 

X Of. Helmholtz, “XJeber discontinuirHche Fliissigkeitsbewegungen,” BerL Monatsher. 

1868 ; Phil. Mag. Nov. 1868 [Wissenschaftliche Abhandlungen, Leipzig, 1882~-8, i. 146], 

§ 0. Reynolds, Manch. Mem. vi. (1877) [Scientific Papers, Cambridge, 1900... , i,*2Bl]. 
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In the general ease of a fluid in which j) is a given function of p we have, 
putting O = 0 , g-o = 0 , in ( 4 ), 

( 9 ) 

J P P 

For a gas subject to the adiabatic law, this gives 

U/pA r I 

Y-lpo( \poJ J 

= ( 11 ) 

if c, —{ypjpy^, —(dpldp)^j denote the velocity of sound in the gas when at 
pressure p and density p, and Cq the corresponding velocity for gas under the 
conditions which obtain in the reservoir. (See Chapter x.) Hence the limiting 
velocity is 

/ 2 \i 

or 2*214co, if 7 = 1*408. 

24 . Weconclude this chapter with a few simple applications ofthe equations. 


Flow of Liquids. 

Let us take in the first instance the problem of the efflux of a liquid from 
a small orifice in the walls of a vessel which is kept filled up to a constant 
level, so that the motion may be regarded as steady. 

The origin being taken in the upper surface, let the axis of z be vertical, 
and its positive direction downwards, so that ^1=^ — gz. If we suppose the 
area of the upper surface large compared with that of the orifice, the velocity 
at the former may be neglected. Hence, determining the value of G in 
Art. 21 (4) so that j!) =P (the atmospheric pressure) when ^ = 0, we have^ 

+ ( 1 ) 

At the surface of the issuing jet we have p=^P, and therefore 

( 2 ) 

Le. the velocity is that due to the depth below the upper surface. This is 
known as Torricelli's Theorem^. 

We cannot however at once apply this result to calculate the rate of efflux 
of the fluid, for two reasons. In the first place, the issuing fluid must be 
regarded as made up of a great number of elementary streams converging 
from all sides towards the orifice. Its motion is not, therefore, throughout 
the area of the orifice, everywhere perpendicular to this area, but becomes 
more and more oblique as we pass firom the centre to the sides. Again, the 
converging motion of the elementary streams must make the pressure at the 

* This result is due to D. Bernoulli, lx, ante p. 19. 
f “ De motu gravium uaturaliter accelerate, ” Firenze, 1643. 
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orifice somewhat greater in the interior of the jet than at the surface, where 
it is equal to the atmospheric pressure. The velocity, therefore, in the interior 
of the jet will be somewhat less than that given by (2). 

Experiment shews however that the converging motion above spoken of 
ceases at a short distance beyond the orifice, and that (in the case of a circular 
orifice) the jet then becomes approximately cylindrical. The ratio of the area 
of the section S' of the jet at this point (called the ‘ vena contracta') to the 
area S of the orifice is called the ‘ coefficient of contraction.’ If the orifice be 
simply a hole in a thin wall, this coefficient is found experimentally to be 
about *62. 

The paths of the particles at the vena contracta being nearly straight, 
there is little or no variation of pressure as we pass from the axis to the outer 
surface of the jet. We may therefore assume the velocity there to be uniform 
throughout the section, and to have the value given by (2), where ^ now 
denotes the depth of the vena contracta below the surface of the liquid in the 
vessel. The rate of efflux is therefore 

(3) 

The calculation of the form of the issuing jet presents difficulties which 
have only been overcome in a few ideal cases of motion in two dimensions. 
(See Chapter iv.) It may however be shewn that the coefficient of con- 
traction must, in general, lie between J and 1. To put bhe argument in its 
simplest form, let us first take the case of liquid issuing from a vessel the 
pressure in which, at a distance from the orifice, exceeds that in the external 
space by the amount P, gravity being neglected. When the orifice is closed 
by a plate, the resultant pressure of the fluid on the containing vessel is of 
course nil. If when the plate is removed we assume (for the moment) that 
the pressure on the walls remains sensibly equal to P, there will be an un- 
balanced pressure PS acting on the vessel in the direction opposite to that of 
the jet, and tending to make it recoil. The equal and contrary reaction on 
the fluid produces in unit time the velocity q in the mass pqS' flowing through 
the ' vena contracta,’ whence 

PS=:^pfS' ..(4) 

The principle of energy gives, as in Art. 22, 

P = (5) 

so that, comparing, we have S' = ^S. The formula (1) shews that the 
pressure on the walls, especially in the neighbourhood of the orifice, will in 
reality fall somewhat below the static pressure P, so that the left-hand side 
of (4) is an under-estimate. The ratio S' IS will therefore in general be > |. 

In one particular case, viz. where a short cylindrical tube, projecting 
inwards, is attached to the orifice, the assumption above made is sufficiently 
exact, and the consequent value ^ for the coefficient then agrees with 
experiment. 
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The reasoning is easily modified so as to take account of gravity (or other 
conservative forces). We have only to substitute for P the excess of the static 
pressure at the level of the orifice over the pressure outside. The difference 
of level between the orifice and the ‘ vena contracta’ is here neglected^. 

Another important application of Bernoulli’s theorem is to the measure- 
ment of the velocity of a stream by means of a ' Pitot tube/ This consists of 
a fine tube open at one end, which points up-stream, and connected at the 
other end with a manometer. Along the stream-line which- is in a line with 
the axis of the tube the velocity falls rapidly from q to 0, so that the manometer 
indicates the value of p + \pq^ in the neighbourhood. A second manometer 
connected with a tube closed at the end, but with minute perforations in the 
wall, past which the stream glides, determines the value of p. The density p 
being known, a comparison of the readings gives the value of q. The two 
contrivances are often combined in one instrument. The method is extensively 
used in Aerodynamics, the compressibility of the air being found to have little 
effect up to speeds of the order of 200 ft. per sec. 


Flo^u of a Qas. 

24a. The steady flow of a gas subject to the adiabatic law presents some 
features of interest. 

Let (T be the cross-section at any point of a stream-tube, and hs an element 
of the length in the direction of flow. Omitting extraneous forces we have in 
place of Art. 23 (10) 

® 

where the zero suffix relates to some fixed section of the tube. If c be the 
velocity of sound corresponding to the local values of p and p this may be 
written 

+ = + 

Again, since the mass crossing any section in unit time is the same, 

pqo- = poqoo-o ( 3 ) 

IcZcr 

(T ds q ds p dp ds 




* The above theory is due to Borda {M^m. de VAcad, des Sciences, 1766), who also made 
experiments with the special form of mouth-piece referred to, and found SjS =1*942. It was 
re-discovered by Hanlon, JProc. Loiid. Math. Soc. iii. 4 (1869) ; the question is further elucidated 
in a note appended to this paper by Maxwell. See also Froude and 3. Thomson, Proc. Glasgoio 
Phil. Soc. X. (1876). It has been remarked by several writers that in the case of a diverging 
conical mouth-piece projecting inwards the section at the vena contracta may be less than .half 
the area of the internal orifice. 
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It follows from (2) and (4) that in a converging tube q will increase and 
c diminish, or vice versd, according as q is less or greater than c. For a 
diverging tube the statements must be reversed. Briefly, we may say that in 
a converging tube the stream velocity and the local velocity of sound con- 
tinually approach one another, whilst in a diverging tube they separate more 
and more. 

These results follow also from a graphical representation of the equations (2) and (3). 
Since is proportional to the latter may be written 

2 2 

CY - ^ g'O* = Co'y ^0 

If we take abscissae proportional to c and ordinates to the equation (2) represents an 
ellipse of inyariable shape, drawn through the point (Co, q,). For any assigned vahie of 
the equation (5) represents a sort of hyperbolic curve. For a certain value (o-') of a- 
this will touch the ellipse, and we then have q==c. 

The curves AA\ BB\ GG' in the annexed diagram correspond to the ratios 


= 4, 2, 

cr 

respectively, whilst the point B corresponds to the 
minimum section For still smaller values of cr the 
intersections with the ellipse are imaginary, and steady 
adiabatic flow becomes impossible. The diagram shews 
that for any section greater than cr there are two possible 
pairs of values of q and c, as has been remarked by 
Osborne Beynolds and others. 

When q is less than c the representative point on 
the ellipse lies below OB. In a converging tube it 
assumes a sequence of positions such as A! ^ B\ G\ the 
stream-velocity increasing, and the velocity of sound 
decreasing, as the critical section cr' is ai)proached. 
When q is greater than c, on the other hand, the repre- 
sentative point lies above OB. In a converging tube 
we have a sequence such as J., B^ G; the stream- velocity 
decreases, and the velocity of sound increases. 



25. We consider more particularly the efflux of a gas, supposed to flow 
through a small orifice from a vessel in which the pressure is po and density 
po into a space where the pressure is pi. 

If the ratio of the pressures inside and outside the vessel do not exceed a certain 
limit, to be indicated presently, the flow will take place in much the same manner as in 
the case of a liquid, and the rate of discharge may be found by putting^ in Art. 23 (10), 
and multiplying the resulting value of by the area cri of the vena contracta. This gives 
for the rate of discharge of mass* 

2 y+l 



It is plain, however, that there must be a limit to the applicability of this result ; for 
otherwise we should be led to the paradoxical conclusion that when pi = 0, i.e. the discharge 


* A result equivalent to this was given by Saint Venaut and Wantzel, Journ. de Vlicole 
Polyt. xvi. 92 (1839), and was discussed by Stokes, Brit. Ass. Reports for 1846 i. 176]. 
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Flow of Gases 


is into a vacuum, the flux of matter is nil. The elucidation of this point is due to Prof. 
Osborne Eeynolds* It appears that qp is a maximum, i.e. the section of an elementary 
stream is a minimum, when as appears from (4) the velocity of the stream is equal to the 
velocity of sound in gas of the pressure and density which prevail there. On the adiabatic 
hypothesis this gives, by Art. 23 (11), 



c 

¥ 



Vy+U ’ 

and therefore 


£ = (-i-V 


Po Vy+1/ 

Vo \r+v 

o 

II 

O 

00 

p=-e34po, 

-527^0 


.(7) 

.( 8 ) 

,(9) 


If Pi be less than this value, the stream after passing the point in question widens out 
again, until it is lost at a distance in the eddies due to viscosity. The minimum sections 
of the elementary streams will be situate in the neighbourhood of the orifice, and their sum 
S may be called the virtual area of the latter. The velocity of efflux, as found from (2), is 


^=* 911 ^ 0 . 

The rate of discharge is then =qpS, where q and p have the values just found, and is there- 
fore approximately independent of the external pressure pi so long as this falls below 
•527yJo- The physical reason of this is (as pointed out by Keynolds) that, so long as the 
velocity at any point exceeds the velocity of sound under the conditions which obtain 
there, no change of pressure can be propagated backwards beyond this point so as to affect 
the motion higher up the stream t. 

It must be remembered that in practice, owing to viscosity and thermal processes, the 
adiabatic condition is imperfectly fulfilled. In recent experiments the critical pressure was 
found to vary with the shape of the nozzle through which the discharge takes place {. 

Under similar circumstances as to pressure, the velocities of efflux of different gases 
are (so far as y can be assumed to have the same value for each) proportional to the 
corresponding velocities of sound. Hence (as we shall see in Chapter x.) the velocity of 
efflux will vary inversely, and the rate of discharge of mass will vary directly, as the 
square root of the density §. 


Rotating Liquid. 

26. Let us next take the case of a mass of liquid rotating, under the 
action of gravity only, with constant and uniform angular velocity o) about 
the axis of supposed drawn vertically upwards. 

By hypothesis, iq v,w — — coy, ooso, 0, 


X,Y,Z^ 0 , 0 , --g. 


The equation of continuity is satisfied identically, 
obviously are 




1 9u „ 1 dp 


p dx' 


pdy’ 


and the dynamical equations 


« 


“On the Flow of G-ases,” Proc. Manch. Lit. and Phil. Soc. Nov. 17, 1885; Phil. Mag. 
March 1886 [Papers, ii. 311]. A similar explanation was given by Hugoniot, Comptes Rendus, 
June 28, July 26, and Dec. 13, 1886. 

t For a further discussion and references see Kayleigh, “ On the Discharge of Gases under 
High Pressures, ” Phil. Mag. (6) xxxii. 177 (1916) [Scientific Papers, Cambridge, 1899-1920, vi. 407]. 
Hartshorn, Proc. Roy. Soc. A. xciv. 155 (1917). 

§ Cf. Graham, Phil. Trans. 1846. 
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These have the common integral 

S. = + ^2^ —gz + const (2) 

P 

The free surface, = const., is therefore a paraboloid of revolution about the 
axis of .S', having its concavity upwards, and its latus rectum = 2glco\ 

Since ^ ^ = 2ft), 

ox oy 

a velocity-potential does not exist. A motion of this kind could not therefore 
be generated in a 'perfect' fluid, i.e, in one unable to sustain tangential stress. 

27 . Instead of supposing the angular velocity o) to be uniform, let us 
suppose it to be a function of the distance r from the axis, and let us inquire 
what form must be assigned to this function in order that a velocity-potential 
may exist for the motion. We find 

dv du ^ , dco 

and in order that this may vanish we must have ft)r^ == [m, a constant. The 
velocity at any point is then = gjif so that the equation (2) of Art. 21 becomes 


= const. (1) 

P 

if no extraneous forces act. To find the value of we have, using polar 
co-ordinates, 




dr 


0 , 


d(j> 


.E: 

r ' 


V 

whence + const. = — tan""^ ^ + const (2) 

We have here an instance of a ‘cyclic' function. A function is said to be 
' single-valued ' throughout any region of space when we can assign to oVery 
point of that region a definite value of the function in such a way that these 
values shall form a continuous system. This is not possible with the function 
(2) ; for the value of </>, if it vary continuously, changes by — as the point 
to which it refers describes a complete circuit round the origin. The general 
theory of cyclic velocity-potentials will be given in the next chapter. 

If gravity act, and if the axis of be drawn vertically upwards, we must add 
to (1) the term —gz. The form of the free surface is therefore that generated 
by the revolution of the hyperbolic curve xH = const, about the axis of z. 

By properly fitting together the two preceding solutions we obtain the case of Eankine’s 
‘combined vortex.’ Thus the motion being evcrywhei’e in coaxial circles, let us suppose 
the velocity to be equal to <»r from r=0 to and to aa^jr for r > a. The corresponding 
forms of the free surface are then given by 



26 - 29 ] Rotating Liquid 27 

these being continuous with one anotiier when r=a. The depth of the central depression 
below the general level of the surface is therefore <a^a^lg. 



28. To illustrate, by way of contrast, the case of extraneous forces not 
having a potential, let us suppose that a mass of liquid filling a right circular 
cylinder moves from rest under the action of the forces 

X = Ax + By, Y— B'x + Gy, Z-=0, 

the axis of ^ being that of the cylinder. 

If we assume 'y=co5?, where « is a function of t only, these values satisfy 

the equation of continuity and the boundary conditions. The dynamical equations are 
evidently 

Differentiating the first of these with respect to y, and the second with respect to x, and 
subti’acting, we eliminate p, and find 

» 

The fiuid therefore rotates as a whole about the axis of s with constantly accelerated 
angular velocity, except in the x^a^rticulav case when B=B\ To find^, we substitute the 
value of dooldt in (1) and integrate; we thus get 


^=^ 0)2 0^2) + const., 

where 2^=B+B'. 

29. As a final example, we will take one suggested by the theory of 
' electro-magnetic rotations.' 

If an electric current be made to pass radially from an axial wire, through a conduct- 
ing liquid, to the walls of a metallic containing cylinder, in a uniform magnetic field, the 
extraneous forces will be of the type* 


z, r,z=- 


^2 J ^25 


0 . 


If C denote the total flux pf electricity outwards, per unit length of the axis, and y the 
component of the magnetic force parallel to the axis, we have )a=7C/27rp. Tor the history of 
such experiments see Winkelmann, Handbuch d. PhysiJc. The above case is specially simple, in 
that:the forces X, T, Z have a potential (0 = - a tan-^ ylx), though a ‘ cyclic ’ one. As a rule, in 
electro-magnetic rotations, the mechanical forces X, T, Z have not a potential at all. 
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Assuming w~0, where w is a function of r and t only, we have 

“ ^2 pd.e 

0© « 1 0p 

T^—pTy-} 


0 © 

-^w 


•( 1 ) 


Eliminating we obtain 


0© 02© _ 
drdt 


The solution of this is (a=::F{t)jr^-\-f{r\ 

where A" and /denote arbitrary functions. If ©=0 when we have 

i^(0)/r2+/(r)=0, 

and therefore a = ^ 2 , (2) 

where X is a function of t which vanishes for t—0. Substituting in (1), ^^nd integrating, 
we find 

Since p is essentially a single- valued function, we must have dXldt={x^ or \—ixt. Hence 
the fluid rotates with an angular velocity which varies inversely as the square of the 
distance from the axis, and increases constantly with the time. 



CHAPTEE III 

IREOTATIONAL MOTION 


30* The present chapter is devoted mainly to an exposition of some 
general theorems relating to the kinds of motion already considered in 
Arts. 17 — 20; viz. those in which udx vdy + wdz is an exact differential 
throughout a finite mass of fluid. It is convenient to begin with the 
following analysis, due to Stokes* of the motion of a fluid element in 
the most general case. 

The component velocities at the point {x, y, z) being u, v, w, the relative 
velocities at an infinitely near point (x + y + Sy, z + 8z) are 


If we write 


/= 



Bli 

du 

dx 

S*+|8j,+ 

du 

dz 

Bz , ' 




Sv 

^ 1 

CO Ico 

!1 

8* + !^ Sy + 

dv 

dz 


f 



Bw 

II 


dw 

dz 

Bz. 

, 





du 

j dv 


dw 



a = 

d^’ 

6 = 5-, 
dy 

c = 

dz 

‘ > 


dw 

dv 


du dw 


h= 

dv 

du 

dy dz ' 

9 



dx 

dy 

dtu 

dv 


du dw 



dv 

du. 



% 

^ dz dx’ 



dx 



equations (1) may be written 

8u = aSx + ^hSy + ^gBz + {'gBz — ^Sy), 
Bv = ^hBx + bBy + ^fBz + 1 (l^Bx — ^Sz), 
Bw = \gBx + \fBy + cBz + ^ {^By — rjSx). 


.( 1 ) 


.( 2 ) 


.(3) 


Hence the motion of a small element having the point (x, y, z) for its 
centre may be conceived as made up of three parts. 


* “On the Theories of the Internal Friction of Fluids in Motion, &c.” Omni, Phil, Tram. 
viii. (1845) [Pa'pers, i. 80]. 

t There is here a deviation from the traditional convention. It has been customary to use 
symbols such as t/, f (Helmholtz) or w', w", w'" (Stokes) to denote the component rotations 

1 fdw dv\ 1 /d2i dw\ 1 /dv du \ 

2 ““ aiy ^ 2 V0l “ / ’ 2 v§^ “ 

of a fluid element. The fundamental kinematical theorem is however that of Art. 32 (3), and the 
definition of 7 ), ^ adopted in the text avoids the intrusion of an unnecessary factor 2 (or J as 
the case may be) in this and in a whole series of subsequent formulae relating to vortex motion. 
It also improves the electro-magnetic analogy of Art. 148. 
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The first part, whose components are u, v, w, is a motion of translation 
of the element as a whole. 

The second part, expressed by the first three terms on the right-hand 
sides of the equations (3), is a motion such that, if hx, Sy, be regarded as 
current co-ordinates, every point is moving in the direction of the normal to 
that quadric of the system 

a (8xf + b (Syf + c (Bzf -^/BySz -{-gSzBx + hBxBy = const. . . .(4) 
on which it lies. If we refer these quadrics to their principal axes, the cor- 
responding parts of the velocities parallel to these axes will be 

Bu=a'Bx\ Bv' = h'By\ Btv'^c'B/, (5) 

if a' {BxJ -1- h' (ByJ + c' (BzJ == const, 

is what (4) becomes by the transformation. The formulae (5) express that 
the length of every line in the element parallel to d is being elongated at 
the (positive or negative) rate a', whilst lines parallel to y and z are being 
elongated in like manner at the rates 6' and g respectively. Such a motion is 
called one of pure strain and the principal axes of the quadrics (4) are called 
the axes of the strain. 

The last two terms on the right-hand sides of the equations (3) express 
a rotation of the element as a whole about an instantaneous axis ; the com- 
ponent angular velocities of the rotation being if 

The vector whose components are rj^ f may conveniently be called the 
vorticity ' of the medium at the point {x, y, z). 

This analysis may be illustrated by the so-called Taminar’ motion of a liquid. Thus if 

we have a, &, c,/, f ,=0, A=ju, 

If A re23resent a rectangular fluid element bounded by planes ][>arallel to the co-ordinate 
planes, then B represents the change jproduced in this in a short time by the strain alone, 
and C that due to the strain plus the rotation. 



It is easily seen- that the above resolution of the motion is unique. If 
■vve assume that the motion relative to the point {os, y, z) can be made up of a 
strain and a rotation in which the axes and coefficients of the strain and the 
axis and angular velocity of the rotation are arbitrary, then calculating the 

* Tlie_q.uaiitities corresponding to ii), in the theory of the infinitely eraall du^plaeements 
of a continuous medium had been interpreted by Cauchy as expressing the ‘ mean rotations ’ 
of an element, Exercices dAnalyse et de Physique^ ii, 302 (Paris, 1841). 
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Deformation of an Element 


31 


relative velocities 8m, Sw, 8w, we get expressions similar to those on the right- 
hand sides of (3), but with arbitrary values of a, b, c, f g, h, rj, Equating 
coefScients of S®, hy, hz, however, we find that a, h, c, &c. must have re- 
spectively the same values as before. Hence the directions of the axes of 
the strain, the rates of extension or contraction along them, and the axis 
and the amount of the vorticity, at any point of the fluid, depend only on 
the state of lelative motion at that point, and not on the position of the 
axes of reference. 


When throughout a finite portion of a fluid mass we have y, f all zero, 
the relative motion of any element of that portion consists of a pure strain 
only, and is called ‘ irrotational.’ 


31. The value of the integral 

J (udx -f- vdy wdz). 


or 


dx , dy dz\ 

as as as) 




taken along any line ABCD, is called the ‘ flow ’ of the fluid from .4 to D 
along that line. We shall denote it for shortness by I {ABGD), 

If A and D coincide, so that the line forms a closed curve, or circuit, the 
value of the integral is called the ‘circulation' in that circuit. We denote 
it by I{ABGA\ If in either case the integration be taken in the opposite 
direction, the signs of dx/ds, dyjds, dzjds will he reversed, so that we have 
I{AD)^^I{DA\ and I {ABOA)^ {ACBA). 

It is also plain that 


I {ABGD) = I (AB) + 1 (BG) + 1 {GD), 

Again, any surface may he divided, by a double series of lines crossing 
it, into infinitely small elements. The sum of the circulations round 
the boundaries of these elements, taken all in the 
same sense, is equal to the circulation round the 
original boundary of the surface (supposed for the 
moment to consist of a single closed curve). For, 
in the sum in queKstion, the flow along each side 
common to two elements comes in twice, once for 
each element, but with opposite signs, and there- 
fore disappears from the result. There remain then 
only the flows along those sides which are parts of 
the original boundary ; whence the truth of the above 
statement. 



From this it follows, by considerations of continuity, that the cmculation 
round the boundary of any surface-element having a given position and 
aspect, is ultimately proportional to the area of the element, 

* SirW. Thomson, “On Vortex Motion,” Edin. Trans. 'sxv, (1869) [Pa;pers, iv. IS]. 
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If the element be a rectangle hy Bz having its centre at the point {ai, y, z), 
then calculating the circulation round it in the direction shewn by the arrows 
in the annexed figure, we have 



I (AB) = {v — i (dv/dz) By, I {BG) = (ty + i {dwjdy) By] Bz, 

I (GD) = — {y + J (dv/dz) By, I (BA) = — {w — (dw/dy) Sy} Bz, 

and therefore I (ABGDA ) = 

Id this way we infer that the circulations round the boundaries of any 
infinitely small areas BSj, BS^, having their planes parallel to the 
co-ordinate planes, are 

^BS,, (1) 

respectively. 

Again, referring to the figure and the notation of Art. 2, we have 

I{ABGA)^I(PBGP)^I(PGAP)+I(PABP) 

= f . ZA + 77 . mA + ? . ?^A, 

whence we infer that the circulation round the boundary of any infinitely 
small area BS is 

(Z|^ + m97 +72^) BS. (2) 

We have here an independent proof that the quantities 77, as defined by 
Art. 30 (2), may be regarded as the components of a vector. 

It will be observed that some convention is implied as to the relation 
between the sense in which the circulation round the boundary of BS is 
estimated, and the sense of the normal (Z, m, n). In order to have a clear 
understanding on this point, we shall suppose in this book that the axes of 
co-ordinates form a right-handed system ; thus if the axes of x and y point E. 
and N. respectively, that of ^ will point vertically upwards^. The sense in 

Maxwell, Proc. Land. Math. Soc. iii. 279, 280, Thus in the above diagram the axis of x is 
supposed drawn towards the reader. 
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which the circulation, as given by (2), is estimated is then related to the 
direction of the normal (/, ?^) in the manner typified by a right-handed 

screw 


32. Expressing now that the circulation round the edge of any finite 
surface is equal to the sum of the circulations round the boundaries of the 
infinitely small elements into which the surface may be divided, we have, 
by (2), 

f {iidx -f vdy + wdz) = ff (l^ -f my + ?^f) dS, (3) 

or, substituting the values of y, ^ from Art. SO, 


f(ud^ + vd,j + «>d.) -JIJj - 1) + m (|‘ 



where the single-integral is taken along the bounding curve, and the double- 
integral over the surface f. In these formulae the quantities Z, m, n are the 
direction-cosines of the normal drawn always on one side of the surface, 
which we may term the positive side ; the direction of integration in the first 
member is then that in which a man walking on the surface, on the positive 
side of it, and close to the edge, must proceed so as to have the surface 
always on his left hand. 

The theorem (3) or (4) may evidently be extended to a surface whose 
boundary consists of two or more closed curves, provided the integration in 
the first member be taken round each of these in the 
proper direction, according to the rule just given. 

Thus, if the surface-integral in (4) extend over the 
shaded portion of the annexed figure, the directions 
in which the circulations in the several parts of the 
boundary are to be taken are shewn by the arrows, 
the positive side of the surface being that which faces 
the reader. 



The value of the surface-integral taken over a closed surface is zero. 

It should be noticed that (4) is a theorem of pure mathematics, and is 
true whatever functions % Vy w may be of x, y, Zy provided only they be 
continuous and differentiable at all points of the surface:]:. 


33. The rest of this chapter is devoted to a study of the kinematical 
properties of irrotational motion in general, as defined by the equations 


I, ?-0, 


( 1 ) 


* See Maxwell, Electricity and Magnetism, Oxford, 1873, Art. 23. 

t This theorem is due to Stokes, Smiths Prize Examination Pajpers for 1854. The first pub- 
lished proof appears to have been given by Hankel, Zur allgem. Theorie der Bewegung der 
Flussigkeiten, Gottingen, 1861. That given above is due to Lord Kelvin, Ic. ante p. 31. See also 
Thomson and Tait, Natural Philosophy, Art. 190 {j), and Maxwell, Electricity and Magnetism, 
Art. 24. 

J It is not necessary that their differential coefficients should be continuous. 


3 
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i.e. the circulation in every infinitely small circuit is assumed to be zero. 
The existence and properties of the velocity-potential in the various cases 
that may arise will appear as conse(juences of this definition. 

The physical importance of the subject rests on the fact that if the 
motion of any portion of a fluid mass be irrotational at any one instant it will 
under certain very general conditions continue to be irrotational. Practically, 
as will be seen, this has already been established by Lagranges theorem, 
proved in Art. 17, but the importance of the matter warrants a repetition 
of the investigation, in terms of the Eulerian notation, in the form given by 
Lord Kelvin^. 


Consider first any terminated line AB drawn in the fluid, and suppose 
every point of this line to move always with the velocity of the fluid at that 
point. Let us calculate the rate at which the flow along this line, from A to 
jB, is increasing. If hz be the projections on the co-ordinate axes of 

an element of the line, we have 


D 


Du 


Dhx 




Now DhxjBt, the rate at which U is increasing in consequence of the motion 
of the fluid, is equal to the difference of the velocities parallel to x at the 
two ends of the element, i,e. to Sw ; and the value of DiijDt is given, by Art. 5. 
Hence, and by similar considerations, we find, if p be a function of p only, 
and if the extraneous forces X, F, Z have a potential 


Dt 


(uSx 4- uSy 4- wSz) = — ^ — Sfl 4 itSu 4 xSv 4 w hxo. 


Integrating along the line, from A to B, we get 

D 


^ [ (udxA'vdy-h^odz)= 

JJtj A L V p 


.( 2 ) 


or, the rate at which the flow from A to 5 is increasing is equal to the excess 
of the value which — /dj^/p — O has at B over that which it has at A . 
This theorem comprehends the whole of the dynamics of a perfect fluid. For 
instance, equations (2) of Art. 15 may be derived from it by taking as the* 
line AB the infinitely short line whose projections were originally 8a, Sb, 8c, 
and equating separately to zero the coefficients of these infinitesimals. 


If II be single-valued, the expression within brackets on the right-haiul 
side of (2) is a single-valued function of x, y, z. Hence if the integration on 
the left-hand side be taken round a closed curve, so that B coincides with A, 
we have 


Dt 


(udx -H vdy -[-wdz) == 0, 


C-i) 


or, the circulation in any circuit moving with the fluid does not alter with 
the time. 


* Z.c. ante p. 31. 
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It follows that if the motion of any portion of a fluid mass be initially 
irrotational it will always retain this property ; for otherwise the circulation 
in every infinitely small circuit would not continue to be zero, as it is initially 
by virtue of Art. 32 (3). 

34. Considering now any region occupied by irrotationally-moving fluid, 
we see from Art. 32 (3) that the circulation is zero in every circuit which 
can be filled up by a continuous surface lying wholly in the region, or which 
in other words is capable of being contracted to a point without passing out 
of the region. Such a circuit is said to be ‘ reducible.’ 

Again, let us consider two paths ACB, ADB, connecting two points A, B 
of the region, and such that either may by continuous variation be made to 
coincide with the other, without ever passing out of the region. Such paths 
are called 'mutually reconcileable.’ Since the circuit AGBDA is reducible, 
we have I {A GBDA) = 0, or since I{BBA) — — I {ABB), 

I{AGB)^I{ABB)] 

i.e, the flow is the same along any two reconcileable paths. 

A region such that all paths joining any two points of it are mutually 
reconcileable is said to be ' simply-connected.’ Such a region is that enclosed 
within a sphere, or that included between two concentric spheres. In what 
follows, as far as Art. 46, we contemplate only simply-connected regions. 


35. The irrotational motion of a fluid within a simply-connected region 
is characterized by the existence of a single- valued velocity-potential. Let 
us denote by — the flow to a variable point P from some fixed point A, viz. 

<^ = — f {udx vdy wdz) (1) 


The value of has been shewn to be independent of the path along which 
the integration is effected, provided it lie wholly within the region. Hence 
^ is a single- valued function of the position of P ; let us suppose it expressed 
in terms of the co-ordinates {x, y, z) of that point. By displacing P through 
an infinitely short space parallel to each of the axes of co-ordinates in 
succession, we find 






dz’ 


( 2 ) 


i,e, is a velocity-potential, according to the definition of Art. 17. 

The substitution of any other point B for A, as the lower limit of the 
integral in (1), simply adds an arbitrary constant to the value of viz. the 
flow from A to B. The original definition of (^in Arfc. 17, and the physical 
interpretation in Art. 18, alike leave the function indeterminate to the extent 
of an additive constant. 


3—2 
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As we follow the course of any line of motion the value of 4> continually 
decreases ; hence in a simply-connected region the lines of motion cannot 
form closed curves. 

36 . The function with which we have here to do is, together with its 
first differential coefficients, by the nature of the case, finite, continuous, and 
single-valued at all points of the region considered. In the case of incom- 
pressible fluids, which we now proceed to consider more particularly, 4> must 
also satisfy the equation of continuity, (5) of Art. 20, or as we shall in future 

write it, for shortness, - . 

= ( 1 ) 

at every point of the region. Hence <p is now subject to mathematical 
conditions identical with those satisfied by the potential of masses attracting 
or repelling according to the law of the inverse square of the distance, ^ at all 
points external to such masses ; so that many of the results proved in thc^ 
theories of Attractions, Electrostatics, Magnetism, and the Steady Flow of 
Heat, have also a hydrodynamical application. We proceed to develop those 
which are most important from this point of view. 

In any case of motion of an incomprefisible fluid the surface-integral of 
the normal velocity taken over any surface, open or closed, is conveniently 
called the ‘ flux ’ across that surface. It is of course equal to the volume of 
fluid crossing the surface per unit time. 

When the motion is irrotational, the flux is given by 



where SS is an element of the surface, and Sn an element of the normal to it, 
drawn in the proper direction. In any region occupied wholly by liquid, the 
total flux across the boundary is zero, ie. 

//s 

the element 8n of the normal being drawn always on one side (say inwards), 
and the integration extending over the whole boundary. This may be regarded 
as a generalized form of the equation of continuity (1). 

The lines of motion drawn through the various points of an infinitesimal 
circuit define a tube, which may be called a tube of flow. The product of 
the velocity (g) into the cross-section (cr, say) is the same at all points of such 
a tube. 

We may, if we choose, regard the whole space occupied by the fluid as 
made up of tubes of flow, and suppose the size of the tubes so adjusted that 
the product qcr is the same for each. The flux across any surface is then 
proportional to the number of tubes which cross it. If the surface be closed, 
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the equation (2) expresses the fact that as many tubes cross the surface 
inwards as outwards. Hence a line of motion cannot begin or end at a point 
of the fluid. 

37. The function 0 cannot be a maximum or a minimum at a point in the 
interior of the fluid ; for, if it were, we should have d(pjdn everywhere positive, 
or everywhere negative, over a small closed surface surrounding the point in 
question. Either of these suppositions is inconsistent with (2). 

Further, the square of the velocity cannot be a maximum at a point 
in the interior of the fluid. For let the axis of x be taken parallel to the 
direction of the velocity at any point P. The equation (1 ), and therefore also 
the equation (2), is satisfied if we write d(p/dx for c^. The above argument 
then shews that d(l)/dx cannot be a maximum or a minimum at P. Hence 
there must be points in the immediate neighbourhood of P at which {d<f>/dxf 
and therefore a fortiori 



is greater than the square of the velocity at P^. 

On the other hand, the square of the velocity may be a minimum at 
some point of the fluid. The simplest case is that of a zero velocity ; see, for 
example, the figure of Art. 69, below. 

38. Let us apply (2) to the boundary of a finite spherical portion of the 
liquid. If r denote the distance of any point from the centre of the sphere, 

the elementary solid angle subtended at the centre by an element of 
the surface, we have 

d(j)ldn = — 3<^/3r, 

and BS = r-S-oT. Omitting the factor (2) becomes 

III--. 

or = 0 (3) 

Since l/ 47 r. //<)!) or measures the mean value of over 

the surface of the sphere, (3) shews that this mean value is independent of 
the radius. It is therefore the same for any sphere, concentric with the 
former one, which can be made to coincide with it by gradual variation of the 
radius, without ever passing out of the region occupied by the irrotationally 
moving liquid. We may therefore suppose the sphere contracted to a point, 
and so obtain a simple proof of the theorem, first given by Gauss in his 

^ This theorem was enunciated, in another connection, by Lord Kelvin, Fliil. Mag. Oct. 
1850 [Repvint of JPapevit ou Electrostatics ^ djc., London, 1872, Art. 665]. The above demonstration 
is due to Kirchhoff, Vorlesungen iiher mathematischc Pliysik, Mechanik, Leipzig, 1876. For 
another proof see Art. 44 below. 
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memoir* on the theory of Attractions, that the mean value of ^ over any 
spherical surface throughout the interior of which (1) is satisfied, is equal to 
its value at the centre. 

The theorem, proved in Art. 37 , that cj} cannot be a maximum oi a 
minimum at a point in the interior of the fluid, is an obvious consequence of 
the above. 

The above proof appears to be due, in principle, to F rostf. Another demon- 
stration, somewhat different in form, was given by the late Lord Rayleigh 
The equation ( 1 ), being linear, will be satisfied by the arithmetic mean of 
any number of separate solutions •••• suppose an infinite 

number of systems of rectangular axes to be arranged uniformly about any 
point P as origin, and let <561, 02? ^3? “• he the velocity-potentials of motions 
which are the same with respect to these several systems as the original 
motion cf) is with respect to the system oa, y, 2;, In this case the arithmetic 
mean (<^, say) of the functions <^i, <^2? 9^3^ be a function of r, the 

distance from P, only. Expressing that in the motion (if any) represented 
'by the flux across any spherical surface which can be contracted to a point, 
without passing out of the region occupied by the fluid, would be zero, we have 

4i7rr ^ . =• 0 , 

9 r 

or <j> = const. 


39 . Again, let us suppose that the region occupied by the irrotationally 
moving fluid is ^periphractic,’§ ie, that it is limited internally by one or 
more closed surfaces, and let us apply (2) to the space included between one 
(or more) of these internal boundaries, and a spherical surface completely 
enclosing it (or them) and lying wholly in the fluid. If M denote the total 
flux into this region, across the internal boundary, we find, with the same 
notation as before, 


fj 


dr 


dS = -M, 


the surface-integral extending over the sphere only. This may be written 

M 

4 ^,.2 ’ 




whence 


47rr^ J J 


4 - 0 . 

^ 4irr 


( 4 ) 


^ “ Allgemeine Lehrsatae, u.s.w.,’’ Mesultate am den Beohachtungen des magnetischeii Vereins, 
1839 [Werke, Gottingen, 1870-80, v. 199]. 

t QiMTterly Journal of Mathematics, xii. (1873). 

$ Messenger of Mathematics, vii. 69 (1878) [Pampers, i. 347], 

§ See Maxwell, Electricity and Magnetism, Arts. 18, 22. A region is said to be ‘ aperipbractie ’ 
when every closed surface drawn in it can be contracted to a point without passing out of the 
region. 
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That is, the mean value of </> over any spherical surface drawn under the 
above-mentioned conditions is equal to Mj^irr -h Q, where r is the radius, M 
an absolute constant, and G a quantity which is independent of the radius 
but may vary with the position of the centre^. 

If however the original region throughout which the irrotational motion 
holds be unlimited externally, and if the first derivative (and therefore all the 
higher derivatives) of ^ vanish at infinity, then C is the same for all spherical 
surfaces enclosing the whole of the internal boundaries. For if such a sphere 
be displaced parallel to without alteration of size, the rate at which G 
varies in consequence of this displacement is, by (4), equal to the mean value 
of d(f>/doi) over the surface. Since d<j>/dx vanishes at infinity, we can by taking 
the sphere large enough make the latter mean value as small as we please. 
Hence 0 is not altered by a displacement of the centre of the sphere parallel 
to w. In the same way we see that G is not altered by a displacement parallel 
to 2 / or i.e. it is absolutely constant. 

If the internal boundaries of the region considered be such that the total 
flux across them is zero, e.g. if they be the surfaces of solids, or of portions of 
incompressible fluid whose motion is rotational, we have M == 0, so that the 
mean value of over any spherical surface enclosing them all is the same. 

40. (a) If (j) be constant over the boundary of any simply-connected 
region occupied by liquid moving irrotationally, it has the same constant 
value throughout the interior of that region. For if not constant it would 
necessarily have a maximum or a minimum value at some point of the region. 

Otherwise : we have seen in Arts. 35, 36 that the lines of motion cannot 
begin or end at any point of the region, and that they cannot form closed 
curves lying wholly within it. They must therefore traverse the region, 
beginning and ending on its boundary. In our case however this is impossible, 
for such a line always proceeds from places where (j) is greater to places where 
it is less. Hence there can be no motion, i.e. 

dip dip _ A 

dx' dy ' dz ' 

and therefore ^ is constant and equal to its value at the boundary. 

(/3) Again, if dpjdn be zero at every point of the boundary of such a 
region as is above described, ^ will be constant throughout the interior. For 
the condition dpjon^O expresses that no lines of motion enter or leave the 
region, but that they are all contained mthin it. This is however, as we have 
seen, inconsistent with the other conditions which the lines must conform 
to. Hence, as before, there can be no motion, and (p is constant. 

* It is understood, of course, that the spherical surfaces to which this statement applies are 
reconoileable with one another, in a sense analogous to that of Art. 34. 

t KirchhofE, Mechafiih^ 191. 
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This theorem may he otherwise stated as follows : no continuous iriota- 
tional motion of a liquid can take place in a simply-connected region bounded 
entirely by fixed rigid walls. 

(7) Again, let the boundary of the region considered consist partly of 
surfaces S over which <jf> has a given constant value, and partly of other 
surfaces S over which d(fifdn = 0. By the previous argument, no lines of 
motion can pass from one point to another of S, and none can cross Hence 
no such lines exist ; ^ is therefore constant as before, and equal to its value 
at S. 

It follows from these theorems that the irrotational motion of a liquid in 
a simply-connected region is determined when either the value of cj), or the 
value of the inward normal velocity — is prescribed at all points of the 

boundary, or (again) when the value of (j> is given over part of the boundaiy, 
and the value of -d<l)ldn over the remainder. For if (j >2 be the velocity- 
potentials of two motions each of which satisfies the prescribed boundary- 
conditions, in any one of these cases, the function <j)i — <^2 satisfies the condition 
(a) or (^) or (7) of the present Article, and must therefore be constant 
throughout the region. 

41 . A class of cases of great importance, but not strictly included in the 
scope of the foregoing theorems, occurs when the region occupied by the 
irrotationally moving liquid extends to infinity, but is bounded internally by 
one or more closed surfaces. We assume, for the present, that this region is 
simply-connected, and that ^ is therefore single-valued. 

If be constant over the internal boundary of the region, and tend every- 
where to the same constant value at an infinite distance from the internal 
boundary, it is constant throughout the region. For otherwise ^ would be a 
maximum or a' minimum at some point within the region. 

We infer, exactly as in Art. 40, that if <f> be given arbitrarily over th(‘. 
internal boundary, and have a given constant value at infinity, its value m 
everywhere determinate. 

Of more importance in our present subject is the theorem that, if the 
normal velocity he zero at every point of the inteimal boundary, and if the 
fluid be at rest at infinity, then <p is everywhere constant. ■ We cannot how- 
ever infer this at once from the proof of the corresponding theorem in Art. 40. 
It is true that we may suppose the region limited externally by an infinitely 
large surface at every point of which d(j>/dn in infinitely small; but it is 
conceivable that the integral jjd(^jdn.dS, taken over a portion of this surfiicc, 
might still be finite, in which case the investigation referred to would tail. 
We proceed therefore as follows. 

Since the velocity tends to the limit zero at an infinite distance from the 
internal boundary {S, say), it must be possible to draw a closed surface S 
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completely enclosing 8, beyond which the velocity is everywhere less than a 
certain value e, which value may, by nuking S large enough, be made as 
small as we please. Now in any direction from S let us take a point P at 
such a distance beyond 2 that the solid angle which 2 subtends at it is 
infinitely small; and with P as centre let us describe two spheres, one just 
excluding, the other just including S. We shall prove that the mean value 
of ovef each of these spheres is, within an infinitely small amount, the 
same. For if Q, Q' be points of these spheres on a common radius PQQ\ then 
if Q, Q' fall within 2 the corresponding values of <f) may differ by a finite 
amount ; but since the portion of either spherical surface which falls within 2 
is an infinitely small fraction of the whole, no finite difference in the mean 
values can arise from this cause. On the other hand, when Q, Q' fall without 
2, the corresponding values of (f> cannot differ by so much as e. QQ\ for e is 
by definition a superior limit to the rate of variation of (p. Hence, the mean 
values of <p over the two spherical surfaces must differ by less than e.QQ'* 
Since QQ' is finite, whilst e may by taking 2 large enough be made as small 
as we please, the difference of the mean values may, by taking P sufficiently 
distant, be made infinitely small. 

Now we have seen in Arts. 38, 39 that the mean value of (j> over the inner 
sphere is equal to its value at P, and that the mean value over the outer 
sphere is (since M = 0) equal to a constant quantity C. Hence, ultimately, the 
value of at infinity tends everywhere to the constant value C. 

The same result holds even if the normal velocity be not zero over the 
internal boundary ; for in the theorem of Art. 39 M is divided by r, which is 
in our case infinite. 

It follows that if d<pldn = 0 at all points of the internal boundary, and if 
the fluid be at rest at infinity, it must be everywhere at rest. For no lines 
of motion can begin or end on the internal boundary. Hence such lines, if 
they existed, must come from an infinite distance, traverse the region occupied 
by the fluid, and pass off again to infinity ; i,e. they must form infinitely long 
courses between places where (p has, within an infinitely small amount, the 
same value G, which is impossible. 

The thcoi^em that, if the fluid be at rest at infinity, the motion is deter- 
minate when the value of — dcp/dn is given over the internal boundary, follows 
by the same argument as in Art. 40. 

Greens Theorem. 

42. In treatises on Electrostatics, &c., many important properties of the 
potential are usually proved by means of a certain theorem due to Green. Of 
these the most important from our present point of view have already been 
given ; but as the theorem in question leads, amongst other things, to a useful 
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expression for the kinetic energy in any case of irrotational motion, some 
account of it will properly find a pl§ce here. 

Let TJ, F, W be any three functions which are finite, single-valued and 
differentiable at all points of a connected region completely bounded by one 
or more closed surfaces S ; let hS be an element of any one of these surfaces, 
and I, m, n the direction-cosines of the normals to it drawn inwards. We shall 
prove in the first place that 

jj(lir+mV+nW)dS^-jjj(^^ + ^-^ + ^-^)do=dydz, ( 1 ) 

where the triple-integral is taken throughout the region, and the double- 
integral over its boundary. 

If we conceive a series of surfaces drawn so as to divide the region into 
any number of separate parts, the integral 

JJ(lU+mV+nW)dS, (2) 

taken over the original boundary, is equal to the sum of the similar integrals 
each taken over the whole boundary of one of these parts. For, for every 
element So* of a dividing surface, we have, in the integrals corresponding to 
the parts lying on the two sides of this surface, elements (lU-^7riV -^-nW) Scr, 
and {VU ■¥m^V-\'n'W)Bcr, respectively. But the normals to which I, in, n 
and l\ n' refer being drawn inwards in each case, we have Z' = ~ m'= — m, 

= — n; so that, in forming the sum of the integrals spoken of, the elements 
due to the dividing surfaces disappear, and we have left only those due to the 
original boundary of the region. 

Now let us suppose the dividing surfaces to consist of three systems of 
planes, drawn at infinitesimal intervals, parallel to yz, zx, xy, respectively. If 
X, y, z be the co-ordinates of the centre of one of the rectangular spaces thus 
formed, and Bx, By, Bz the lengths of its edges, the part of the integral (2) duo 
to the y.s'-face nearest the origin is 


and that due to the opposite face is 


The sum of these is — dUjdx.BxByBz. Calculating in the same way the parts 
of the integral due to the remaining pairs of faces, we get for the final result 


0F ^ 
\ 0y dz 


BxByBz. 


Hence (1) simply expresses the fact that the surface-integral (2), taken over 
the boundary of the region, is equal to the sum of the similar integrals taken 
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over the boundaries of the elementary spaces of which we have supposed it 
built up. 

It is evident from (1), or it may be proved directly by transformation of 
co-ordinates, that if U, F, W be regarded as components of a vector, the 
expression 

^ 

dy'^ dz 

is a ' scalar ’ quantity, ie. its value is unaffected by any such transformation. 
It is now usually called the 'divergence' of the vector-field at the point (x, y, z). 

The interpretation of (1), when (27, F, W) is the velocity of a continuous 
substance, is obvious. In the particular case of irrotational motion we obtain 

ll^d8 = -IIJv^<l>da;dtjdz, (3) 

where Sn denotes an element of the inwardly-directed normal to the surface S, 

Again, if we put 27, F, IF = pv, p^u, respectively, we reproduce in 
substance the second investigation of Art. 7. 

Another useful result is obtained by putting 27, F, TF = iicf), V(j>, respec- 
tively, where u, v, w satisfy the relation 

^ ^ ^ 
dx dy dz 

throughout the region, and make 

lu + mv + nw = 0 

over the boundary. We find 

® 

The function <f> is here merely restricted to he finite, single-valued, and con- 
tinuous, and to have its first differential coefficients finite, throughout the 
region. 


43. Now let 4), <p' be any two functions which,- together with their first 
and second derivatives, are finite and single-valued throughout the region 
considered ; and let us put 




U,V, W = <l> - 

o I / , 

respectively, so that lU + mV + nW = ^ . 

Substituting in (1) we find 

—JJJ^V^^'dxdydz. 


(5) 
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By interchanging cf> and 0" we obtain 

JJ^ dn JJJ\d^ dx dy dy dz dz J 

— Jffcf>V‘^^dxdydz ( 6 ) 

Equations (5) and (6) together constitute Greenes theorem^. 

44. If (^, <j)' be the velocit 3 ^-potentials of two distinct modes of irrotational 
motion of a liquid, so that 

V2<56-0, Vy=0, (1) 

we obtain 


If we recall the physical interpreta|ion of the velocity-potential, given in 
Art. 18, then, regarding the motion as generated in each case impulsively' 
from rest, we recognize this equation as a particular case of the dynamical 
theorem that 

where and q^ are generalized components of impulse and velocity, 

in any two possible motions of a system +. 

Again, in Art. 43 (6) let <^' = and let ^ be the velocity-potential of a 
liquid. We obtain 

l//{®)’ + (|)’ * (s)} ») 

To interpret this we multiply both sides by ^p. Then on the right-hand 
side — d^jdn denotes the normal velocity of the fluid inwards, whilst p(p is, by 
Art. 18, the impulsive pressure necessary to generate the motion. It is a 
proposition in Dynamics]: that the work done by an impulse is measured by 
the product of the impulse into half the sum of the initial and final velocities, 
resolved in the direction of the impulse, of the point to which it is applied. 
Hence the right-hand side of (3), when modified as desciibed, expresses the 
work done by the system of impulsive pressures which, applied to the surface 
8, would generate the actual motion; whilst the left-hand side gives the 
kinetic energy of this motion. The formula asserts that these two quantities 
are equal. Hence if T denote the total kinetic energy of the liquid, we have 
the very important result 

» 

If in (3), in place of 0, we write which will of course satisfy V^d([)/ds=^0^ and 

a|)ply the resulting theorem to the region included within a spherical surface of radius r 

* G-. Green, Essay on Electricity and Magnetism, Nottingham, 1828, Art. B [Mathematical 
Papers (ed. Ferrers), Cambridge, 1871, p. 3]. 

t Thomson and Tait, Natural Philosophy, Art. 313, equation (11), 

+ Ibid. Art. 308. 
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having any point (^, y, z) as centre, then with the same notation as in Art. 39, we have 

V I //.«.-//. J dS - - //I i (I) 

Hence, writing 


+ 2 


[dj/dz/ 


+ 2 





Since this latter expression is essentially positive, the mean value of taken over a 
sphere having any given point as centre, increases with the radius of the sphere. Hence 
cannot be a maximum at any point of the fluid, as «was proved otherwise in Art. 37. 
Moreover, recalling ihe formula for the preissure in any case of irrotational motion of a 
liquid, viz. 

l = y^-a-iq^-+F{t), ( 6 ) 

we infer that, provided the potential Q of the external forces satisfy the condition 

V2i)=0, (7) 

the mean value of p over a sphere described with any point in the interior of the fluid as 
centre will diminish as the radius increases. The place of least pi’essure will therefore be 
somewhere on the boundary of the fluid. This has a bearing on the point discussed in 
Art. 23. 


45. In this connection we may note a remarkable theorem discovered by 
Lord Kelvin^, and afterwards generalized by him into an universal property 
of dynamical systems started impulsively from rest under prescribed velocity- 
conditions f. 

The irrotational motion of a liquid occupying a simply-connected region 
has less kinetic energy than any other motion consistent with the same normal 
motion of the boundary. 

Let The the kinetic energy of the irrotational motion to which the velocity- 

potential (f> refers, and that of another motion given by 

deb d(b 3<^) , ,Q\ 

u=-£+u„ v = -^ + v„ w = -^+w„ (8) 

where, in virtue of the equation of continuity, and the prescribed boundary- 
condition, we must have 

diio , dvo , dwQ_^ 
do) dy dz 

throughout the region, and lu^ + mv^ 4- nw^ == 0 
over the boundary. Further let us write 

fff + Wo^) dxdydz (9) 

* (W. Thomson) “ On the Vis-Viva of a Liquid in Motion,” Camh. and Dub. Math. Journ. 
1849 [Papers, i. 107]. 

t Thomson and Tait, Art. 312. 
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We find = T + Td — p 


IK 


3(|> 




.( 10 ) 


Since the last integral vanishes, by Art. 42 (4), we have 

T,==T+T„ 

which proves the theoi'em*. 

46. We shall require to know, hereafter, the form assumed by the ex- 
pression (4) for the kinetic energy when the fluid extends to infinity an is 
L rest there, being limited internally by one or more closed surfaces S. Let 
us suppose a large closed surface 2 described so as to enclose the whole of b. 
The energy of the fluid included between S and S is 

where the integration in the first, term extends over that in the second 
over 2. Since we have, by the equation of continuity, 

the expression (11) may be written 


.( 11 ) 




( 12 ) 


where C may be any constant, but is here supposed to be the constant value 
to which cp was shewn in Art. 39 to tend at an infinite distance from iS. 
Now the whole region occupied by the fluid may be supposed made up of 
tubes of flow, each of which must pass either from one point of the internal 
boundary to another, or from that boundary to infinity. Hence the value of 
the integral 


// 


dn 




taken over any surface, open or closed, finite or infinite, drawn within the 
region, must be finite. Hence ultimately, when S is taken infinitely laigc 
and infinitely distant all round from S, the second term of (12) vanishes, and 
we have 


2r^-plf(4>-c) 


dip 


dS, 


I (i:^) 

where the integration extends over the internal boundary only. 

If the total flux across the internal boundary be zero, we have 


// 


dS^O, 


dn 

2T==-pII <pl^- 

^ an 


dS,. 


.(14) 


so that (13) may be written 
simply. 

* Some extensions of this result are discussed by Leathern, Canihridge Tracts, Ko, 1, 2nd ed. 
(1913). They supply farther interesting illustrations of Kelvin’s general dynamical principle. 
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Or Multiply -connected Regions. 

47. Before discussing the properties of irrotational motion in multiply- 
connected regions we must examine more in detail the nature and classifica- 
tion of such regions. In the following synopsis of this branch of the geometry 
of position we recapitulate for the sake of completeness one or two definitions 
already given. 

We consider any connected region of space, enclosed by boundaries. A 
region is ' connected ’ when it is possible to pass from any one point of it to 
any other by an infinity of paths, each of which lies wholly in the region. 

Any two such paths, or any two circuits, which can by continuous 
variation be made to coincide without ever passing out of the region, are 
said to be ' mutually reconcileable.’ Any circuit which can be contracted to 
a point without passing out of the region is said to be ^reducible.' Two 
reconcileable paths, combined, form a reducible circuit. If two paths or two 
circuits be reconcileable, it must be possible to connect them by a continuous 
surface, which lies wholly within the region, and of which they form the 
complete boundary : and conversely. 

It is further convenient to distinguish between ' simple ’ and multiple ' 
irreducible circuits. A 'multiple' circuit is one which can by /continuous 
variation be made to appear, in whole or in part, as the repetition of another 
circuit a certain number of times. A ' simple ’ circuit is one with which this 
is not possible. 

A 'barrier,' or 'diaphragm,' is a surface drawn across the region, and 
limited by the line or lines in which it meets the boundary. Hence a barrier 
is necessarily a connected surface, and cannot consist of two or more detached 
portions. 

A 'simply-connected' region is one such that all paths joining an^^wo 
points of it are reconcileable, or such that all circuits drawn within it 
reducible. 

A ' doubly-connected ' region is one such that two irreconcileable paths, 
and no more, can be drawn between any two points A, ^ of it; viz. any other 
path joining AB is reconcileable with one of these, or with a combination of 
the two taken each a certain number of times. In other words, the region is 
such that one (simple) irreducible circuit can be drawn in it, whilst all other 
circuits are either reconcileable with this (repeated, if necessary), or are 
reducible. As an example of a doubly-connected region vve may take that 
enclosed by the surface of an anchor-ring, or that external to such a ring and 
extending to infinity. 

Generally, a region such that n irreconcileable paths, and no more, can be 
drawn between any two points of it, or such that n — ~i (simple) irreducible 
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and irreconcileable circuits, and no more, can be drawn in it, is said to be 
' ? 2 -ply-connected.’ 

The shaded portion of the figure on p. 33 is a triply-connected space of 
two dimensions. 

It may be shewn that the above definition of an n-ply-connected space 
is self-consistent. In such simple cases as n = 2, n = 3, this is sufficiently 
evident without demonstration. 

48. Let us suppose, now, that we have an ^i-ply-connected region, with 
— 1 simple independent irreducible circuits drawn in it. It is possible to 

draw a barrier meeting any one of these circuits in one point only, and not 
meeting any of the w — 2 remaining circuits. A barrier drawn in this manner 
does not destroy the continuity of the region, for the interrupted circuit 
remains as a path leading round from one side to the other. The order of 
connection of the region is however diminished by unity; for every circuit 
drawn in the modified region must be reconcileable with one or more of the 

2 circuits not met by the barrier. 

A^second barrier, drawn in the same manner, will reduce the order of 
connection again by one, and so on; so that by drawing ?i — 1 barriers wo 
can reduce the region to a simply-connected one. 

A simply-connected region is divided by a barrier into two separate 
parts; for otherwise it would be possible to pass from a point on one side 
of the barrier to an adjacent point on the other side by a path lying wholly 
within the region, which path would in the original region form an irreducible 
circuit. 

Hence in an n-ply-connected region it is possible to draw n — 1 barriers, 
and no mo/e, without destroying the continuity of the region. This property 
is sometpfhes adopted as the definition of an ? 2 .-ply-connected space. 

Irrotational Motion in Multiply -connected Spaces, 

49. The circulation is the same in any two reconcileable circuits ABC A , 
A'B'G'A' drawn in a region occupied by fluid moving irrotationally. For the 
two circuits may be connected by a continuous surface lying wholly within 
the region; and if we apply the theorem of Art. 32 to this surface, we 
have, remembering the rule as to the direction of integration round the 
boundary, 

I {ABC A) + 1 (A'O'B'A') = 0, 
or I(ABGA) = I(A'B'G'A'), 

If a circuit ABGA be reconcileable with two or more circuits A'B'G'A\ 
A"B"G"A", & 0 O,, combined, we can connect all these circuits by a continuous 
surface which lies wholly within the region, and of which they form the com- 
plete boundary. Hence 

I (ABGA) + 1 (A' G'B'A') + I(A"G"B"A") + &c. = 0, 
or I (ABGA) = I (A'B' G'A') + I(A"B"G"A'^) + &c. ; 
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i.e. the circulation in any circuit is equal to the sum of the circulations in the 
several members of any set of circuits with which it is reconcileable. 

Let the order of connection of the region be + 1, so that n independent 
simple irreducible circuits cii, ag, ... can be drawn in it; and let the circii- 
lations in these be /Cj, /Cg, ... respectively. The sign of any k will of course 
depend on the direction of integration round the corresponding circuit; let 
the direction in which k is estimated be called the positive direction in the 
circuit. The value of the circulation in any other circuit can now be found 
at once. For the given circuit is necessarily reconcileable with some com- 
bination of the circuits aj, Ug, ...a^; say with taken pi times, taken 
times and so on, where of course any p is negative when the corre- 
sponding circuit is taken in the negative direction. The' required circulation 
then is 

+;p2A?2+ ••• +PnfCn (1) 

Since any two paths joining two points A, B oi the region together form 
a circuit, it follows that the values of the flow in the two paths differ by 
a quantity of the form (1), where, of course, in particular cases some or all of 
the p's may be zero. 


50. Let us denote by — ^ the flow to a variable point P from a fixed 
point A, viz. 


(f) = ^ f (udx -\‘vdy-\- wdz) (2) 

J A 

So long as the path of integration from J. to P is not specified, (}> is indeter- 
minate to the extent of a quantity of the form (1). 


If however n barriers be drawn in the manner explained in Art. 48, so as 
to reduce the region to a simply-connected one, and if the path of integration 
in (2) be restricted to lie within the region as thus modified (i.e. it is not to 
cross any of the barriers), then 4> becomes a single-valued function, as in 
Art. 35. It is continuous throughout the modified region, but its values at 
two adjacent points on opposite sides of a barrier differ by + /c. To derive 
the value of (f> when the integration is taken along any path in the unmodified 
region we must subtract the quantity (1), where any p denotes the number of 
times this path crosses the corresponding barrier. A crossing in the positive 
direction of the circuits interrupted by the barrier is here counted as positive, 
a crossing in the opposite direction as negative. 

By displacing P through an infinitely short space parallel to each co- 
ordinate axis in succession, we find 

d<h dcj) d(f) ^ 

u, = 

so that 4> satisfies the definition of a velocity-potential (Art. 17). It is now 
however a many-valued or cyclic function ; i.e. it is not possible to assign to 

4 


L. H. 
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every point of the original region a unique and definite value of such 
values forming a continuous system. On the contrary, whenever P describes 
an irreducible circuit, ^ will not, in general, return to its original value, but 
will differ from it by a quantity of the form (1). The quantities fc^ ... 
which specify the amounts by which <j!) decreases as P describes the several 
independent circuits of the region, may be called the ' cyclic constants of 


It is an immediate consequence of the ‘ circulation-theorem ’ of Art. 33 
that under the conditions there presupposed the cyclic constants do not alter 
with the time. The necessity for these conditions is exemplified in the 
problem of Art. 29, where the potential of the extraneous forces is itself 
a cyclic function. 


The foregoing theory may be illustrated by the case of Art. 27 (2), where the region (as 
limited by the exclusion of the origin, where the formula would give an infinite velocity) 
is doubly-connected ; since we can connect any two points A, -5 of it by two irreconcileablc 
paths passing on opposite sides of the axis of 0 , e.g. 

AGB^ ABB in the figure. The portion of the plane 
zx for which x is positive may be taken as a barrier, 
and the region is thus made simply-connected. The 
circulation in any circuit meeting this barrier once 
only, e,g. in ACBDA^ is 


/: 


or 



That in any circuit not meeting the barrier is zero. In the modified region ^ may be put 
equal to a single- valued function, viz. ~ gd, but its value on the positive side of the barrier 
is zero, that at an adjacent point on the negative is —^TTfx. 

More complex illustrations of irrotational motion in multiply-connected spaces of two 
dimensions will present themselves in the next chapter. 


51. Before proceeding further we may briefly indicate a somewhat 
different method of presenting the above theory. 

Starting from the existence of a velocity-potential as the characteristic 
of the class of motions which we propose to study, and adopting the second 
definition of an n + 1-ply-connected region, indicated in Art. 48, we remark 
that in a simply-connected region every equipotential surface must either be 
a closed surface, or else form a barrier dividing the region into two separate 
parts. Hence, supposing the whole system of such surfaces drawn, we see 
that if a closed curve cross any given equipotential surface once it must cross 
it again, and in the opposite direction. Hence, corresponding to any element 
of the curve, included between two consecutive equipotential surfaces, we 
have a second element such that the flow along it, being equal to the 
difference between the corresponding values of <p, is equal and opposite to 
that along the former ; so that the circulation in the whole circuit is zero. 

If however the region be multiply-connected, an equipotential surface 
may form a barrier without dividing it into two separate parts. Let as 
many such surfaces be drawn as is possible without destroying the con- 
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tinuity of the region. The number of these cannot, by definition, be greater 
than n. Every other equipotential surface which is not closed will be re- 
concileable (in an obvious sense) with one or more of these barriers. A curve 
drawn from one side of a barrier round to the other, without meeting any of 
the remaining barriers, will cross every equipotential surface reconcileable 
with the first barrier an odd number of times, and every other equipotential 
surface an even number of times. Hence the circulation in the circuit thus 
formed will not vanish, and ^ will be a cyclic function. 

In the method adopted above we have based the whole theory on the 
equations 

dw 9^ _ ^ 0u’ _ dv 3'^^ _ ^ /Q\ 



and have deduced the existence and properties of the velocity-potential in 
the various cases as necessary consequences of these. In fact, Arts. 34, 35, 
and 49, 50 may be regarded as an inquiry into the nature of the solution of 
this system of differential equations, as depending on the character of the 
region through which they hold. 

The integration of (3), when we have, on the right-hand side, instead of 
zero, known functions of y, z, will be treated in Chapter vii. 


52 . Proceeding now, as in Art. 36, to the particular case of an incom- 
pressible fluid, we remark that whether (f) be cyclic or not, its first derivatives 
d(f)/da), dcf^ldy, 9^/9^, and therefore all the higher derivatives, are essentially 
single-valued functions, so that ^ will still satisfy the equation of continuity 


or the equivalent form 


V2<^ = 0, 


( 1 ) 

( 2 ) 


where the surface-integration extends over the whole boundary of any 
portion of the fluid. 

The theorem (a) of Art. 40, viz. that must be constant throughout the 
interior of any region at every point of which (1) is satisfied, if it be constant 
over the boundary, still holds when the region is multiply-connected. For 
being constant over the boundary, is necessarily single- valued. 

The remaining theorems of Art. 40, being based on the assumption that 
the stream-lines cannot form closed curves, will require modification. We 
must introduce the additional condition that the circulation is to be zero in 
each circuit of the region. 

Removing this restriction, we have the theorem that the irrotational 
motion of a liquid occupying an n-ply-connected region is determinate when 
the normal velocity at every point of the boundary is prescribed, as well as 
the value of the circulation in each of the n independent and irreducible 
circuits which can be drawn in the region. For if <^i, ^2 he the (cyclic) 

4—2 



52 


In otational Motion 


[chap, hi 


velocity-potentials of two motions satisfying the above conditions, then 
<p (p^ — is a single- valued function which satisfies (1) at every point oi 
the region, and makes dcpjdn = 0 at every point of the boundary. Hence, by 
Art. 40, (j> is constant, and the motions determined by (pi and are identical. 


The theory of raultiple connectivity seems to have been first developed by Piemann* 
for spaces of two dimensions, d p'opos of his researches on the theory of functions of a 
complex variable, in which connection also cyclic functions, satisfying the equation 


df 




through multiply-connected regions, present themselves. 

The bearing of the theory on Hydrodynamics and the existence in certain cases of 
many-valued velocity-potentials were first pointed out by von Helmholtz +. The subject 
of cyclic irrotational motion in multiply- connected regions was afterwards taken up and 
fully investigated by Lord Kelvin in the paper on vortex-motion already referred to J. 


Kelvin's Eoctension of Green's Theorem. 

53. It was assumed in the proof of Green's theorem that <p and pi' were 
both single- valued functions. If either be a cyclic function, as may be the 
case when the region to which the integrations in Art; 43 refer is multiply- 
connected, the statement of the theorem must be modified. Let us suppose, 
for instance, that <p is cyclic ; the surface-integral on the left-hand side of 
Art. 43 (5), and the second volume-integral on the right-hand side, are then 
indeterminate, on account of the indeterminateness in the value of p> itself. 
To remove this indeterminateness, let the barriers necessary to reduce the 
region to a simply-connected one be drawn, as explained in Art. 48. We 
may now suppose p> to be continuous and single-valued throughout the region 
thus modified ; and the equation referred to will then hold, provided the two 
sides of each barrier be reckoned as part of the boundary of the region, and 
therefore included in the surface-integral on the left-hand side. Let So*! 
be an element of one of the barriers, ici the cyclic constant corresponding to 
that barrier, dep^dn the rate of variation of <p' in the positive direction of the 
normal to Sci. Since, in the parts of the surface-integral due to the two 
sides of ScTj, d<p'ldn is to be taken with opposite signs, whilst the value of p> 
on the positive side exceeds that on the negative side by fCi, we get finally 
for the element of the integral due to Scti, the value /€id(p'/dn .Scti. Hence 
Art. 43 (5) becomes, in the altered circumstances, 

-.[// 1 %) - / ff ; ...( 1 ) 

* Grundlagen fur eine allgemeine Theorie der Functionen einer vemnderlichen complexen 
Gr'dsse, Gottingen, 1S51 [Mathematisehe Werke, Leipzig, 1876, p. 3]. Also: “Lelirsatze aus der 
Analysis Situs,” Crelle, liv. (1857) [Werke, p. 84]. f Crelle, Iv. (1858). 

X See also Kirchboff, “XJeter die Krafte welche zwei iinendlich diinne starre Kinge in einer 
Tiussigkeit scheinbar auf einander ausiiben kdnnen,” Crelle, Ixxi, (1869) [Ges. Ahh. p. 404]. 
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where the surface-integrations indicated on the left-hand side extend, the 
first over the original boundary of the region only, and the rest over the 
several barriers. The coefficient of any k is evidently minus the total flux 
across the corresponding barrier, in a motion of which 4>' is the velocity- 
potential. The values of <f> in the first and last terms of the equation are to 
be assigned in the manner indicated in Art. 50. 

If (f/ also be a cyclic function, having the cyclic constants «/, k^', &e., 
then Art. 43 (6) becomes in the same way 

= ■/// (S -// f -(2) 

Equations (1) and (2) together constitute Lord Kelvin’s extension of Green’s 
theorem. 

54. If (j>' are both velocity-potentials of a liquid, we have 


V2(^=0, Vy = 0, (3) 

and therefore I dcr^-\- ... 

= ^ 


To obtain a physical interpretation of this theorem it is necessary to 
explain in the first place a method, imagined by Lord Kelvin, of generating 
any given cyclic irrotational motion of a liquid in a multiply-connected 
space. 

Let us suppose the fluid to be enclosed in a perfectly smooth and flexible 
membrane occupying the position of the boundary. Further, let n barriers 
be drawn, as in Art. 48, so as to convert the region into a simply-connected 
one, and let their places be occupied by similar membranes, infinitely thin, 
and destitute of inertia. The fluid being initially at rest, let each element 
of the first-mentioned membrane be suddenly moved inwards with the given 
(positive or negative) normal velocity —d(f)/dn, whilst uniform impulsive 
pressures tc^p, K^p , . . . fCnp are simultaneously applied to the negative sides of 
the respective barrier-membranes. The motion generated will be characterized 
by the following properties. It will be irrotational, being generated from 
rest ; the normal velocity at every point of the original boundary will have 
the prescribed value the values of the impulsive pressure at two adjacent 
points on opposite sides of a membrane will differ by the corresponding value 
of fcp, and the values of the velocity-potential will therefore differ by the 
corresponding value of k ; finally, the motion on one side of a barrier will be 
continuous with that on the other. To prove the last statement we remark, 
first, that the velocities normal to the barrier at two adjacent points on 
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opposite sides of it are the same, being each equal to the normal velocity of 
the adjacent portion of the membrane. Again, if P, Q be two consecutive 
points on a barrier, and if the corresponding values of ^ be on the positive 
side <^p, and on the negative side 

and therefore — ^ r ^ 

ie:, if PQ - Ss, H/ds = 3^/05. 

Hence the tangential velocities at two adjacent points on opposite sides of 
the barrier also agree. If then we suppose the barrier-membranes to be 
liquefied immediately after the impulse, we obtain the irrotational motion 
in question. 

The physical interpretation of (4), when multiplied by —p, now follows 
as in Art. 44. The values of ptc are additional components of momentum, 
and those of -JJdcpjdn.dcT, the fluxes through the various apertures of the 
region, are the corresponding generalized velocities. 

55. If in (2) we put and suppose (j> to be the velocity-potential 

of an incompressible fluid, we find 



The last member of this formula has a simple interpretation in terms of the 
artificial method of generating cyclic irrotational motion just explained. The 
first term has already been recognized as equal to twice the work done by 
the impulsive pressure p(p applied to every part of the original boundary of 
the fluid. Again, pfCi is the impulsive pressure applied, in the positive 
direction, to the infinitely thin massless membrane by which the place of the 
first barrier was supposed to be occupied ; so that the expression 

denotes the work done by the impulsive forces applied to that membrane ; 
and so on. Hence (o) expresses the fact that the energy of the motion is 
equal to the work done by the whole system of impulsive forces by which we 
may suppose it generated. 

In applying (5) to the case where the fluid extends to infinity and is at 
rest there, we may replace the first term of the third member by 

-pjj{4>-G)^^dS, (6) 

where the integration extends over the internal boundary only. The proof 
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source }jl situate at (cc\ y\ z\ and having its axis in the direction (^, w, we 
remark that,/ being any continuous function, 

f{pd 4 - Ihs, y -h mhs, z +nSs) —/ , y\ z') 

iy' ^ 


ultimately. Hence, putting fipd, y', z') = ml4}7rr, where 
r = {(x - x’y + {y- y'f + {z- zjf. 


we find 

^ /a /, a , a ^ a \ 1 

+ + 

(2) 


fi fj d d 9 \ 1 

= — 

47r \ dx oy ozj r 

(3) 


fJb cos^ 

47r 

W 


where, in the latter form, Sr denotes the angle which the line r, considered 
as drawn from {x\ y\ z) to {Xy y, z\ makes with the axis (^, my n). 

We might proceed, in a similar manner (see Art. 82), to build up sources 
of higher degrees of complexity, but the above is sufficient for our immediate 
purpose. 

Finally, we may imagine simple or double sources, instead of existing at 
isolated points, to be distributed continuously over lines, surfaces, or volumes. 


57. We can now prove that any continuous acyclic irrotational motion of 
a liquid mass may be regarded as due to a distribution of simple and double 
sources over the boundary. 

This depends on the theorem, proved in Art. 44, that if (j>' be any two 
single-valued functions which satisfy — 0 throughout a given 

region, then 

(5) 


where the integxation extends over the whole boundary. In the present 
application, we take to be the velocity-potential of the motion in question, 
and put —Ijr, the reciprocal of the distance of any point of the fluid from 
a fixed point P. 


We will first suppose that P is in the space occupied by the fluid. Since 
4>' then becomes infinite at P, it is necessary to exclude this point from the 
region to which the formula (5) applies; this may be done by describing a 
small spherical surface about P as centre. If we now suppose to refer to 
this surface, and B8 to the original boundary, the formula gives 


— (I) dfl= 4 - [ 
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At the surface 2 we have 9/9a(l/r) = -l/r'^; hence if we put 82 = 
and finally naake r = 0, the first integral on the left-hand becomes = — 
where <j>p denotes the value of cj) at P, whilst the first integral on the right 
vanishes. Hence 


— ■ 


_ 1 _ 

4nrj 


« 


This gives the value of (j> at any point P of the fluid in terms of the 
values of <j> and d(l>/dn at the boundary. Comparing with the formulae (1) 
and (2) we see that the first term is the velocity-potential due to a surface 
distribution of simple sources, with a density — d(f>ldn per unit area, whilst 
the second term is the velocity-potential of a distribution of double sources, 
with axes normal to the surface, the density being </>. It will appear from 
equation (10), below, that this is only one out of an infinite number of surface- 
distributions which will give the same value of cf) throughout the interior. 


When the fluid extends to infinity in every direction and is at rest there, 
the surface-integrals in (7) may, on a certain understanding, be taken to refer 
to the internal boundary alone. To see this, we may take as external boundary 
an infinite sphere having the point P as centre. The corresponding part of 
the first integral in (7) vanishes, whilst that of the second is equal to (7, the 
constant value to which, as we have seen in Art. 41, <jS tends at infinity. It 
is convenient, for facility of statement, to suppose (7 = 0; this is legitimate 
since we may always add an arbitrary constant to 

When the point P is exteimal to the surface, (}>' is finite throughout the 
original region, and the formula (5) gives at once 


0 = - 


47r 



( 8 ) 


where, again, in the case of a liquid extending to infinity, and at rest there, 
the terms due to the infinitely distant part of the boundary may be omitted. 


58. The distribution expressed by (7) can, further, be replaced by one of 
simple sources only, or of double sources only, over the boundary. 

Let <p be the velocity-potential of the fluid occupying a certain region, 
and let now denote the velocity-potential of any possible acyclic irrotational 
motion through the rest of infinite space, with the condition that or as 
the case may be, vanishes at infinity. Then, if the point P be internal to the 
first region, and therefore external to the second, we have 


0 = 




.( 9 ) 


where Sn, Bn denote elements of the normal to dS, drawn inwards to the 
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first and second regions respectively, so that djdn' = — d/dn. By addition, we 
have 


(f>p = - 





..,( 10 ) 


The function <^' will be determined by the surface-values of <p' or d(i>ldn, 
which are as yet at our disposal. 

Let us in the first place make (jE)' = <56 at the surface. The tangential 
velocities on the two sides of the boundary are then continuous, but the 
normal velocities are discontinuous. To assist the ideas, we may imagine a 
liquid to fill infinite space, and to be divided into two portions by an infinitely 
thin vacuous sheet within which an impulsive pressure p(j> is applied, so as to 
generate the given motion from rest. The last term of (10) disappears, so that 



that is, the motion (on either side) is that due to a surface-distribution of 
simple sources, of density 

Va-n ’ dn!) * 


Secondly, we may suppose that dcf/jdn = d(p/dn over the boundary. This 
gives continuous normal velocity, but discontinuous tangential velocity, over 
the original boundary. The motion may in this case be imagined to be 
generated by giving the. prescribed normal velocity — 0 <^/ 0 n to every point 
of an infinitely thin membrane coincident in position with the boundary. 
The first term of (10) now vanishes, and we have 



shewing that the motion on either side may be conceived as due to a surface- 
distribution of double sources, with density 

<j> - cj>\ 

It may be shewn that the above representations of (p in terms of simple 
sources alone, or of double sources alone, are unique; whereas the repre- 
sentation of Art. 57 is indeterminate 

It is obvious that cyclic irrotational motion of a liquid cannot be reproduced by any 
arrangement of simple sources. It is easily seen, however, that it may be represented by 
a certain distribution of double sources over the boundary, together with a uniform distri- 
bution of double sources over each of the barriers necessary to render the region occupied 
by the fluid simply-connected. In fact, with the same notation as in Art. 53, we find 

- ♦■) £ (i) ■'Wg//!; 0) +g//|(i) (.8) 


* This investigation was first given by Green, from the point of view of Electrostatics, l.c. 
ante p. 44. 

t Cf. Larmor, '‘On the Mathematical Expression of the Principle of Huyghens,^’ Proc. Lond. 
Math. Soc. (2) i. 1 (1903). 
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where <56 is the single-valued velocity-potential which obtains in the modified region, and 
(jb' is the velocity-potential of the acyclic motion which is generated in the external space 
when the proper normal velocity ^dcj^/dn is given to each element dS of a membrane 
coincident in position with the original boundary. 

Another mode of representing the irrotational motion of a liquid, whether 
cyclic or not, will present itself in the chapter on Vortex Motion. 

We here close this account of the theory of irrotational motion. The 
mathematical reader will doubtless have noticed the absence of some im- 
portant links in the chain of our propositions. For example, apart from 
physical considerations, no proof has been offered that a function (j> exists 
which satisfies the conditions of Art. 36 throughout any given simply- 
connected region, and has arbitrarily prescribed values over the boundary. 
The formal proof of ' existence-theorems ' of this kind is not attempted in 
the present treatise. For a review of the literature of this part of the 
subject the reader may consult the authors cited below^. 

* H. Burkhardt and W. F. Meyer, “ Potentialtheorie,’^ and A. Sommerfeld, “Bandwerth- 
aufgaben in der Theorie d. part. Diff.-Gleichungen,” Encyc. d. math JViss. ii. (1900). 



CHAPTEK IV 

MOTIOK OF A LIQUID IN TWO DIMENSIONS 

59. If the velocities n, v be functions of w, y only, while w is zero, the 
motion takes place in a series of planes parallel to xy, and is the same in 
each of these planes. The investigation of the motion of a liquid under 
these circumstances is characterized by certain analytical peculiarities ; and 
the solutions of several problems of great interest are readily obtained. 

Since the whole motion is known when we know that in the plane z = 0, 
we may confine our attention to that plane. When we speak of points and 
lines drawn in it, we shall understand them to represent respectively the 
straight lines parallel to the axis of . 0 , and the cylindrical surfaces having 
their generating lines parallel to the axis of z, of which they are the traces. 

By the flux across any curve we shall understand the volume of fluid 
which in unit time crosses that portion of the cylindrical surface, having the 
curve as base, which is included between the planes z = 0, z 

Let J., P be any two points in the plane xy. The flux across any two 
lines joining AJP is the same, provided they can be reconciled without passing 
out of the region occupied by the moving liquid; for otherwise the space 
included between these two lines would be gaining or losing matter. Hence 
if A be fixed, and P variable, the flux across any line J.P is a function of 
the position of P. Let i/r be this function ; more precisely, let '\(r denote the 
flux across AP frorn right to left, as regards an observer placed on the curve, 
and looking along it from A in the direction of P. Analytically, if I, m bo 
the direction-cosines of the normal (drawn to the left) to any element hs 
of the curve, we have 

f ilu-\-mv)ds^ (1) 

J A 

If the region occupied by the liquid be aperiphractic (see p. 38). ■yp' is neces- 
sarily a single-valued function, but in periphractic regions the value of yfr 
may depend on the nature of the path AP. For spaces of two dimensions, 
however, periphraxy and multiple-connectivity 'become the same thing, so that 
the properties of \]r, when it is a many-valued function, in relation to the 
nature of the region occupied by the moving liquid, may be inferred from 
Art. 60, where we have discussed the same question with regard to <p. The 
cyclic constants of i/r, when the region is periphractic, are the values of the 
flux across the closed curves forming the several parts of the internal 
boundary. 
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A change, say from A to J5, of the point from which '^{r is reckoned has 
merely the effect of adding a constant, viz. the flux across a line BA, to the 
value of ; so that we may, if we please, regard T|r as indeterminate to the 
extent of an additive constant. 

If P move about in such a manner that the value of does not alter, it 
will trace out a curve such that no fluid anywhere crosses it, i.e. a stream-line. 
Hence the curves = const, are the stream-lines, and is called the ' stream- 
function.’ 

If P receive an infinitesimal displacement BQ (— Sy) parallel to y, the 
increment of is the fiux across FQ from right to left, ie- S'\{r = ‘-zi. FQ, or 

' ( 2 ) 

92/ 

Again, displacing P parallel to we find in the same way 



The existence of a function related to zi and v in this manner might also 
have been inferred from the form which the equation of continuity takes in 
this case, viz. 

14 ;=^ w 


which is the analytical condition that udy—vdx should be an exact 
differential^. 

The foregoing considerations apply whether the motion be rotational or 
irrotational. The formulae for the components of vorticity, given in Art. 30, 
become 

f-o. ,-0, f-Sn-S; w 


s-v, S- 9^2 -0^2= 

so that in irrotational motion we have 

® 

60 . In what follows we confine ourselves to the case of irrotational 
motion, which is, as we have already seen, characterized by the existence, in 
addition, of a velocity-potential (p, connected with u, v by the relations 

d<j) dcj> 

“-"S' ™ 

and, since we are considering the motion of incompressible fluids only, 
satisfying the equation of continuity 

= o (2) 

daf df ^ 


* The function ^ was introduced in this way by Lagrange, Nouv. mem. de V Acad, de Berlin, 
1781 [Oeuvres, iv. 720]. The kinematical interpretation is due to Bankine, “On Plane Water- 
Lines in Two Dimensions,” JPhil. Tram. 1864 [Miscellaneous Scientific Papers, London, 1881, 
p. 495]. 
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The theory of the function and the relation between its properties and 
the nature of the two-dimensional space through which the irrotational 
motion holds, may be readily inferred from the corresponding theorems in 
three dimensions proved in the last chapter. The alterations, whether ot 
enunciation or of proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal. 

An exception occurs however in the case of the theorem of Art. 39 and of those which 
depend upon it. If bs he an element of the boundary of any portion of the plane :»j which 
is occupied wholly by moving liquid, and if bn be an element of the normal to bs drawn 
inwards, we have, by Art. 36, 

. /!■*-» w 


the integration extending round the whole boundary. If this boundary be a circle, and if 
r, 6 be polar co-ordinates referred to the centre P of this circle as origin, the last equation 
may be written 


Hence the integral 




i.e. the mean value of ^ over a circle of centre P and radius r, is independent of the value 
of r, and therefore remains unaltered when r is diminished without limit, in which case it 
becomes the value of at P, 

If the region occupied by the fluid be periphractic, and if we apply (3) to the space 
enclosed between one of the internal boundaries and a circle with centre P and radius r 
surrounding this boundary, and lying wholly in the fluid, we have 

{ ^,rdd—-M; (4) 

jo cr 

where the integration in the first member extends over the circle only, and M denotes the 
flux into the region across the internal boundary. Hence 


which gives on integration 



27rr^ 

logr+P 


(5) 


i.e. the mean value of cj) over a circle with centre P and radius r is equal to ~ M/^tt . log r + V, 
where C is independent of r but may vary with the position of P. This formula holds of 
course only so far as the circle embraces the same internal boundary, and lies itself wholly 
in the fluid. 


If the region be unlimited externally, and if the circle embrace the whole of the 
internal boundaries, and if further the velocity be everywhere zero at infinity, then 0 
is an absolute constant ; as is seen by reasoning similar to that of Art. 41. It may then 
be shewn that the value of at a very great distance r from the internal boundary tends 
to the value -M/^rr . log r + C. In the particular case of M=0 the limit to which tp tends 
at infinity is finite; in all other cases it is infinite, and of the opposite sign to i/. Wo 
infer, as before, that there is only one single-valued function cp which satisfies the equation 
(2) at every point of the plane external to a given system of closed curves, makes the 
value otd(pldn equal to an arbitrarily given quantity at every point of these curves, and 
has its first differential coefficients all zero at infinity. 

If we imagine point-sources, of the type explained in Art. 56, to be distributed uni- 
formly along the axis of it is readily found that the velocity at a distance r from this 
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axis will be in the direction of and equal to 'nij^irr^ where wa is a certain constant. This 
arrangemerit constitutes what may be called a ^line-source/ and its velocity-potential may 
be taken to be 

<P^-^logr ( 6 ) 

The reader who is interested in the matter will have no difSculty in working out &j theory 
of two-dimensional sources and sinl?s, similar to that of Arts, 56—58* 

61. The kinetic energy T of a portion of fluid bounded by a cylindrical 
surface whose generating lines are parallel to the axis of z, and by two 
planes perpendicular to the axis of z at unit distance apart, is given by the 
formula 

14 *^. « 

where the surface-integral is taken over the portion of the plane wi/ cut off 
by the cylindrical surface, and the line-integral round the boundary of this 
portion. Since 0^/3n = — d^lrjds, the formula (1) may be written 

..( 2 ) 

the integration being carried in the positive direction round the boundary. 

If we attempt by a process similar to that of Art. 46 to calculate the energy in the case 
where the region extends to infinity, we find that its value is infinite, except when the total 
fiux outwards (if) is zero. For if we introduce a circle of great radius r as the external 
boundary of the portion of the plane considered, we find that the corresponding part 
of the integral on the right-hand side of (1) increases indefinitely with r. The only excep- 
tion is when if=0, in which case we may suppose the line-integral in (1) to extend over 
the internal boundary only. 

If the cylindrical part of the boundary consist of two or more separate 
portions one of which embraces all the rest, the enclosed region is multiply- 
connected, and the equation (1) needs a correction, which may be applied 
exactly as in Art. 55. 

62. The functions (f> and 'yjr are connected by the relations 

dco dy ’ dy'^ dx ^ ^ 

These conditions are fulfilled by equating 0 + where i stands as usual 
for VC"- 1); any ordinary algebraic or transcendental function of -f iy, say 

-f. = /(x'hiy) (2) 

0 0 

For then g- {(f> + = if' (x-^ iy) = ^ (3) 

whence, equating separately the real and the imaginary parts, we see that 
the equations (1) are satisfied. 

Hence any assumption of the form (2) gives a possible case of irrotational 

^ This subject has been treated very fully by 0. Neumann, Ueher das logarithmische und 
Newton’sche Potential^ Leipzig, 1877. 



64 


Motion of a Liquid in Two Dimensions [ohap. iv. 


motion. The curves ^ = const, are the curves of equal velocity-potential, 
and the curves \]r = const, are the stream -lines. Since, by (1), 

d(j) dyj/' 90 d'sjr ^ 
dw doc ^ dy dy 

we see that these two systems of curves cut one another at right angles, as 
already proved. Since the relations (1) are unaltered when we write — 0' for 
0, and 0 for '0, we may, if we choose, look upon the curves 0' = const, as the 
equipotential curves, and the curves 0 = const, as the stream-lines ; so that 
every assumption of the kind indicated gives us tivo possible cases of 
irrotational motion. 

For shortness, we shall through the rest of this chapter follow the usual 
notation of the Theory of Functions, and write 


-Viy, (4) 

w — <f> + iyfr (5) 


From a modern point of view, the fundamental property of a function 
of a complex variable is that it has a definite differential coefficient with 
respect to that variable If 0, yjr denote any functions whatever of x and ?/, 
then corresponding to every value of x-i-iy there must be one or more 
definite values of 0 -f ; but the ratio of the differential of this function 
to that of x + iy, viz. 


+ i It 

S<j)-hiS'\lr \dx dx 

Sx -tiSy ' 

depends in general on the ratio Sx : Sy. 
same for all values of the latter ratio is 



Sx-{’iSy ’ 

The condition that it should be the 




dy dy 


dx 


dx 


.( 6 ) 


which is equivalent to (1) above. This property was adopted by Riernann 
as the definition of a function of the complex variable x -f iy ; viz. such 
a function must have, for every . assigned value of the variable, not only a 
definite value or system of values, but also for each of these values a definite 
differential coefficient. The advantage of this definition is that it is quite 
independent of the existence of an analytical expression for the function. 


If the complex quantities z and w be represented geometrically after 
the manner of Argand and Gauss, the differential coefficient dwjdz may be 
interpreted as the operator which transforms an infinitesimal vector Sz into 
the corresponding vector Sw. It follows then, from the above property, that 
corresponding figures in the planes of ^ arid w are similar in their infinitely 
small parts. 


For instance, in the plane of w the straight lines 0 = const., 0 = const., 
^ See, for example, Forsyth, Theory of Functions, 3rd ed., Cambridge, 1918, cc, i., ii. 
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where the constants have assigned to them a series of values in arithmetical 
progression, the common difference being infinitesimal and the same in each 
case, form two systems of straight lines at right angles, dividing the plane 
into infinitely small squares. Hence in the plane xy the corresponding 
curves ^ = const., = const., the values of the constants being assigned as 
before, cut one another at right angles (as has already been proved otherwise) 
and divide the plane into infinitely small squares. 

Conversely, if q!), be any two functions of y such that the curves 
where e is infinitesimal, and wi, n are any integers, divide the plane .r?/ into elementary 
squares, it is evident geometrically that 

^ ^ dsc ^ _dy 

d<p dx//' 

If we take the upper signs, these are the conditions that should be a function of 

(p-hixlr. The case of the lower signs is reduced to this by reversing the sign of -v/r. ' Hence 
the equation (2) contains the complete solution of the problem of conformal representation 
of one plane on another^. 


The similarity of corresponding infinitely small portions of the planes w 
and z breaks down at points where the differential coefficient dwjdz is zero 
or infinite. Since 


dw _ 90 , . d\lr 
dz dx ^ dx ' 


( 7 ) 


the corresponding value of the velocity, in the hydrodynamical application, 
is zero or infinite. 


In all physical applications, w must be a single- valued, or at most a cyclic 
function of z in the sense of Art. 50, throughout the region with which we 
are concerned. Hence in the case of a ‘ multiform ' function, this region must 
be confined to a single sheet of the corresponding Riemann’s surface, and 
‘ branch-points ' therefore must not occur in its interior. 


63. We can now proceed to some applications of the foregoing method. 

First let us assume w = Az'^, 

A being real. Introducing polar co-ordinates, r, 0, we have 

0 = Ar^ cos nd, ) 

sin I ^ ,, 

The following cases may be noticed. 

r. If n = ly the stream-lines are a system of straight lines parallel to 
and the equipotential curves are a similar system parallel to y. In this case 
any corresponding figures in the planes of %o and ^ are similar, whether they 
be finite or infinitesimal. ' 

* Lagrange, “ Sur la construction des cartes g^ographiques,’’ Nouv. mem. de VAcad. de Berlin, 
1779 [Oeuvres, iv. 636]. For the further history of the problem, see Forsyth, Theory of Funciiom^ 
c. xix. 


L. H. 


5 
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2°. If n = 2, the curves 4> = const, are a system of rectangular hyperbolas 
having the axes of co-ordinates as their principal axes, and the curves 
= const, are a similar system, having the co-ordinate axes as asymptotes. 
The lines ^ = 0 , 0 = ^ 7 r are parts of the same stream -line yjr = 0, so that we 
may take the positive parts of the axes of w, y as fixed boundaries, and thus 
obtain the case of a fluid in motion in the angle between two perpendicular 
walls. 

3°. If — 1, we get two systems of circles touching the axes of 
co-ordinates at the origin. Since now (j> = A jr . cos 0, the velocity at the 
origin is infinite ; ^ve must therefore suppose the region to which our formulae 
apply to be limited internally by a closed curve. 

4°. If n = —«2, each system of curves is composed of a double system of 
lemniscates. The axes of the system (f> = const, coincide with (X) or y ; those 
of the system = const, bisect the angles between these axes. 

5°. By properly choosing the value of n we get a case of irrotational 
motion in which the boundary is composed of two rigid walls inclined at any 
angle ‘a. The equation of the stream-lines being 

sin 71^ == const., (2) 

we see that the lines 6 = 0, 6 = irln are parts of the same stream-line. 
Hence if we put n = irla, we obtain the required solution in the form 

(h = Ar^ cos — , ^lr = Ar°- sin — (3) 

^ a ^ a ^ 

The component velocities along and perpendicular to r are 


TT --1 ttO 

“ A — r “ cos — , 
a OL 


and A — sin — . 


.( 4 ) 


and are therefore zero, finite, or infinite at the origin, according as a is less 
than, equal to, or greater than tt. 


64 . We take next some cases of cyclic functions. 


1 The assumption w = — fi log z, : (I ) 

where is real, gives * <)5) = — log r, = — ^6 (2) 


The velocity at a distance r from the origin is fijr ; this point must therefore 
be isolated by drawing a closed curve round it. 

If we take the radii ^ = const, as the stream-lines we get the case of 
a (two-dimensional) source at the origin. (See Art. 60.) 

If the circles r = const, be taken as stream-lines we have the case of 
Art. 27 ; the motion is now cyclic, the circulation in any circuit embracing 
the origin being 27ry, 
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2°. Let us take tt; = — //, log (3) 

If we denote by rj, the radii drawn to any point in the plane xy from 
the points (± a, 0), and by 6^, 6^ the angles which these radii make with 
the positive direction of the axis of x, we have 

2 ; ^ a — 2 + a = 

whence <^ = - /x log ri/rg, = — yu. (i9i — 6 2 ) (4) 

The curves ^ = const., '\{r = const, form two orthogonal systems of ' coaxal ’ 
circles. 



Either of these S 7 Steins may be taken as the equipotential curves, and 
the other system will then form the stream-lines. In either ease the velocity 
at the points (+ ct, 0) will be infinite. If these points be accordingly isolated 
by drawing closed curves round them, the rest of the plane iry becomes 
a triply- connected region- 

If the circles di - = const, be taken as the stream-lines we have the 

case of a source and a sink, of equal intensities, situate at the points (+ a, 0). 
If a is diminished indefinitely, whilst /tc* remains finite, we reproduce the 
assumption of Art. 63, 3°, which therefore corresponds to the case of a double 
line-source at the origin. (See the diagram on p. 73.) 

If, on the other hand, we take the circles r^/r^ = const, as the stream-lmes 
we get a case of eycHc motion, viz. the circulation in any circuit embracing 

5—2 
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the first (only) of the above points is Itrfi, that in a circuit embracing the 
second is — 27r/i ; whilst that in a circuit embracing both is zero. This 
example will have additional interest for us when in Chapter vii. we come 
to treat of ‘ Rectilinear Vortices.’ 


3°. The potential- and stream-functions due to a row of equal and equidistant sources 
at the points (0, 0), (0, ±a), (0, ±2a), ... are given by the formula 

wa:logs+log(0— iu)-l-log(2-i-m)-t-log(«-2ia)-l-log(s+2ia)-)- ..., (5) 

or, sa,y, w=C'logsinh^, (6) 

where C is real. This' makes 

<^=|<?logi(cosh~-cos?^), (7) 

in agreement with a result given by Maxwell*. The formulae apply also to the case of a 
source midway between two fixed boundaries ±-|a. 

The case of a row of double sources having their axes parallel to os is obtained by 
differentiating (6) with respect to z. Omitting a factor we have 

^,(?=(7coth~, (8) 

ct 

C sink (2Tr OS la) , C sin i^Tryja ) 

cosh (^TTOs/a) — cos {^Tr^Ja) ’ ^ cosh {SLirosja) — cos (27ry/a) 

Superposing a uniform motion parallel to x negative, we have 

i£j=;s4.(7coth~5 (10) 

a 

(7sinh i^TTxla) i^sin (27r;^/a) . . 

or ^"“■^'^cosh (27r^/a)-cos(27r3//a)’ cosh {9,irx/ a) -cob { 2 ^ 2 / 1 a)' ^ 

The stream-line now consists in part of the line y=0, and in part of an oval curve 
whose semi-diameters parallel to x and .?/ are given by the equations 

sinh2“=^, 2/ tan— = (7. (12) 

a a ^ ^ a ^ ' 


If we put C^irh'^/a, (13) 

where h is small compared with at, these semi-diameters are each equal to h, approxi- 
mately. "We thus obtain the potential- and stream-functions for a liquid flowing through a 
grating of parallel cylindrical bars of small circular section. The second of equations (11) 
becomes in fact, for small values of x, 



65. If be a function of z, it follows at once from the definition of 
Art. 62 that ^ is a function of w. The latter form of assumption is some- 
times more convenient analytically than the former. 

Electricity and Magnetism, Art. 203. 

t The approximately circular form holds however for a considerable range of values of C. 
Thus if we put we find from (12) 

a;/a=’254, 2//a='250. 

The two diameters are very nearly equal, although the breadth of the oval is half the interval 
between the stream-lines y = ± |a. 
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The relations (1) of Art. 62 are then replaced hy 

d(j> ’ d'^Jr dcf) ^ 

Akosino, + + 

1 ds 1 1 /ii . v\ 

we have - — = r- = _ [ - + ^ 

dw u — iv q\q qj 

where q is the resultant velocity at (x, y). Hence if we write 

(2) 

and imagine the properties of the function ^ to he exhibited graphically in 
the manner already explained, the vector drawn from the origin to any point 
in the plane of f will agree in direction with, and be in magnitude the 
reciprocal of, the velocity at the corresponding point of the plane of 

Again, since Ijq is the modulus of dzjdw, i.e. of dxjd(^ + i3y/9</), we have 



which may, by (1), be put into the equivalent forms 

i = = ( -^Y 4 - 4 - (— \ = ^ 

2“ \dj)) \dy}r) \di^) \d<j)) \d-\lrj \dyjrj d'yfrdcj)' 

(4) 

The last formula, viz. — , = > (5) 

expresses the fact that corresponding elementary areas in the planes of ^ and 
w are in the ratio of the square of the modulus of dzjdw to unity. 

66. The following examples of this procedure are important. 

1°. Assume 5 = ccosh'Zi;, (1) 

or = c cosh 0 cos 

y = c sinh ^ sin ^lr.) 

The curves (p = const, are the ellipses 

^ q. ^1 (3) 

c^cosh^(p c^sinh^(p ' ^ 

and the curves 'xjr = const, are the hyperbolas 

f ( 4 ) 

cos^ sin^ yp 

these conics having the common foci (± c, 0). The two systems of curves are 
shewn on the next page. 

Since at the foci we have ^ = 0, -x/r = n-Tr, n being some integer, we see by 
(2) of the preceding Art. that the velocity there is infinite. If the hyperbolas 
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be taken as the stream-lines, the portions of the axis of x which lie outside 
the points (±c, 0) may be taken as rigid boundaries. We obtain in this 
manner the case of a liquid flowing from one side to the other of a thin plane 
partition, through an aperture of breadth 2c; the velocity at the edges is 
however infinite. 



If the ellipses be taken as the stream-lines we get the case of a liquid 
circulating round an elliptic cylinder, or, as an extreme case, round a lamina 
whose section is the line joining the foci (+ c, 0). 

At an infinite distance from the origin ^ is infinite, of the order logr, 
where r is the radius vector; and the velocity is infinitely small of the 


order 1/r. 

2°. Let z = w + e'^, (5) 

or x=(j) + e^cos^}r, y = ^jr + e^sm^jr (6) 


The stream-line = 0 coincides with the axis of x. Again, the portion of the 
line 2 / = 7r between x = — cc and ^ = —1, considered as a line bent back on 
itself, forms the stream-line ^ = 7r; viz. as (f> decreases from +oo through 
0 to - 00 , ^ increases from - oo to - 1 and then decreases to - oo again. 
Similarly for the stream-line i/r = — tt. 

Since f == — • dzj dw = — 1 — < cos — ie^ sin 

that for large negative values of ^ the velocity is in the direction 
of ^-negative, and equal to unity, whilst for large positive values it is zero. 
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The above formulae therefore express the motion of a liquid flowing into 
a canal bounded by two thin parallel walls from an open space. At the ends 
of the walls we have ^ = 0, — ±7r, and therefore f == 0, i.e. the velocity is 

infinite. The forms of the stream-lines, drawn, as in all similar cases in this 
chapter, for equidistant values of 'xfrj are shewn in the figure^. 



If the walls instead of being parallel make angles with the line of symmetry, the 
appropriate formula is 

.( 7 ) 




where n=j3lir. The stream-lines T|r=+7r follow the course of the walls t. This agi’ees 
with (5) when n tends to the limit 0, whilst if n=^ we have virtually the case shewn on 
the preceding page. 

If we change the sign of w in (5) the direction of flow is reversed. If we further super- 
pose a uniform stream in the negative direction of s, by writing tv-z for w, we obtain J 

or s=w+logw (6) 


The velocity between the walls at a great distance to the left is now annulled, and we 
have an idealized representation of a Pitot tube (Art. 24). The stream-lines can be plotted 

from the formulae , , , , . ^ 

.-r==q[>-i-ilog y =>//'+ tan ^ W 


* This example was given by Helmholtz, Berl, Monatsber. April 23, 1868 {PMl, Mag, 
Nov. 1868; Wiss, Ahh. i. 154]. 

t E. A. Harris, “ On Two-Dimensional Fluid Motion through Spouts composed of two Plane 
Walls,” Ann, of Math, (2), ii. (1901). A diagram is given for the case of ^=|7r, 

J Eayleigh, Proc, R, S, A, xci. 503 (1915) [Papers, vi. 329], where a few of the stream-lines 

are traced. 
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67 , It is known that a function f{z) which is finite, continuous, and 
single-valued, and has its first derivative finite, at all points of the space 
included between two concentric circles about the origin, can be expanded 
in the form 

= + + + ( 1 ) 

If the above conditions be satisfied at all points within 'a circle having the 
origin as centre, we retain only the ascending series ; if at all points without 
such a circle, the descending series, with the addition of the constant A^, is 
sufficient. If the conditions be fulfilled for all points of the plane xy without 
exception, /(^) can be no other than a constant A^. 

'Putting f (z) — (f> + introducing polar co-ordinates, and writing the 
complex constants A^, in the forms PnP'i^Qn, R-n + iBn, respectively, 
we obtain 

</) = Po 4- Sr (Bn cos 7id ~ Qnsin n6) -h (P^ cos n6 + Sn sin 7i9),] 

= Qo + Sr {Qn cos 71.6 -f P^sin nd) + 2^ {Sn cos 7id - Rn sin 

These formulae are convenient in treating problems where we have the 
value of or of 9(^/9n, given over concentric circular boundaries. This 
value may be expanded for each boundary in a series of sines and cosines of 
multiples of 0, by Fourier's theorem. The series thus found must be ecpii- 
valent to those obtained from (2) ; whence, equating separately coefficients 
of sinn0 and cosn^, we obtain equations to determine Qm Rn, 

68. As a simple example let us take the case of an infinitely long circular 
cylinder of radius a moving with velocity U perpendicular to its length, in an, 
infinite mass of liquid which is at rest at infinity. 

Let the origin be taken in the axis of the cylinder, and the axes of x, y 
in a plane perpendicular to its length. Further let the axis of x be in the 
direction of the velocity P. The motion, supposed originated from rest, will 
necessarily be irrotational, and will be single-valued. Also, since jd^ldn . ds, 
taken round the section of the cylinder, is zero, \jr is also single-valued 
(Art. 59), so that the formulae (2) apply. Moreover, since d(f)/d 7 i is given at 
every point of the internal boundary of the fluid, viz. 

— ^ = P cos 0, for r = a, ‘ (:]) 

and since the fluid is at rest at infinity, the problem is determinate, by 
Art. 41. These conditions give P„ = 0, = 0, and 

U cos 6 — 1,1 (Rn cos n6 + Sn sin n6), 

which can only be satisfied by making R^ = I7a% and all the other coefficients 
zero. The complete solution is therefore 

= 6, yjr --p- sm 6, (4) 

The stream-lines = const, are circles, as shewn on the next page. 
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The kinetic energy of the liquid is given by the formula (2) of Art. 61, viz. 

2? = /5 j<pdyjr=pU"-a^ j\o3^ ede = M'U\ (5) 

if M\ = ira^p, be the mass of fluid displaced by unit length of the cylinder. 
This result shews that the whole effect of the presence of the fluid may be 
represented by an addition M' to the inertia per unit length of the cylinder. 



Thus, in the case of rectilinear motion, if we have an extraneous force X per 
unit length acting on the cylinder, the equation of energy gives 

or {M^M')^=X. (6) 

where M represents the mass of the cylinder itself. 

Writing this in the form 

dt dt ’ 

we learn that the pressure of the fluid is equivalent to a force -M'dJJjdt 
per unit length in the direction of motion. This vanishes when TJ is constant. 

The above result may be verified, by direct calculation. By Art. 20 (6) the pressure is 
given by the formula 
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provided q denotes the velocity of the fluid relative to the axis of the moving cylinder. 
The term due to the extraneous forces (if any) acting on the fluid has been omitted ; the 
effect of these would be given by the rules of Hydrostatics. We have, for r =a, 

^=a^cos(9, (8) 

wlience p=p (a 

The resultant force on unit length of the cylinder is evidently parallel to the initial line 
<9=0; to find its amount we multiply by —ad6. cob B and integrate with respect to 6 
between the limits 0 and 27r. The result is as before. 

If in the above example we impress on the fluid and the cylinder a 
velocity — U we have the case of a current flowing with the general velocity 
U past a fixed cylindrical obstacle. Adding to cj) and yfr the terms cos 6 
and Ur sin 0, respectively, we get 

(f) = U (r + ~^ cosd, '\}r — U (r — sin 6 (10) 

If no extraneous forces act, and if U be constant, the resultant force on the 
cylinder is zero. Of. Art. 92. 



~coBB-2U^sm^B+F(t) 


.( 0 ) 


69 . To render the formula (1) of Art. 67 capable of representing aiiy 
case of continuous irrotational motion in the space between two concentric 


circles, we must add to the right-hand side the term 

( 1 ) 

li A — P + iQ, the corresponding terms in are 

P\ogr-Qd, P6 + Q\ogr, (2) 
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respectively. The meaning of these terms is evident; thus 27rP, the cyclic 
constant of 'xjr, is the flux across the inner (or outer) circle; and 27rQ, the 
cyclic constant of is the circulation in any circuit embracing the origin. 

For example, returning to the problem of the last Art., let us suppose that 
in addition to the motion produced by the cylinder we have an independent 
circulation round it, the cyclic constant being /c. The boundary-condition is 
then satisfied by 

<P=U-coii6- ^0 ( 3 ) 

The effect of the cyclic motion, superposed on that due to the cylinder, 
will be to augment the velocity on one side, and to diminish (and, it may be, 
to reverse) it on the other. Hence when the cylinder moves in a straight 
line with constant velocity, there will be a diminished pressure on one side, 
and an increased pressure on the other, so that a constraining force must be 
applied at right angles to the direction of motion. 



The figure shews the lines of flow. At a distance from the origin they approximate to 
the form of concentric circles, the disturbance due to the cylinder becoming small in com- 
parison with the cyclic motion. When, as in the case represented, U>Kl27ra^ there is a 
point of zero velocity in the fluid. The stream-line system has the same configuration in 
all cases, the only effect of a change in the value of U being to alter the scale, relative to 
the diameter of the cylinder. 

When the problem is reduced to one of steady motion we have in place of (3) 
<l>=u(r+^)oo^d-£d, 


( 4 ) 
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whence 


^ = const. 


= const. — \ ^2 Z/sin ^ j (^) 


for r — a. The resultant pressure on the cylinder is therefore 


p sin 6ad6— + Kp U, 


at right angles to the general direction of the stream. This result is independent of the 
radius of the cylinder. It will be shewn later that it holds for any form of section*. 

To calculate the effect of the fluid pressures on the cylinder when moving in any 
manner we may conveniently adopt moving axes, the origin being taken at the centre, 
and the axis of .r in the direction of the velocity U, If x angle which this makes 

with a fixed direction, the equation (6) of Art. 20 gives 

dt'dd^ 

where q now denotes fluid velocity relative to the origin, to be calculated from the relative 
velocity-potential <jE) + cos d, (ft being given by (3). We find, for r =a, 


= a cos d - I ^2 £7 sin d + 


^y+«tr|sin^+^|. 


The resultant pressures parallel to .r and y are therefore 

— pcos^ad^— p sin ^adS—KpU- If (7^^ , (9) 

where M' = Trpa^ as before. 

Hence if P, Q denote the components of the extraneous forces, if any, acting on the 
cylinder in the directions of the tangent and the normal to the path, respectively, the 
equations of motion of the cylinder are 


If there be no extraneous forces, U is constant, and writing dxldt= UjR^ whore It is 
the radius of curvature of the path, we find 

P=(i/-hi/') UIkp (11) 

The path is therefore a circle, described in the direction of the cyclic motion f. 

If £ T] be the Cartesian co-ordinates of a point on the axis of the cylinder relative to 
fixed axes, the equations (10) are equivalent to 

'i=-Kprj + X,) 

(i/+ir)iH ^phrj 

where X, Y are the components of the extraneous forces. To find the effect of a constant 
force, we may put 

X=={3£^M')g\ 7=0 (13) 

The solution then is ^=a+c cos (^^+€), | 

r)=j3+^t’^csin{nt+€\ f 

n I 

where a, ft c, e are arbitrary constants, and 

7i=Kp/(M+M') ( 15 ) 

* This remark is due to Kutta and Joukowski; see Kutta, Sitzb. d. k. bayr. Alead. d. Wiss. 
1910. 

t Kayleigh, “On the Irregular Flight of a Tennis Ball,” Mess, of Math. vii. (1878) [Papers, 
I 344]; Greenhill, 3£ess. of 3Iath. ix. 113 (1880). 
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This shews that the path is a trochoid, described with a mean velocity g'j^i perpendicular 
to A'*. It is remarkable that the cylinder has on the whole no progressive motion in the 
direction of the extraneous force. In the particular case c = 0 its path is a straight line 
perpendicular to the force. The problem is an illustration of the theory of ^ gyrostatic 
systems,’ to be referred to in Chapter vi. 

70. The formula (1) of Art. 67, as amended by the addition of the term 
A log 5, may readily be generalized so as to apply to any case of irrotational 
motion in a region with circular boundaries, one of which encloses all the 
rest. In fact, for each internal boundary we have a series of the form 

A log {z-c) + + • ■ • > (1) 

where c, = a + ih say, refers to the centre, and the coefficients A, Aj, A^, ... 
are in general complex quantities. The difficulty however of determining 
these coefficients so as to satisfy given boundary conditions is now so great 
as to render this method of very limited application. 

Indeed the determination of the irrotational motion of a liquid subject to 
given boundary conditions is a problem whose exact solution can be effected 
by direct processes in only a limited number of cases. When the boundaries 
consist of fixed straight walls, a method of transformation devised by Schwarz f 
and ChristoffelJ, to be explained in Art. 73, is available. Most of the prob- 
lems however whose solution is known have been obtained by an inverse 
method, viz. we take some known form of ^ or i/r and inquire what boundary 
conditions it can be made to satisfy. Some simple examples of this procedure 
have already been given in Arts. 63, 64, 

If we take a known problem of flow with given fixed boundaries, where 
w =f{z), say, and apply a conformal transformation = % (/), the transformed 
boundaries in the plane of / will still be stream-lines, and in this way we 
derive the solution of a new problem. It is sometimes advantageous to effect 
the transformation in two or more successive steps. 

A problem which has led to interesting transformations in this way is that of the 
flow past a fixed circular cylinder. It is easily seen from Arts. 68, 69 that the general 
solution of this is 

+ ,s) 

where - £7, ~ F are the component velocities at infinity, and k. is the circulation. The 
procedure followed is to write 

,,(3) 

* Greenhill, l,c. 

t “XJeber einige Abbildungsaufgaben,” Crelle, Ixx. [Gesammelte Abhandlungen^ Berlin, 1890, 
ii. 65]. 

X ‘‘ Sul problema delle temperature stazionarie e la rappresentazione di una data superficie,” 
Anil. di. Mat. (2) i. 89. See also Kirchhofl, “ Zur Theorie des Condensators,” BerL Monatsber. 
1877 [Ges. Abh. lUl]. Many of the solutions which can thus be obtained have interesting applica- 
tions in Electrostatics, Heat-Conduction, cfec. See, for example, J. J. Thomson, Recent 
Researches in Electricity and Magnetism ^ Oxford, 1893. The problem of curved boundaries is 
discussed by Leathern, RhU. Trans. A, ccxv. 439 (1915). 
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where t is an intermediate complex variable and \ c\<a^ and finally 

.•-<+? ( 4 ) 

It is obvious that the infinitely distant regions of the planes .s and z' will be identical, and 
the general direction of the stream therefore the same. The constants c and h are adjusted 
so that the points ±5 in the plane of t may correspond to two arbitrary points d, B in 
the plane of 



For instance, let AB be a. chord of the circle parallel to Ox and subtending an 
angle 2/3 at its centre 0, Eeferring to the figure we find 



c=~-mcosj8, 5=asin/3 

( 5 ) 

Then if P be any other point 

It follows from (4) that 

in the plane of z we have 

OP, t^GF 

( 6 ) 

z 

( 7 ) 



Writing for a moment 



t^h = riG^% 

2 ;' — z' = ... 

( 8 ) 

we have 

— ^2^ = 2 {61 -* Of) 

( 9 ) 


Now let F describe the circle in the plane of in the positive direction, starting from A. 
The corresponding point P' in the plane of / will, by (9), move so that the angle A'F'B' is 
constant and equal to 2^3, the path therefore being an arc of a circle. As F pci<sses /i, ^2 
increases by tt ; hence in order that the equation (9) may subsist, must increase by 
27r. Hence as P completes its circle, P' moves back again along the are B'A\ We thus 
obtain the case of a stream flowing in an arbitrary direction and with arbitrary circulatioxi 
past a cylindrical lamina whose section is an arc of a circle. 

The above solution was obtained in a somewhat different form by Kutta* who has 
further developed it from the point of view of Aerodynamics. 

By varying the choice of the points A, P in the above procedure, a great variety of 
forms of the solid obstacle is obtained. In particular, taking A on the circumference of 
the circle r—a and B just inside it, Joukowski has obtained forms closely resembling 
several which have been found advantageous as sections of aerofoils f. 

A simple method of obtaining solutions in two important cases of two- 
dimensioned motion is explained in the following Arts. 

* I/.c. ante p. 76. Some related problems are discussed by Blasius, Zeilschr, f. Math, u 
Fhys, lix. 225 (1911). 

t See Brandtl, “Applications of Modern Hydrodynamics to Aeronautics,” Report 116 of the 
National Advisory Committee {XJ.S. A.) for Aeronautics (1921). 
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70 - 71 ] 

71. Case I. The boundary of the fluid consists of a rigid cylindrical 
surface which is in motion with velocity i[7 in a direction perpendicular to its 
length. 

Let us take as axis of x the direction of this velocity U, and let hs be an 
element of the section of the surface by the plane ccy. 

Then at all points of this section the velocity of the fluid in the direction 
of the normal, which is denoted by dyjrjds, must be equal to the velocity of 
the boundary normal to itself, or — Udyids. Integrating along the section, 
we have 

— Uy + const (1) 

If we take any admissible form of this equation defines a system of curves 
each of which would by its motion parallel to x give rise to the stream-lines 
'yjr = const.^ We give a few examples. 

1°. If we choose for 'ifr the form — Uy, (1) is satisfied identically for all 
forms of the boundary. Hence the fluid contained within a cylinder of any 
shape which has a motion of translation only may move as a solid body. 
If, further, the cylindrical space occupied by the fluid be simply-connected, 
this is the only kind of irrotational motion possible. This is otherwise evident 
from Art. 40; for the motion of the fluid and the solid as one mass evidently 
satisfies all the conditions, and is therefore the only solution which the problem 
admits of. 

2"^. Let *v/r = A/r . sin then (1) becomes 

A 

~ sin ^ = — Ur sin 6 const (2) 

r ^ ' 

In this system of curves is included a circle of radius a, provided Aja^— Ua, 
Hence the motion produced in an infinite mass of liquid by a circular cylinder 
moving through it with velocity U perpendicular to its length, is given by 

yjr = —smdj (3) 

which agrees with Art. 68. 

3®, Let us introduce the elliptic co-ordinates 77, connected with x, y 
by the relation 

x-hiy — c cosh (f -f irj), (4) 

or x = c cosh ^ cos 

y:=c sinh sin t?,] ^ ^ 

(cf. Art. 66), where ^ may be supposed to range from 0 to 00 , and y from 0 


to 27r. If we now put 

+ = ( 6 ) 

where 0 is some real constant, we have 

' ^fr = — Ce'^^ sin 77, (7) 


so that (1) becomes Ce'~^ sin r}= Uc sinh ^ sin 77 -H const. 

* Cf, Bankine, Lc, ante p. 61 , where the method is applied to obtain curves resembling the 
lines of ships. 



80 Motion of a Liquid in Two Dimensions [chap, iv 


In this system of curves is included the ellipse whose parameter is 
determined by 

sinh ^ 0 * ' 

If a, h be the semi-axes of the ellipse we have 

a = G cosh ^ 0 ? ^ = c sinh 


so that 




Uhc 
a — h 


Ub 


'a + 6\i 
,a '-bj 


Hence the formula 


= — Ub 


sin T] 


( 8 ) 


gives the motion of an infinite mass of liquid produced by an elliptic 
cylinder of semi-axes a, 6, moving parallel to the greater axis with velocity C7’. 



That the above formulae make the velocity zero at infinity appears from 
the consideration that, when ^ is large, Sir and Sy are of the same order as 
or e^Br}, so that dylr/dcc, d^fr/dy are of the order or l/f\ ultimately, 
^here r denotes the distance of any point from the axis of the cylinder. 

If the motion of the cylinder were parallel to the minor axis, the formula 
would be ' ‘ . 
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Translation of an Elliptic Cylinder 

The stream-lines are in each case the same for all confocal elliptic forms 
of the cylinder, so that the formulae hold even when the section reduces to 
the straight line joining the foci. In this case (9) becomes 

cost;, (10) 

which would give the motion produced by an infinitely long lamina of 
breadth 2c moving ^broadside on’ in an infinite mass of liquid. Since 
however this solution makes the velocity infinite at the edges, it is subject 
to the practical limitation already indicated in several instances^. 

The kinetic energy of the fluid is given by 

2r = p J(^ j"' cos^ Tjdr/ 

= 7rp¥U% ( 11 ) 

where b is the half-breadth of the cylinder perpendicular to the direction of 
motion. 

Where there is circulation fc round the cylinder we have merely to add to 
the above values of -i/r a term In the case of the lamina the value of 

tc may be adjusted so as to make the velocity finite at one edge, but not at 
both. 

If the units of length and time be properly chosen we may write for (4) and (6) 
x-\‘vy — cosh -f ir\)^ — 

whence 

These formulae are convenient for tracing the curves (^ — const., 1/^= const., which are 
figured on the preceding page. 

By superposition of the results (8) and (9) we obtain, for the case of an elliptic cylinder 
having a velocity of translation whose components are U, F, 

( ^76 sin 7? — Fa cos 7;) (12) 

To find the motion relative to the cylinder we must add to this the expression 

Uy—Vx^ciJI sinh^sinT;- Fcosh J cos 77) (13) 

For example, the stream-function for a current impinging at an angle of 45° on a plane 
lamina whose edges are at x= ±c is 

-^gocsinhf (cos77-sin77), (14) 

where ^0 is the velocity at infinity. This immediately verifies, for it makes 0 for 0, 
and gives 

for ^=00. The stream-lines for this case (turned through 45° for convenience) are shewn 
on the next page. They will serve to illustrate some results to be obtained later in 
Chapter vi. 

* This investigation was given in the Quart. Joum.. of Math. xiv. (1875). Results equivalent 
to (8), (9) had however, been obtained, in a different manner, by Beltrami, *‘Sui principii fonda- 
mentali dell’ idrodinamica razionale,” 3fem. delV Accad. delle Scienze di Bologna, 1873, p. 394. 

6 


L. H. 
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If we trace the course of the stream-line from = + oo to (}[>= — oo , we find that it 
consists in the first place of the hyperbolic arc meeting the lamina at right angles ; 

it then divides into two portions, following the faces of the lamina, which finally re-unite 
and are continued as the hyperbolic arc — The points where the hyperbolic arcs 
abut on the lamina are points of zero velocity, and therefore of maximum pressure* It is 
plain that the fi.uid pressures on the lamina are equivalent to a couple tending to set it 
broadside on to the stream ; and it is easily found that the moment of this couple, per 
unit length, is ^rrpqQ^c'^f. Compare Art. 124. 



72 . Case II. The boundary of the fluid consists of a rigid cylindrical 
surface rotating with angular velocity co about an axis parallel to its length. 

Taking the origin in the axis of rotation, and the axes of w, y in a per- 
pendicular plane, then, with the same notation as before, dyir/ds will be equal 
to the normal component of the velocity of the boundary, or 

3^^ dr 

if r denote the radius vector from the origin. Integrating we have, at all 
points of the boundary, 

yjr = ^cor^ + const (1) 

If we assume any possible form of yfr, this will give us the equation of a 
series of curves, each of which would, by rotating round the origin, produce 
the system of stream-lines determined by yjr. 

As examples we may take the following: 

1°. If we assume 'yj/ = Ar^ cos 20 = A (o)^ — (2) 

the equation (1) becomes 

— A)x^ + {\(o -f A) 2/2 = (7, 

* Prof. Hele Shaw has made a number of beautiful experimental delineations of the forms 
of the stream-lines in cases of steady irrotational motion in two dimensions, including those 
figured on p. 74 and on this page ; see Trans. Inst. Nav. Arch. xl. (1898). The theory of his 
method will find a place in Chapter xi. 

+ When the general direction of the stream makes an angle a with tfie lamina the couple is 
■^Tpqo^c^ sin 2a. Cisotti, Ann. di mat. (3), xix. 83 (1912). 
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which, for any given value of A, represents a system of similar conics. That 
this system may include the ellipse 


we must have 
or 

Hence the formula 


a- 6“ 


= 1, 


(Jo) — J.) a- = (|ct) + J.) 

- 6- 


A = ico . 


a? + hr * 




a- — y 
+ y 


. («- - 2/=) 


(3) 


gives the motion of a liquid contained within a hollow cylinder whose section 
is an ellipse with semi-axes a, 6, produced by the rotation of the cylinder 
about its longitudinal axis with angular velocity q>. The arrangement of 
the stream-lines 'yjr = const, is shewn on the next page. 


The corresponding formula for is 


. — y^ 

(h = — CO . ~~ — Y~ . x y. 

^ a- + 6“ ^ 


(4) 


The kinetic energy of the fluid, per unit length of the cylinder, is given by 

l(s)’ + 0] S 

This is less than if the fluid were to rotate with the boundary, as one rigid 
mass, in the ratio of 

a- — y- \ - 

a- -h 6^/ 

to unity. We have here an illustration of Lord Kelvin’s minimum theorem, 
proved in Art. 45. 

2°. With the same notation of elliptic co-ordinates as in Art. 71, 3°, let 
us assume 

(f) H- iyjr = .(6) 

Since — (cosh 2|^ H- cos 2?/), 

the equation (1) becomes 

0^“^^ cos 277 — ^coc^ (cosh 2^ -{- cos 2?}) = const. 

This system of curves includes the ellipse whose parameter is ^07 provided 

Ce-^-^o-icoc^^O, 

or, using the values of a, b already given, 

(7 = J Gj (a + 5)^ 

so that ^}r = lco(a + by e-^ cos 2y, ' 

(p = 1(0 (a + by sm2ri. ^ 

At a great distance from the origin the velocity is of the order 1/r®. 


( 7 ) 
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The above formulae therefore give the motion of an infinite mass of liquid, 
otherwise at rest, produced by the rotation of an elliptic cylinder about its 
axis with angular velocity The diagram shews the stream-lines both 
inside and outside a rigid elliptical cylindrical case rotating about its axis. 



The kinetic energy of the external fluid is given by 

2r==^7rpc^a)2 (8) 

It is remarkable that this is the same for all confocal elliptic forms of the 
section of the cylinder. 

Combining these results with those of Arts. 66, 71 we find that if an 
elliptic cylinder be. moving with velocities tf, V parallel to the principal axes 
of its cross-section, and rotating with angular velocity cw, and if (further) the 
fluid be circulating irrotationally round it, the cyclic constant being /c, then 
the stream-function relative to the aforesaid axes is 

= ^ ^“^(^^sin?; - FacosT?) + Jo) (a -h 6)^ cos St? + ^ 

( 9 ) 

The paths followed by the particles of fluid, as distinguished from the 
stream-lines, in several of the preceding cases, have been studied by Prof 
W. B. Mortonf; they are very remarkable. The particular case of the 
circular cylinder (Art. 68) was examined by Maxwell J. 

* Quart. Journ. Math. xiv. (1875) ; see also Beltrami, l.c. ante p. 81. 

. t Proc. Boy. Soc. A, Ixxxix. 106 (1913). 

\/ i Proc. Land. Math. Soc. iii. 82 (1870) [Popm, ii. 208], 
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3°. Let us assume 

^j/ = Af'^ cos 36 = A 

The equation (1) of the boundary then becomes 

A - Zxy'^) - \ai = (7. (10) 

We may choose the constants so that the straight line x=a shall form part of the boundary. 
The conditions for this are 

-d 3ACC ~j;-'^CO = 0. 

Substituting in (10) the values of A, C hence derived, we have 

3xy^-\-3a {x^ — ~ 0. 

Dividing out by x - a, we get 

, 4- 4a^ + 4^2 = 3^2^ 

or xA‘%a=±sJ3,y. 

The rest of the boundary consists therefore of two straight lines passing through the point 
( - 0), and inclined at angles of 30° to the axis of x. 

We have thus obtained the formulae for the motion of the fluid contained within a 
vessel in the form of an equilateral prism, when the latter is rotating with angular velocity 
0 ) about an axis parallel to its length and passing through the centre of its section ; viz. 
we have 

,/,= -^Vcos3^, 4>=l^r^smSe, (11) 

where 2 ^Za is the length of a side of the prism *. 


4°. In the case of a liquid contained in a rotating cylinder whose section is a circular 
sector of radius a and angle 2a, the axis of rotation passing through the centre, we may 
assume 


, , 9 cos 2^ , ^ . fr 


(27i + l)jr/2a , . . 7 r <9 

cos(2w+l)^, 


.( 12 ) 


the middle radius being taken as initial line. For this makes \l/=^a>r^ for 6= ±a, and the 
constants A 2 n+i can be determined by Fourier’s method so as to make yj/'^icoa^ for r=a. 
We find 

+ * “ ( ~ ' ‘““4(2« + 1) TT - 4o " (2» + 1 ) n- (27i + 1) + 4a} 

The conjugate expression for 0 is 


<p= — 


sin 2^ 
cos 2a 


• 2 . 40 . 




(2?>+l) 7r/2a 


sin (2?i + l) 


'irB 


.(14) 


The kinetic energy is given by 



where <^a denotes the value of <^) for ^=a, the value of d(j)/dn being zero over the circular 
part of the boundary f. 


* The problem of fluid motion in a rotating cylindrical case is to a certain extent mathe- 
matically identical with that of the torsion of a uniform rod or bar. The examples numbered '1°’ 
and are mere adaptations of two of de Saint- Venant’s solutions of the latter problem. See 
Thomson and Tait, Art. 704 et seq. 

t This problem was first solved by Stokes, “ On the Critical Values of the Sums of Periodic 
Series,” Gamh. Trans, viii. (1847) [Papers, i. 305]. See also Hicks, Mess, of Math. viii. 42 (1878); 
Greenhill, ibid. viii. 89, and x. 83. 
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The case of the semicircle a=-|7r will be of use to us later. We then have 

A + /—I — + L_l: (le) 

+ 1 „ 2n + l 2n+3} ’ 


and therefore 




L 


0 jr ^2m + 3l2w-l 2m+l‘^2m + 3/ 


1 1 


TT V® 8 


Hence* 


2 T— -^TTpo) V ( ~2 - i ] = *3106^2 X ^TTpco^a 


,.(17) 


This is less than if the fluid were solidified, in the ratio of *6212 to 1. Cf. Art. 45. 


Free Stream-Lines, 

73. The first solution of a problem of two-dimensional motion in which 
the fluid is bounded partly by fixed plane walls, and partly by surfaces of 
constant pressure, was given by Helmholtz f. Eirchhoffij; and others have 
since elaborated a general mel3hod of dealing with such questions. If the 
surfaces of constant pressure be regarded as free, we have a theory of jets, 
which furnishes some interesting results in illustration of Art. 24. Again, 
since the space beyond these surfaces may be filled with liquid at rest, with- 
out altering the conditions of the problem, we obtain also a number of cases 
of 'discontinuous motion,^ which are mathematically possible with perfect 
fluids, but whose practical significance is more open to question. We shall 
return to this point at a later stage (Chap, xi.); in the meantime we shall 
speak of the surfaces of constant pressure as 'free.’ Extraneous forces, such 
as gravity, being neglected, the velocity must be constant along any such 
surface, by Art. 21 (2). 

The method in question is based on the projjerties of the function f 
introduced in Art. 65. The moving fluid is supposed bounded by stream- 
lines' yfr = const., which consist partly of straight walls, and partly of lines 
along which the resultant velocity (q) is constant. For convenience, we may 
in the first instance suppose the units of length and time to be so adjusted 
that this constant velocity is equal to unity. Then in the plane of the 
function ^ the lines for which 9^ = 1 are represented by arcs of a circle of unit 
radius, having the origin as centre, and the straight walls (since the direction 
of the flow along each is constant) by radial lines drawn outwards from the 
circumference. The points where these lines meet the circle correspond to 
the points where the bounding stream-lines change their character. 

Consider, next, the function log f. In the plane of this function the 
circular arcs for which 9=1 become transformed into portions of the 

* G-reenMll, l.c, 
t Loe, cit ante p, 71. 

X “Ziir Tbeorie freier Fliissigkeitsstrablen,^* Crelle, Ixx, (1869) [Ges, Abh* p. 416], See also 
M-s Mechanic, cc. xxi., xxii. 
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imaginary axis, and the radial lines into lines parallel to the real axis, since 


if f = q~'^ 6'® we have 

log? = logi + ia (1) 

It remains, then, to determine a relation of the form*^ 

log?=/(w), (2) 


where w = ^ + as usual, such that the rectilinear boundaries in the plane 
of log f shall correspond to straight lines = const, in the plane of w. 
There are further conditions of correspondence between special points, one 
on the boundary, and one in the interior, of each region, which render the 
problem determinate. 

When the correspondence between the planes of f and w has been 
established, the connection between and lu is to be found, by integration, 
from the relation 


The arbitrary constant which appears in the result is due to the arbitrary 
position of the origin in the plane of z. 

The problem is thus reduced to one of conformal representation between 
two areas bounded by straight linesf. This is resolved by the method of 
Schwarz and Christoffel, already referred to|, in which each area is repre- 
sented in turn on a half-plane. Let Z{^X + iY) and t be two complex 


variables connected by the relation 

^=A{a - (5 - 0“^''"' (4) 

where a,b,G,... are real quantities in ascending order of magnitude, whilst 
a, /S, y, ... are angles (not necessarily all positive) such that 

K + ^ + Y "h ~ 0) 


and consider the line made up of portions of the real axis of t with small 
semi-circular indentations (on the upper side) about the points a,b,c,.... 
If a point describe this line from t = -cc to i = 4- co , the modulus only 
of the expression in (4) will vary so long as a straight portion is being 
described, whilst the effect of the clockwise description of the semi-circular 
portions is to introduce factors e^, ... in succession. Hence, regarding 

dZjdt as an operator which converts U into hZ, we see that the upper half 
of the plane of f is conformably represented on the area of a closed polygon 
whose exterior angles are ol, ..., by the formula 

Z = AJ{a- «)-“/"• {h - (c - f)-i'/’^ ...dt + B, (6) 

* The use of log in place of is due to Planck, Wied. Ann. sxi. (1884). 

f See Forsyth, Theory of Functions ^ c. xx. 

X See the second and third footnotes on p, 77 ante. 
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provided the path of integration in the 35-plane lies wholly within the region 
above delimited. When a, 6, c, a, 7, ... are given, the polygon is com- 
pletely determinate as to shape; the complex constants Ay B only affect its 
scale and orientation, and its position, respectively. 

As already indicated, we are specially concerned with the conformal 
representation of rectangular areas. If a = /3 = 7 = S = I-tt, the formula (6) 
becomes 

- 1) (c - iy(d 

It is easily seen that the rectangle is finite in all its dimensions unless two at 
least of the points a, 6, c, d are at infinity. The excepted case is the one 
specially important to us; the two finite points may then conveniently be- 
taken to be ^ = ± 1, so that 

= A cosh"^^ t-\-B (8) 

In particular, the assumption 

^ (9) 


+ B 


t = cosh 




where k is real, transforms the space bounded by the positive halves of the 
lines F =0, F = rrk, and the intervening portion of the axis of F, into the 
upper half of the plane t. Of. Art. 66, 1°. 

Again, if the two finite points coincide, say at the origin of t, we have 

jj + B^Alogt + B (10) 

This transforms the upper half of the t-plane into a strip bounded by two 
parallel straight lines. For example, if 

t = ( 11 ) 

where k is real, these may be the lines F = 0, F = vk 

74. As a first application of the method in question, we may take the 
pase of a fluid escaping from a large vessel by a straight canal projecting 
inwards*. This is the two-dimensional form of Borda’s mouthpiece, referred 
to in Art. 24. 

The boundaries of corresponding areas in the planes of log and tv, 
respectively, are easily traced, and are shewn in the figuresf. It remains to 
connect the areas in the planes of log f and tu each with the upper half- 
plane of an intermediate variable t. It appears from equations (8) and (10) 
of the preceding Art. that this is accomplished by the substitutions 

log ^ = A cosh“i t + B, w = Glogt + D (1) 

* This problem was first solved by Helmholtz, l.c. mte p. 71 . 

t The heavy lines correspond to rigid boundaries, and the fine continuous lines to free 
surfaces. Corresponding points in the various figures are indicated by the same letters. 
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Borda's Mouthpiece 


We have here made the corners A, A' in the plane of log ^ correspond to 
it = ± 1, and we have also assumed that ^ = 0 corresponds to w = - oo , as is 
evident on inspection of the figures. To specify more precisely the values of 
the cyclic functions cosh“^ t and log t we will assume that they both vanish 
at ^ = Ij and that their values at other points in the positive half-plane are 



w 

A B 


1 - 




A' S' 

determined by considerations of continuity. It follows that when = — 1 the 
value of each function will be iir. At the points A\ A in the plane of log 
we have, on the simplest convention, log ^== 0 and 2i7r, respectively; whence, 
towards determining the constants in (1), we have 

0 — B, 2i7r = iirA -f 5, 

so that log 2 cosh~^ t (2) 

Again, in the plane of w we take the line II' as the line = 0 ; and if the 
final breadth of the issuing jet be 26, the bounding stream-lines will be 
= + 6. We may further suppose that ^ = 0 is the equipotential curve 
passing through A and A'. Hence, fi:om (1), 

%b = i^G -i- D, — ih — D, 

26 

so that w= — log t — ih (3) 

TT 

It is easy to eliminate t between (2) and (3), and thence to find the relation 
between ^ and w by integration, but the formulae are perhaps more 
convenient in their present shape. 

The course of either free sti'eam-line, say A' I, from its origin at A'^ is now 
easily traced. For points of this line t is real and ranges from 1 to 0 ; we 
have, moreover, from (2), id = 2 cosh“^ t, or t = cos Hence, also, from (3), 

^ =z= — log cos (4) 

TT 
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Since, along this line, we have d4>lds = — q= — 1, we may put ^ = — s, where 
the arc s is measured from A'. The intrinsic equation of the curve is 


therefore 

s = — logsec-l^ (5) 

TT 

From this we deduce in the ordinary way 

a: = — (sin® — log sec 1-0), ^ = - (^ - sin ^), (6) 

TT TT 


if the oiigin be at A\ By giving 0 a series of values ranging from 0 to tt, 
the curve is easily plotted. 



Line of Symmetry. 

Since the asymptotic value of y is 6, it appears that the distance between 
the fixed walls is 46. The coefficient of contraction is therefore in accord- 
ance with Borda’s theory. 

75 . The solution for the case of fluid issuing from a large vessel by an 
aperture in a plane wall is analytically very similar. The chief difference is 
that the values of log ^ at the points A, A' in the figures must now be taken 
to be 0 and — w, respectively, whence, to determine the constants A, B 


in (1) we have 

0 = iirA + jB; — iir = 

so that log ^ = cosh“^ t — w (7) 

The relation between w and t is exactly as before, viz, 

26 

. w = — log t — ibj (8) 


where 26 is the final breadth of the stream, between the free boundaries. 

For the stream-line AI,t is real, and ranges from - 1 to 0. Since, also, 
iO = cosh""^ t — ITT we may put t = cos {0 + tt), where 0 varies from 0 to — Itt. 
Hence, from (8), with we have, for the intrinsic equation of the stream- 

line, 



Vena Gontracta 


91 


74-75] 


From this we find 

^ ~ “ sin^ \Q, 2/ “ ” (i"^ +■ 2 ^) sin ^}, (10) 

if the point A in the first diagram be taken as origin*. The curve is shewn 
(in an altered position) at the foot of this page. 



w 

A S 


I- 




A' B' 

The asymptotic value of x, corresponding to ^ = — Jtt, is 2b { tt, the half 
width of the aperture is therefore (tt + 2) S/tt, and the coefficient of con- 
traction is 

7r/(7r + 2) = *611. 



* This example was given by Kirohhoff (Z.c.), and discussed more fully by Bayleigh, “Notes 
on Hydrodynamics,” Phil. Mag. Dec. 1876 [Papers, i. 297]. 
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76. In the next example a stream of infinite breadth is supposed to 
impinge directly on a fixed plane lamina, and thence to divide into two 
portions bounded internally by free surfaces. 

The middle stream-line, after meeting the lamina at right angles, branches 
off into two parts, which follow the lamina to the edges, and thence form the 
free boundaries. Let this be the line 'v/r = 0, and let us further suppose that 
at the point of divergence we have </> = 0. The forms of the boundaries in 
the various planes are shewn in the figures. The region occupied by the 



moving fluid now corresponds to the luliole of the plane w, which must 
however be regarded as bounded internally by the two sides of the line 

With the same conventions as in the beginning of Art. 75, we have 

log f = cosh*^^ t — iiT, ( 1 ) 

^=- cosh (log 0 = - 1 (?■ + ^) (2) 

The correspondence between the planes of w and t is best established by 
considering first the boundary in the plane of The method of Schwarz; 
and Christoffel is then at once applicable. Putting a = — w, ^ = 7 = ...=0, 
in Art. 73 (4), we have 

+ B (3) 

At / we have t = Q, w-^ = 0, so that 5 = 0, or (say) 


G 



( 4 ) 
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To connect C (which is easily seen to be real) with the breadth (1) of the 
lamina, we notice that along GA we have ^ = q~^, and therefore, from (2), 

< = + q = (5) 

the sign of the radical being determined so as to make q — 0 for i = — go. 
Also, — 1/g. Hence, integrating along CA in the first figure we 

have 

whence G ~ (7) 

77 + 4 ^ ^ 

Along the free boundary AI, we have log ^ = i6^ and therefore, from (2) 
and (4), 

tz= ~ cos d, (j)z=-^G sec^ 6 (8) 

The intrinsic equation of the curve is therefore 

5 = — ^—sec^Oj ( 9 ) 

7r + 4 ^ ^ 

where 6 ranges from 0 to — -l-Tr. This leads to 

CO = — ^ (sec 6 + i7r), ) 

"" . ^ ( 10 ) 

y == etBud- log (Itt -f |(9)}, j 

the origin being at the centre of the lamina. 



The excess of pressure on the anterior face of the lamina is, by Art. 23 
(7), equal to (1 - q^). Hence the resultant force on the lamina is 

ofl « S'*' = - r. (r ^ ^ 

( 11 ) 
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It is evident from Art. 23 (7), and from the obvious geometrical similarity 
of the motion in all cases, that the resultant pressure (Po, say) will vary as 
the square of the general velocity of the stream. We thus find, for an 
arbitrary velocity q*, 

Po = P<lo • I == - 440 ^^ 0 ^ .1 ( 12 ) 

TT -f- 

77. If the stream be oblique to the lamina, making an angle a, say, with 
its plane, the problem is modified in the manner shewn in the figures. 




The equations (1) and (2) of the preceding Art. still apply; hut at the point / we now 
have f=c— and therefore <=cos a. Hence, in place of (4)t, 

(13) 

{t - COS ar 

At points on the front face of the lamina, we have, since 2'“i=| f], 

(14) 

where the upper or the lower signs are to be taken according as « 5 0, i.e. according as the 
point referred to lies to the left or right of C in the first figure. Hence 

^ ■ „ {< ± - 1 )} ( 15 ) 

dt ~q dt (it — cosa)S' ^ " 

Between A' and C, t varies from 1 to oo , whilst between A and C the range is from 
-00 to —1. If we imt 

1 — cos a cos 0 ) 
cos a — cos (i) ’ 


the corresponding ranges of © will be from tt to and from <x to 0, respectively ; and we 
find 

dt- cos a — cos CD . , , ,,.o tn sm a sin CD 

(^-cosa)3 sm^a ’ ^ cos a- cos od 

* Kirehhofi, lx. ante p. 86; Kayleigh, “On the Eesistance of Fluids,” Phil. Mag. Dec. 1876 


[Papers^ i. 287]- 

t The solution up to this point was given by KirchhofE {Grelle, l.c .) ; the subseq.uent discus- 
sion is taken, with merely analytical modifications, from the paper by Bayleigh. 
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Hence -^Tjj^(l-cosacosa) + smasina))sina), (16) 

and therefore 

C 

OG = {2 cos 6) 4- cos a sin^ ca + sin a sin oo cos co + ( J tt — ca) sin a}, (17) 


where the origin has been adjusted so that x shall have equal and opposite values when 
c«>=0 and o)=7r, respectively; i,e. it has been taken at the centre of the lamina. Hence, in 
terms of (7, the ’whole breadth is 


^_4-|-7r sin a 
” sin^ a 


G. 


(18) 


The distance, from the centre, of the point (o)=a) at which the stream divides is 
^ _ 2 cos g (1 4- sin^ a) + (^tt — a) sin a ^ 

4 4- TT sin a 


.(19) 


To find the total pressure on the front face, we have 


ip (1 - q^) ± \p 


‘^-dt=±%pCsJ(f-\) 


dt 


(^ — cos a)® 


_ _ ^ ^ ('go) 

sin3 a ^ 

Integrated between the limits tt and 0, this gives TrpCj&m^ a. Hence, in terms of I, and of 
an arbitrary velocity qQ of the stream, we find 


o TTSina , 

^”4+7r sina* 


.( 21 ) 


To find the centre of pressure, we take moments about the centre of the lamina. Thus 
^p l‘(l-~q^) xdx= xsin^ adci) 


TrpC 3 C cos a 
sin^ a ^ ^ sin^ a ’ 


,(22) 


on substituting the value of x from (17). The first factor represents the total pressure ; 
the abscissa x of the centre of j)ressure is therefore given by the second, or, in terms of 
the breadth, 


j 


cos a 

44- TT sin a 


L 


(23) 


In the following table, derived from Eayleigh’s paper, the column I gives the excess 
of pressure on the anterior face, in terms of its value when a=90° ; whilst columns II and 
III give respectively the distances of the centre of pressure, and of the point where the 
stream divides, from the centre of the lamina, expressed as fractions of the total breadth*. 


a 

I 

II 

III 

90° 

1-000 

•000 

•000 

70° 

*965 

•037 

•232 

50° 

•854 

•075 

*402 

30° 

•641 

•117 

•483 

20° 

•481 

•139 

•496 

10° 

•273 

•163 

•500 


* For the comparison with experimental results see Eayleigh, l.c. and Nature, xlv. (1891) 
[Papeo's, iii. 491]. 
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78 . An interesting variation of the problem of Art. 76 has been discussed 
by Bobyleff*. A stream is supposed to impinge symmetrically on a bent 
lamina whose section consists of two equal straight lines forming an angle. 

If 2a be the angle, measured on the down-stream side, the boundaries in the plane of ^ 
can be transformed, so as to have the same shape as in the Art. cited, by the assumption 

provided A and ti be determined so as to make ^^ = 1 when ^—6 , and ^ —e when 

f ^ This gives 

72 = 2a/7r. 

On the right-hand half of the lamina, t will be negative as before, and since ^ 1 = | f | , 


Hence 


1 = { _ « + 1)}“, q=[-t- ^f{t^ - l)}“ (24) 




«-,/(«-- 1)}” 


dt 


These can be reduced to known forms by the substitution 


where <o ranges from 0 to 1. We thus fiiid 


oj -00 q 


dcf) 
q dt 


dt — .— l—2n 


r. 


—hn 


-^il 


1 


1 -fw 


d(t>^ 


.(25) 


Gj-co^dt Jo{l-\-(oy /ol+o) 


dco (26) 


We have here used the formulae 




where 1 > > 0. 

Since, along the stream-line, ds/dtp^ — l/q^ we have from (25), if b denote the half- 
breadth of the lamina, 

2a , 4a^ A 


( TT J 0 l-\- CO J 


.(27) 


The definite integral which occurs in this expression can be calculated from the formula 


i: 


= ( 28 ) 


where ^ (pi), ^djdm . log n (m), is the function introduced and tabulated by Gauss t. 

The normal pressure on either half is, by the method of Art. 76, 

= -iP y (--q)^ai=in^Cp r ~cl,»=in^Cp. -r-,^- = pO. ...(29) 

J \q ^ J dt ^ ^Jo H-o) ^ ^ SinfWTT ^ rrHlua 

* Journal of the Russian Physico-Chemical Society, xiii. (1881) [Wiedemann’s Beihlatter, 
Ti. 163]. The problem appears, however, to have been previously discussed in a similar manner 
by M. Rethy, Klausenhurger Berichte, 1879. It is generalized by Bryan and Jones, Proc. Roy. 
Soc. A, xci. 354 (1915). 

t “Disquisitiones generales circa seriem infinitam...,” Werke, Gottingen, 1870..., hi. 161. 
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The resultant pressure in the direction of the stream is therefore 



(30) 


Hence, for any arbitrary velocity of the stream, the resultant pressure is 

(31) 

where L stands for the numerical factor in (27). 

For a=^7r, we have Z = 2-f -I tt, leading to the same result as in Art. 76 (12). 

In the following table, taken (with a slight modification) from Bobyleff's paper the 
second column gives the ratio P/Po of the resultant pressure to that experienced by a 
plane strip of the same area. This ratio is a maximum when a = 100“, about, the lamina 
being then concave on the up-stream side. In the third column the ratio of P to the dis- 
tance (2& sin a) between the edges of the lamina is compared with For values of a 

nearly equal to 180°, this ratio tends to the value unity, as we should expect, since the fluid 
within the acute angle is then nearly at rest, and the pressure- excess therefore practically 
equal to The last column gives the ratio of the resultant pressure to that experi- 

enced by a plane strip of breadth 26 sin a, as calculated from (12). 


a 

PlPo 

Plpq^h sin a 

P/Pq sin a 

10° 

•039 

•199 

•227 

20° 

•140 

•359 

•409 

30° 

•278 

•489 

•655 

40° 

•433 

•593 

•674 

45° 

•512 

•637 

•724 

50° 

•589 

•677 

•769 

60° 

•733 

•745 

•846 

70° 

•854 

•800 

*909 

80° 

•945 

*844 

•959 

90° 

1-000 

•879 

1-000 

100° 

1-016 

•907 

1-031 

110° 

•995 

•931 

1-059 

120° 

•935 

•960 

1-079 

130° ‘ 

•840 

•964 

1-096 

135° 

•780 

•970 

1-103 

140° 

•713 

•975 

1*109 

150° 

•559 

1 -984 

1-119 

160° 

•385 

•990 

1-126 

170° 

•197 

•996 

1-132 


Discontinuous Motions, 

79. It must suffice to have given a few of the more important examples 
of steady motion with a free surface, treated by what is perhaps the most 
systematic method. Considerable additions to the subject have been made 
by MichelP, Lovef, and other writers It remains to say something of the 

* “ On the Theory of Free Stream-lines,” Phil, Tram, A, clxxxi. (1890). 

t “ On the Theory of Discontinuous Fluid Motions in Two Dimensions,” Proc, Camh, Phil. 
Soc. Tii. (1891). 

X For references see Love, Encycl. d. math. Wiss. iv. (3), 97.... A very complete account of 
the more important known solutions, with fresh additions and developments, is given by Greenhill, 


L. H. 
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physical considerations which led in the first instance to the investigation of 
such problems. 

We have, in the preceding pages, had several instances of the flow of 
a liquid round a sharp projecting edge, and it appeared in each case that the 
velocity there was infinite. This is indeed a necessary consequence of the 
assumed irrotational character of the motion, whether the fluid be incom- 
pressible or not, as may be seen by considering the configuration of the 
equipotential surfaces (which meet the boundary at right angles) in the 
immediate neighbourhood. 

The occurrence of infinite values of the velocity may be avoided by 
supposing the edge to be slightly rounded, but even then the velocity near 
the edge will much exceed that which obtains at a distance great in com- 
parison with the radius of curvature. 



In order that the motion of a fluid may conform to such conditions, it is 
necessary that the pressure at a distance should greatly exceed that at the 
edge. This excess of pressure is demanded by the inertia of the fluid, which 
cannot be guided round a sharp curve, in opposition to centrifugal force, 
except by a distribution of pressure increasing with a very rapid gradient 
outwards. 

Beport on the Theory of a Stream-line past a Plane Barrier, published by the Advisory Committee 
for Aeronautics, 1910. 

The extension to the case of curved rigid boundaries is discussed in a general manner in various 
papers by Levi-Givita and Cisotti. Por these, reference may be made to the Bend. d. Circolo Mat. 
di Palermo, xxiii. xxv. xxvi. xxviii. and the Rend. d. r. Accad. d. Lincei, xx. xxi.; the working 
out of particular cases naturally presents great difficulties. More recently the matter is treated 
by Leathern, l.c. ante p. 77, and H. Levy, Proc. Roy. Soc. A, xcii. 107 (1915). The theory of 
mutually impinging jets is treated very fully by Cisotti, “Vene confluent!, ” Ann. di mat. 
(3) xxiii. 285 (1914). 
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Hence, unless the pressure at a distance be very great, the maintenance of 
the motion in question would require a negative pressure at the corner, such 
as fluids under ordinary conditions are unable to sustain. 

To put the matter in as definite a form as possible, let us imagine the 
following case. Let us suppose that a straight tube, whose length is large 
compared with the diameter, is fixed in the middle of a large closed vessel 
filled with frictionless liquid, and that this tube contains, at a distance from 
the ends, a sliding plug, or piston, P, which can be moved in any required 
manner by extraneous forces applied to it. The thickness of the walls of the 
tube is supposed to be small in comparison with the diameter; and the edges, 
at the two ends, to be rounded off, so that there are no sharp angles. Let us 
further suppose that at some point of the walls of the vessel there is a lateral 
tube, with a piston Q, by means of which the pressure in the interior can be 
adjusted at will. 

Everything being afc rest to begin with, let a slowly increasing velocity be 
communicated to the plug P, so that (for simplicity) the motion at any 
instant may be regarded as approximately steady. At first, provided a 
sufficient force be applied to Q, a continuous motion of the kind indicated in 
the diagram on p. 71 will be produced in the fluid, there being in fact only 
one type of motion consistent with the conditions of the question. As the 
acceleration of the piston P proceeds, the pressure on Q may become 
enormous, even with very moderate velocities of P, and if Q be allowed to 
yield, an annular cavity will be formed at each end of the tube. 

It is not easy to make out the further course of the motion in such a case 
from a theoretical standpoint, even in the case of a ' perfect fluid. In actual 
liquids the problem is modified by viscosity, which prevents any slipping of 
the fluid immediately in contact with the tube, and must further exercise 
a considerable influence on such rapid differential motions of the fluid as are 
here in question. 

As a matter of observation, the motions of fluids are often found to 
differ widely, under the circumstances supposed in each case, from the types 
represented in such diagrams as those of pp. 70, 71, 80, 82. In such a case 
as we have j ust described, the fluid issuing from the mouth of the tube does 
not immediately spread out in all directions, but forms, at all events for some 
distance, a more or less compact stream, bounded on all sides by fluid nearly 
at rest. A familiar instance is the smoke-laden stream of gas issuing from a 
chimney. In all such cases, however, the motion in the immediate neighbour- 
hood of the boundary of the stream is found to be wildly irregular^. 

It was the endeavour to construct types of steady motion of a frictionless 

* Becent experiments would indicate that jets may be formed before the ‘limiting velocity’ of 
Helmholtz is reached, and that viscosity plays an essential part in the process. Smoluehowski, 
“ Sur la formation des veines d’efflux dans les liquides,” Bull, de VAcad. de Cracovie, 1904. 

7—2 



100 Motion of a Liquid in Two Dimensions [chap, iv 

liquid, in two dimensions, which should resemble more closely what is 
observed in such cases as we have referred to, that led Helmholtz^ and 
KirchhofF^ to investigate the theory of free stream-lines. It is obvious that 
we may imagine the space beyond a free boundary to be occupied, if we 
choose, by liquid of the same density at rest, since the condition of constant 
pressure along the stream-line is not thereby aiffected. In this way the 
problems of Arts. 76, 77, for example, give us a theory of the pressure 
exerted on a fixed lamina by a stream flowing past it, or (what comes to the 
same thing) the resistance experienced by a lamina when made to move with 
constant velocity through a liquid which would otherwise be at rest. 

The question as to the practical validity of this theory will be referred to 
later in connection with some related problems (Chapter xi.). 

Flow in a Curved Stratum, 

80 . The theory developed in Arts. 59, 60 may be readily extended to 
the two-dimensional motion of a curved stratum of liquid, whose thickness is 
small compared with the radii of curvature. This question has been discussed, 
from the point of view of electric conduction, by Boltzmannf, KirchhoffJ, 
Tdpler§, and others. 

As in Art. 59, we take a fixed point A, and a variable point P, on the surface defining 
the form of the stratum, and denote by yjr the flux across any curve JP drawn on this 
surface. Then is a function of the position of P, and by displacing P in any direction 
through a small distance Ss, we find that the flux across the element ds is given by 
dyjrlds.Bs. The velocity perpendicular to this element wull be where 4 is the thick- 

ness of the stratum, not assumed as yet to be uniform. 

If, further, the motion be irrotational, we shall have in addition a velocity -potential 
<f>, and the equipotential curves < 3 [) = const, will cut the stream-lines = const, at right 
angles. 

In the case of uniform thickness, to which we now proceed, it is convenient to write 
^|/' for ^lr|k, so that the velocity perpendicular to an element ds is now given indifterently 
by ^^jr|^s and 00 / 9 ^ 2 , 0 w being an element drawn at right angles to Bs in the proper direction. 
The further relations are then exactly as in the plane problem ; in particular the curves 
<j[)=: const-, 1 /^ = const., drawn for a series of values in arithmetic progression, the common 
difference being infinitely small and the same in each case, will divide the surface into 
elementary squares. For, by the orthogonal property, the elementary spaces in question 
are rectangles, and if Bs 2 be elements of a stream-line and an equipotential line, 
respectively, forming the sides of one of these rectangles, we have 0^//'/352 = , whence 

^5^ = 5 ^ 2 ) since by construction 

Any problem of irrotational motion in a curved stratum (of uniform thickness) is 
therefore reduced by orthomorpliic projection to the corresponding problem in piano. 
Thus for a spherical surface we may use, among an infinity of other methods, that of 
stereographic projection. As a simple example of this, we may take the case of a stratum 

* IL c. ante pp. 86, 91. 

t Wiener Sitzungsherichte, lii. 214 (1865) [WissenschaftUche Ahhandlungen, Leipzig, 1909, 
i. 1]. 

X Berh Monatsher. July 19, 1875 IGes. Abh, i. 56]. 

§ Pogg. Ann. clx. 375 (1877). 



Flow in a Curved Stratum 


101 


79 - 80 ] 

of uniform dejith covering the surface of a sphere with the exception of two circular 
islands (which may he of any size and in any relative position). It is evident that the 
only (two-dimensional) irrotational motion which can take place in the doubly-connected 
space occupied by the fluid is one in which the fluid circulates in opposite directions round, 
the two islands, the cyclic constants being equal in magnitude. Since circles project 
into circles, the plane problem is that solved in Art. 64, 2°, viz. the stream-lines are a 
system of coaxal circles with real ‘limiting points’ (A, J?, say), and the equipotential lines 
are the orthogonal system jiassing through A, B. Returning to the sphere, it follows from 
well-known theorems of stereographic projection that the stream-lines (including the 
contours of the two islands) are the circles in which the surface is cut by a system of 
planes passing through a fixed line, viz. the intersection of the tangent planes at the 
points corresponding to A and R, whilst the equipotential lines are the circles in. which 
the sphere is cut by planes passing through these points*. 

In any case of transformation by orthomorphic projection, whether the motion be 
irrotational or not, the velocity (dyjrldn) is transformed in the inverse ratio of a linear 
element, and therefore the kinetic energies of the portions of the fluid occupying corre- 
sponding areas are equal (provided, of course, the density and the thickness be the same). 
In the same way the circulation (J dylrjdn . ds) in any circuit is unaltered by projection. 

This example was given by Kirchhofl, in the electrical interpretation, the problem considered 
being the distribution of current in a uniform spherical conducting sheet, the electrodes being 
situate at any two points A, of the surface. 
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IRBOTATIONAL MOTION OF A LIQUID : PROBLEMS IN 
THREE DIMENSIONS 

81. Of the methods available for obtaining solutions of the equation 

( 1 ) 

in three dimensions, the most important is that of Spherical Harmonics. 
This is especially suitable when the boundary conditions have relation to 
spherical or nearly spherical surfaces. 

For a full account of this method we must refer to the special treatises 
but as the subject is very extensive, and has been treated from different 
points of view, it may be worth while to give a slight sketch, without formal 
proofs, or with mere indications of proofs, of such parts of it as are most 
important for our present purpose. 

It is easily seen that since the operator Vs is homogeneous with respect 
to X, y, <^,the part of ^ which is of any specified algebraic degree must satisfy 
(1) separately. Any such homogeneous solution of (1) is called a 'spherical 
solid harmonic’ of the algebraic degree in question. If be a spherical 
solid harmonic of degree n, then if we write 

<l>n^r^Sn, ( 2 ) 

Sn will be a function of the direction (only) in which the point (x, y, z) lies 
with respect to the origin ; in other words, a function of the position of bhe 
point in which the radius vector meets a unit sphere described with the origin 
as centre. It is therefore called a ' spherical surface harmonic’ of order nf. 

To any solid harmonic of degree n corresponds another of degree 
— n—1, obtained by division by i.e. <f) = <j>n is also a solution of 

(1). Thus, corresponding to any spherical surface-harmonic we have the 
two spherical solid harmonics r'^^Sn and 

82. The most important case is when n is integral, and when the surface- 
harmonic Sn is further restricted to be finite over the unit sphere. In the 

* Todhunter, Functions of La^place^ Lam^, and Bessel, Cambridge, 1875. Ferrers, Spherical 
Harmonics, Cambridge, 1877. Heine, Handbuch der Kugelfunctionen, 2nd ed., Berlin, 1878. 
Thomson and Tait, Natural Philosophy, 2nd ed,, Cambridge, 1879, i. 171-218. Byerly, Fourier^s 
Series and Spherical, Cylindrical, and Ellipsoidal Harmonics, Boston, TJ.S.A. 1893. Whittaker 
and Watson, Modern Analysis, 3rd ed., Cambridge, 1920. 

For the history of the subject see Todhunter, History of the Theories of Attraction, c&c., 
Cambridge, 1873, ii. Also Wangerin, “ Theorie d. Kugelfunktionen, ii.e-w.,” Eneycl. d. math. 
Wiss. ii. (1) (1904). 

t The symmetrical treatment of spherical solid harmonics in terms of Cartesian co-ordinates 
was introduced by Clebsch, in a much neglected paper, Grelle, Ixi. 195 (1863). It was adopted 
independently by Thomson and Tait as the basis of their exposition. 
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form in which the theory (for this case) is presented by Thomson and Tait, 
and by Maxwell*, the primary solution of (1) is 

= (3) 

This represents as we have seen (Art. 56) the velocity-potential due to 
a point-source at the origin. Since (l) is still satisfied when is differ- 
entiated with respect to x, y, or z, we derive a solution 

+ 

This is the velocity-potential of a double-source at the origin, having its axis 
in the direction (Z, m, n)\ see Art. 56 (3). The process can be continued, 
and the general type of spherical solid harmonic obtainable in this way is 


where 

Zs, mg, 


a , a ^ a ^ a 

being arbitrary direction-cosines. 


(5) 


This may be regarded as the velocity-potential of a certain configuration 
of simple sources about the origin, the dimensions of this system being small 
compared with r. To construct this system we premise that from any given 
system of sources we may derive a system of higher order by first displacing 
it through a space \hs in the direction (?g, mg, ??g), and then superposing the 
reversed system, supposed displaced from its original position through a space 
|•/?g in the opposite direction. Thus, beginning with the case of a simple 
source 0 at the origin, a first application of the above process gives us two 
sources 0+, equidistant from the origin, in opposite directions. The same 
process applied to the system 0+, 0_ gives us four sources 0++, 0_.+, 0+™., 

0 at the corners of a parallelogram. The next step gives us eight sources 

at the corners of a parallelepiped, and so on. The velocity-potential, at 
a great distance, due to an arrangement of 2”' sources obtained in this way, will 
be given by (5), if 47rA = K, m' being the strength of the original 

source at 0. The formula becomes exact, for all distances r, when 
K, hz, K are diminished, and m increased, indefinitely, but so that A 
is finite. 


The surface-harmonic corresponding to (5) is given by 


8n-Ar'^^+^ 



dhn 


1 

r ’ 


( 6 ) 


and the complementary solid harmonic by 

= r'^Sn ^ 


* Electricity and Magnetism, c. ix. 


(0 
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By the method of ‘inversion*/ applied to the above configuration of 
sources, it may be shewn that the solid harmonic (7) of positive degree n 
may be regarded as the velocity-potential due to a certain arrangement of 
2'^ simple sources at infinity. 

The lines drawn from the origin in the various directions {Ig, n^) are 
called the ‘axes’ of the solid harmonic (5) or (7), and the points in which 
these lines meet the unit sphere are called the ‘ poles ’ of the surface-harmonic 
Sn^ The formula (5) involves 2n + l arbitrary constants, viz. the angular 
co-ordinates (two for each) of the n poles, and the factor A. It can be 
shewn that this expression is equivalent to the most general form of 
spherical surface-harmonic which is of integral order n and finite over the 
unit sphere f. 


83 . In the original investigation of LaplaceJ, the equation V“^ = 0 is 
first expressed in terms of spherical polar co-ordinates, r, 0, co, where 
iT = r cos 0, y = r sin 0 cos co, z^r sin 0 sin co. 

The simplest way of effecting the transformation is to apply the theorem of 
Art. 36 (2) to the surface of a volume-element 7*80 . r sin 0Sa). 87\ Thus the 
difference of flux across the two faces perpendicular to r is 

A . 7- sin 08a)^ Sr, 

Similarly for the two faces perpendicular to the meridian (o) =; const.) we find 

and for the two faces perpendicular to a parallel of latitude (0 = const.) 

^ i . rS0 . Sg). 

do) \r sin 0dco J 

Hence, by addition, 




+ ■ 


1 d^(f> 


= 0 . 


.( 1 ) 


This might of course have heea derived from Art. 81 (1) by the usual method 
of change of independent variables. 


Jf we now assume that is homogeneous, of degree n, and put 

<f> = r’^Sn, 

we obtoin (sin 9 ’A) + + » (» + 1) S. - 0 (2) 

which is the general differential equation of spherical surface- harmonics. 


* Explained by Thomson and Tait, Natural Philosophy, Art. 515. 

i Sylvester, Phil Mag. (5), ii. 291 (1876) [Mathematical Papers, Cambridge, 1904..., iii. 37]. 
t “ Theorie de Tattraction des sph4roides et de la figure dea plan^tes,” Mim. de VAcad. roy, 
des Sciences, 1782 [Oeuvres Completes, Paris, 1878..., x. 341]; Mecanique Celeste, Livre c. ii. 
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Since the product (n -f 1) is unchanged in value when we write — — 1 for 
n, it appears that 

will also be a solution of (1), as already stated (Art. 81). 

84. In the case of symmetry about the axis of cs, the term d^Sn/ScD^ 
disappears, and putting cos ^ ^ we get 

w 

the differential equation of spherical "zonar harmonics^. This equation, 
containing only terms of two different dimensions in /x, is adapted for in- 
tegration by series. We thus obtain 

c? _ 4 + 0 „2 4. (w-2)«(7i + l)(n + 3 ) ■) 

Jx ■ji 12^'* 1234 ^ ***r 

,Tjf, (n-l)(»i + 2) (^i-3)(n-l)(n + 2)(«+4) _ | 

+ ^ f j- 2 -g- ^ + 172737475 ^ -j • 

(2) 

The series which here present themselves are of the kind called ‘ hyper- 
geometric’; viz. if we write, after Qaassf, 

J («, A -y, ^) = 1 + ^ ^ + 1 - 2 — - y^ -i- 

a.a + l.a’f2./9./3 + l./3 + 2 
1 . 2 . 3 . (y . 7 -{- 1 • 7 4* 2 

( 3 ) 

we have 

i + i, + J)i, 1 + I, H^) (4) 

The series (3) is of course essentially convergent when .v lies between 0 and 1 ; but 
when :v=: 1 it is convergent if, and only if, 

7 — a— i 8>0- 

In this case we have 

I'fa 8 1, 1) n(y-l).n(y-o-^-l) 

l)-n(y-a-l).n(y-/ 3 -T) ’ ^ ^ 

where n (m) is in Gauss’s notation the eq[uivaleat of Euler’s r (m 4 - !)• 

The degree of divergence of the series ( 3 ) when 

7 — a— j 3 < 0 , 

as ^ approaches the value 1, is given by the theorem t 

F(a, A 7, ^) = ll -s)y-'^-^F(y-a, 7-A 7, (^) 

Since the latter series will now be convergent when 1, we see that F(a, A 7, becomes 
divergent as (1 ; more precisely, for values of x infinitely nearly equal to unity, 

we have 

„ s n(y-l).n(o+3-y-l),-, „sY-a-3 m-, 

F{a,^,y,x)~ ’nCa-ll-nO-l) ^ ~ ' 

ultimately. 

^ So called by Thomson and Tait, because the nodal lines (5f,,=0) divide the unit sphere into 
parallel belts, 
t Z.c. ante p. 96. 

X Forsyth, Differential Equations^ 3rd ed., London, 1903, c. vi. 
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For the critical case where y - a - ^ — 0, 

we may have recourse to the formula 

~ jP(a, ft y, = ^ + ^ + 1, y + l? {^) 

which, with (6), gives in the case supposed 


=^{l-io)-\F{a,P,a+l3 + l,x). 
7 


(9) 


The last factor is now convergent when 0 ?= 1, so that F(a, y, ^’) is ultimately divergent 
as log (1 — More precisely we have, for values of near this limit, 


F(a, ft a + ft ^) = 


n(a+/3-~l) 


n(a-i).n(id-i) ^ i-.'r’ 


log: 


.( 10 ) 


85. Of the two series which occur in the general expression (Art. 84 (2)) 
of a zonal harmonic, the former terminates when n is an even, and the latter 
when n is an odd integer. For other values of n both series are essentially 
convergent for values of jjL between + 1, but since in each case we have 
ry — a — ^ = 0, they diverge at the limits becoming infinite as 

log (1 - IJ?). 

It follow^s that the terminating series corresponding to integral values of 
n are the only zonal surface-harmonics which are finite over the unit sphere. 
If we reverse the series we find that both these cases (n even, and n odd) are 
included in the formula^ 




1.3.5...(2n-l) 
1.2.3 ...« 


_ nQi-l) 

^ 2(2w-l)^ 


, n{n-\){n-2){n-Z) _ 

2.4.(2n-l)(2w-3) '^ 


.( 1 ) 


where the constant factor has been adjusted so as to make P,j, {(m) ~ 1 for 
= If. The formula may also be written 

<*> 

The series (1) may otherwise be obtained by development of Art. 82 (6), 
which in the case of the zonal harmonic assumes the form 




^ I 

r 


.( 3 ) 


* Forn even this corresponds to ^ , J 3 = 0 ; whilst for n odd we have 


^ = 0, B = ~ . See Heine, i. 12, 147. 

t The functions Pi , P 2 , ... P 7 were tabulated by Glaisher, for values of /j. at intervals of - 01 , 
Brit. Ass. Report^ 1879, and are reprinted by Dale, Five-Figure Tables..., London, 1903. 
A table of the same functions for every degree of the quadrant, calculated under the direction 
of Prof. Perry, was published in the Phil. Mag. for Deo. 1891. Both tables are reproduced in 
Byerly’s treatise, also by Jahnke and Emde, Funhtionentafeln, Leipzig, 1909. The values of the 
first 20 zonal harmonies, at intervals of 5°, have been calculated by Prof. A. Lodge, Phil. 
Trans. A, cciii. (1904), 
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As particular cases of (2) we have 

Expansions of P„ in terms of other functions of 6 as independent 
variables, in place of fi, have been obtained by various writers. For 
example, we have 


Pn (cos 0) ■■ 


«^) ^ ^ (n-l}n(n+l)(n + ^) 


( 4 ) 


This may be deduced from (2)*, or it may be obtained independently by 
putting fj 0 = l — 2zm Art. 84 (1), and integrating by a series. 

The function Pn{y) was first introduced into analysis by Legendre t as the coefficient 
of h'^ in the expansion of 

(l-2/xA+A2)“^. 

The connection of this with our present point of view is that if be the velocity-potential 
of a unit source on the axis of sc at a distance c from the origin, we have, on Legendre’s 
definition, for values of r less than c, 

47r^ = — 2jLtcr 


=7 + ^ir2 + ^2~+. 


Each term in this expansion must separately satisfy V^cj)—0, and therefore the coefficient 
Fn must be a solution of Art, 84 (1). Since F^, as thus defined, is obviously finite for all 
values of /x, and becomes equal to unity for /x=:l, it must be identical with (1). 

For values of r greater than c, the corresponding expansion is 


4^<^=i+Pih+p - +. 


We can hence deduce expressions, which will be useful to us later, Art. 98, for the 
velocity-potential due to a double-source of unit strength, situate on the axis of ^ at a dis- 
tance c from the origin, and having its axis pointing from the origin. This is evidently 
equal to 9(/>/0c, where </) has either of the above forms; so that the required potential is, 
for r < 0 , 

1 N 


and for r > c. 






The remaining solution of Art. 84 (1), in the case of n integral, can be 
put into the more compact formj 

(2„(p) = iP„(p)log^-.?„, (9) 

I-- 


where 


_2n-l p 




* Murphy, JElementary Principles of the Theories of Electricity, (&c., Cambridge, 1833, p. 7. 
[Thomson and Tait, Art. 782.] 

t ‘‘ Sur I’attraction des spheroides homog^nes,” Mem, des Sava^is Etrangers, x. (1785). 

X This is equivalent to Art. 84 (4) with, for n even, xl = 0, -T i ) ^ 

n odd we have A = (- ® =0- '• 
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This function Q„ (/j) is sometimes called the zonal harmonic ‘ of the second 
kind.’ 

Thus 

(3o (/a) = 4 log , Q, if) = 4 (3/.^ - 1) log - f 

Q, if) = 4^ log|^ - 1, Q, (/i) = 4 (5/.= - 3 m) log - IM'^ + 1 . 

86. When we abandon the restriction as to symmetry about the axis 
of cc, we may suppose Sn, if a finite and single-valued function of co, to be 
expanded in a series of terms varying as cos sco and sin sco respectively* If 
this expansion is to apply to the whole sphere (i.e. from cw == 0 to ca = 27r), we 
may further (by Fourier’s theorem) suppose the values of s to be integral. 
The differential equation satisfied by any such term is 

I; f’} + 1“ - 1^?.} » (i> 

If we put Sn = (1 — V, 

this takes the form 

(l-M^)||-2(^+l)M^ + (n-s)(« + s+l)t; = 0, 
which is suitable for integration by series. We thus obtain 

(ii — 5 — 2)(n — 5 ) (n + 5 + l)(n + 5+ 3) ^ ] 

+ 1.2. 3 . 4 

+ 5(1 

, (w-s-3)(«-s-l)(m + s + 2)(»j + s + 4) „ ) 

+ 1.2. '3 74 '.I M 

the factor cos^cy or sin^w being for the moment omitted. In the hypcr- 
geometric notation this may be written 

-S„ = (1 - - 4 n, 4 + 4 s + 4 u, 4 , mO 

+ + 1-5 — 1 + Js 4 - I'll, f, ...(3) 

These expressions converge when ytt^< 1, but since in each case we have 

7~a’~/3==-5, 

the series become infinite as (1 — at the limits /x=: + 1, unless they 
terminate*. The former series terminates when ?2 — is an even, and the 


Eayleigh, Theory of Sound, London, 1877, Art. 338. 
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latter when it is an odd integer. By reversing the series we can express 
both these finite solutions by the single formula* 

2.4.(2n-l)(2n-3) ^ ’ 

On comparison with Art. 85 (1) we find that 

= (5) 

That this is a solution of (1) may of course be verified independently. 

In terms of sin \d, we have 


(cos B) ■■ 


.. -i'LLf ) !_ sin* ^ 1 1 - + ^ + gi„2 in 

2*(n-s)!s! l.(s + l) 

, (n-s-l)(n-s)(n + 5 + l)(ji + s + 2)_.^^j^ | 

+ ________ sm^0-...|. ...(6) 


This coiTesponds to Art. 85 (4), from which it can easily be derived. 


Collecting our results we learn that a surface-harmonic which is finite 
over the unit sphere is necessarily of integral order, and is further expressible, 
if n denote the order, in the form 


Sn == AoPn (/a) + ^ (-^S COS SCO + sin sco) PJ (fl), (7) 

^=1 

containing 2n + 1 arbitrary constants. The terms of this involving o> are 
called HesseraF harmonics, with the exception of the last two, which are 
given by the formula 

(1 - (A n cos nce) + Bn siu nocf), 

and are called 'sectorial’ harmonics f; the names being suggested by the forms 
of the compartments into which the unit sphere is divided by the nodal lines 
Sn=0. 

The formula for the tesseral harmonic of rank s may be obtained otherwise 
from the general expression (6) of Art. 82 by making n — 5 out of the n poles 
of the harmonic coincide at the point 0 = 0 of the sphere, and distributing 
the remaining s poles evenly round the equatorial circle 0== Itt. 

The remaining solution of (1), in the case of n integral, may be put in 
the form 

Sn^iAg cos SCO + Bs sin sco) Qn^ (/a), (o) 

* There are great varieties of notation in connection with these ‘associated functions,’ as 
they have been called. That chosen in the text was proposed by F. Neumann ; and is adopted 

by Whittaker and Watson, p. 323. 

■j" The prefix ‘ spherical ’ is implied ; it is often omitted for brevity. 
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where* &' W - (1 W 

This is soDciotiniGs callod a tcssoral harmoiiic ‘ of the second kind. 

87. Two surface-harmonics /S' are said to be ‘conjugate, or orthogonal, 

when _ . 

JJ/S/S'd^ = 0, (1) 

where is an element of surface of the unit sphere, and the integration 

extends over this sphere. 

It may be shewn that any two surface-harmonics, of different orders, 
which are finite over the unit sphere, are orthogonal, and also that the 2n + 1 
harmonics of any given order n, of the zonal, tesseral, and sectorial types 
specified in Arts. 85, 86, are all mutually orthogonal. It will appear, later, 
that the orthogonal property is of great importance .in the physical applications 
of the subject. 

Since Sot = sin we have, as particular cases of this 

theorem, 

= ( 2 ) 


j ^P^(/tt).P„(/u)£Z/i = 0, (3) 




provided m, n are unequal. 

For m^n, it may be shewn f that 





88 . We may also quote the theorem that any arbitrary function /(fi, o)) 
of the position of a point on the unit sphere can be expanded in a series 
of surface-harmonics, obtained by giving ?i all integral values from 0 to oo , 
in Art. 86 (7). The formulae (5) and (6) are useful in determining the 
coefficients in this expansion. 

Thus, in the case of symmetry about an axis, the theorem takes the form 

/(^) = Co + c,p, (m) + (/.) -h . . . + (m) + (7) 

If we multiply both sides by P^ (fj) dfiy and integrate between the limits ± 1, 
we find 

= ( 8 ) 

* A table of the functions Qn W* various values of n and s, is given by Bryan, 

Proc. Ganih, Phil, Soc, vi. 297. 

+ Ferrers, p. 86 ; Whittaker and Watson, pp. 306, 325. 
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and, generally, 

S-n J. 1 fl 

^ j /(/a) Pn(fi)d/I (9) 


For the analytical proof of the theorem recourse must be had to the 
special treatises^; the physical grounds for assuming the possibility of this 
and other similar expansions will appear, incidentally, in connection with 
various problems. 

89. Solutions of the equation = 0 may also be obtained by the usual 
method of treating linear equations with constant coefficients f. Thus, the 


equation is satisfied by 

(f, = 

or,nnore generally, by cf) =f(ax /3i/ -h (1) 

provided + 7^ = 0 (2) 

For example, we may put 

a, 7 == 1, i cos i sin Sr, (3) 

or, again, /3, 7 = 1, i cosh u, sinh u (4) 


It may be shewnj that the most general solution possible can be obtained by 
superposition of solutions of the type (1). 

Using (3), and introducing the cylindrical co-ordinates cc, 'zsr, ©, where 

y = 'ST cos 0), sin co, (5) 

we build up a solution symmetrical about the axis of x if we take 

0 = — /{x + i^sT cos — ft))} 

^TT Jo 

For, since the integration extends over a whole circumference, it is immaterial 
where the origin of ^ is placed, and the formula may therefore be written § 

(f) = ~ f(x + itsr cos Sr) = — I f{p^r COS Sr) (6) 

This is remarkable as giving a value of <)b, symmetrical about the axis of 
ic, in terms of its values f{x) at points of this axis. It may be shewn, by means 
of the theorem of Art. 38, that the form of ^ is in such a case completely 
determined by the values over any finite length of the axis||. 

As particular cases of (6) we have the functions 

i r(x + w cos d% ~ f (x + i'UT cos Sr)-^-^ d% 

Trio 

* For an account of the more recent investigations of the question, see Wangerin, lx. 

t Forsyth, Differential Equations, p. 444. 

J Whittaker, 3ionth. Not. B. Ast. Soc. Ixii. (1902). 

§ W^'hittaker and Watson, Modern Analysis, c. xviii. 

11 Thomson and Tait, Art. 498. 



112 


Irrotational Motion of a Liquid [chap, v 


whcr© u will b© supposed to be in.tegr<il. Since these are solid harmonics finite 
over the unit sphere, and since, for isr = 0, they reduce to and t they 
must be equivalent to Pn (/^) Pn (f) respectively. We thus obtain 

the forms 

-P« (m) = - f + W(1 - /"“) cos (7) 

7r jo 

T. / ^ 1 {R\ 

^ “ tt Jo {fi + i V(1 COS ’ ^ ^ 

due originally bo Laplace^ and Jacobi f, respectively. 


90. As a first application of the foregoing theory let us suppose that an 
arbitrary distribution of impulsive pressure is applied to the surface of a, 
spherical mass of fluid initially at rest. This is equivalent to prescribing an 
arbitrary value of (p over the surface i the value of p in the interior is thence 
determinate, by Art. 40. To find it, we may suppose the given surface-value 
bo be expanded, in accordance with the theorem quoted in Art. 88, in a series- 
of surface-harmonics of integral order, thus 

<56 = >8o + >83. -f >§2 + + (1) 

The required value is then 

= + + + + (2) 


for this satisfies = 0, and assumes the prescribed form (1) when r = a, the 
radius of the sphere. 


The corresponding solution for the case of a prescribed value of p over 
the surface of a spherical cavity in an infinite mass of liquid initially at rest 
is evidently 


+ ^ ^2 + ••• + ^i>On+ .... 


.( 3 ) 


Combining these two results we get the case of an infinite mass of fluid 
whose continuity is interrupted by an infinitely thin vacuous stratum, of 
spherical form, within which an arbitrary impulsive pressure is applied. The 
values (2) and (3) of p are of course continuous at the stratum, but the 
values of the normal velocity are discontinuous, viz. we have, for the internali 
fluid. 


dp 

dr 




and for the external fluid 

9r ^ 'a 


* Mec. Cel, Livre ll*"®, c, ii. 

+ Crelle^ xxvi. (1843) [Gesamvielte Werhe^ Berlin, 1881..., vi. 148]. 
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The motion, whether internal or external, is therefore that dne to a 
distribution of simple sources with surface-density 


2 (271 + 1 ) 

a 


over the sphere ; see Art. 58. 

91. Let us next suppose that, instead of the impulsive pressure, it is the 
normal velocity which is prescribed over the spherical surface ; thus 

^ 5^1 + ^2 + d- •••, (1) 

the term of zero order being necessarily absent, since we must have 

« 

on account of the constancy of volume of the included mass. 

The value of ^ for the internal space is of the form 

(p = A itSi + A2T“S2 + • . . + A^iT'^^Sn ■+■ • • * 5 ( 3 ) 

for this is finite and continuous, and satisfies = 0, and the constants can 
be determined so as to make dcp/dr assume the given surface-value (1); viz. 
•we have == 1. The required solution is therefore 

W 

The corresponding solution for the external space is found in like manner 
to be 

* — ® 


The two solutions, taken together, give the motion produced in an infinite 
mass of liquid which is divided into two portions by a thin spherical membrane, 
when a prescribed normal velocity is given to every point of the membrane, 
subject to the condition (2). 

The value of ^ changes from dl^Snln to - aXSnjin + 1), as we cross the 
membrane, so that the tangential velocity is now discontinuous. The motion, 
whether inside or outside, is that due to a double-sheet of density 



see Art. 58. 

The kinetic energy of the internal fluid is given by the formula (4) of 
Art. 44, viz, 

2T^pjjcl>f^dS = panljjs.^d^, (7) 

the parts of the integral which involve products of surface-harmonics of 
different orders disappearing in virtue of the orthogonal property of Art. 87. 


L. H. 
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For the external fluid we have 

= ( 8 ) 

91 A. The harmonic of zero order lends itself at once to the discussion of 
the two mathematically cognate problems of the collapse of a spherical bubble 
in water, and the expansion of a spherical cavity due to the pressure of an 
included gas, as in the case of a submarine mine. 

In the former problem* if the initial radius of the bubble, and li its value at 

time if, we have 


since this makes -d(j)l'br — R^ for r—R. Hence, putting 0 = 0 in Art. 22 (5), we have 

p -Po _ R^R+^RR^ _ R^R^ 


if po be the pressure at r=oo . Hence, putting r^R and neglecting the internal pressure, 




the integral of which is 


R^ie=l‘^{Ro^-m) (4) 

This cannot easily be integrated further, but the time {ti) of total collapse can be found ; 

thus, putting 

Thus if p=l, iEo=l cm., and c.G.s. (1 atmosphere), = *000915 sec. 

The kinetic energy at any instant is 

27rp R^R^^^^Trpo {R^^ - R^\ (6) 

as is indeed obvious from a consideration of the work done at a distance on the fluid. 
When the collapse occurs, the energy destroyed, or rather converted into other forms, is 
If i2o = 1, po — lO^, this is 4*18 x 10® ergs, or about *308 of a ft. -lb. 

The equations (1) and (2) are applicable also to the problem of the expanding cavity, 
but we now neglect the pressure po at a distance. If pi be the initial pressure in the 
cavity, when R=Ro, and i2=0, the internal pressure at time t is given by 

^(tr 

if we assume the adiabatic law of expansion. Hence 

RR+^R^=^co^ ( 8 ) 

where co^^(pjp) ( 9 ) 

This quantity Cq is of the nature of a velocity, and determines the raj)idity with which 
changes take place. The integral of (8) is 

R^_ 2 (fR,y_fR,fy] 


Co^ 3 (y-1) \\RJ \RJ / 

* Besant, Hydrostatics and Hydrodynamics, Cambridge, 1859; Bayleigh, Rhil. Mag, xxxiv. 
94 (1917) [Papers, vi. 504]. 
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It appears from (8) that the initial acceleration {R) in the radius is Ca^jE^, whatever the 
law of expansion. From (8) and (10) we find that the maxirrni m of R ocom-s when 



{RIR,fy-^=y, 

(11) 

and is given by 

.K2_ 2 

C<? 3/b-i) •• ■ 

(12) 

The solution 

is not easily completed except in the special case of y==|. 

IFriting 




(13) 

we have then 

<■+'>’ 3 

(14) 

whence 

c^tj Ao = V (2^) ( 1 + f ^ 

(15) 


As a concrete illustration, suppose the initial diameter of the cavity to be 1 metre, and 
the initial pressure pi to be 1000 atmospheres, which makes Co=3'16x 10^ cm./see. It is 
then found that the radius of the cavity is doubled in 35(J of a second, and multiplied 
five-fold in about sec. The initial acceleration of the radius is 2*00 x 10^ cm./sec.^ 
shewing that the neglect of gravity in the early stages of the motion is amply justified. 
The maximum of R occurs when A/Aq— ^=* 0016 sec., and is about 145 metres per 
second, or about one-tenth of the velocity of sound in water. With initial pressures of the 
order of 10,000 atmospheres or more, we should have velocities comparable with the velocity 
of sound, and the effect of compressibility would be no longer negligible^. 


92. The harmonic of the first order is involved in the problem of the 
motion of a solid sphere in an infinite mass of liquid which is at rest at infinity. 
If we take the origin at the centre of the sphere, and the axis of x in the 
direction of motion, the normal velocity at the surface is Tlxjr, — U cos 6, where 
U is the velocity of the centre. Hence the conditions to determine are (1°) 
that we must have = 0 everywhere, (2°) that the space-derivatives of ^ 
must vanish at infinity, and (3^) that at the surface of the sphere (r = a) we 
must have 

-^ = ?7cos6' (1) 

or 

The form of this suggests at once the zonal harmonic of the first order ; we 
therefore assume 

. .91 . cos 0 

The condition (1) gives — 2A/a^ = ?7, so that the required solution isf 

= (2) 

It appears on comparison with Art. 56 (4) that the motion of the fluid is 
the same as would be produced by a double-source of strength 27r U a®, situate 
at the centre of the sphere. For the forms of the lines of motion see p. 120. 

* This discussion is taken from a paper “The early stages of a submarine explosion,” Phil, 
Mag, xlv. 257 (1923). 

t Stokes, “On some cases of Fluid Motion,” Carrib, Tra7is,^m. (1843) [Papers, i. 17]. Dirichlet, 
“XJeber die Bewegung eines festen Korpers in einem inoompressibeln fliissigen Medium,” Berl. 
Monatsher, 1852 [Werhe, Berlin, 1889-97, ii. 115]. 
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To find the energy of the fluid motion we have 


jjcf) ^^dS = ^paU^ cos® 6 . 27ra sin 6 . adO 


=:i7rpa^U^^M'U^ ( 3 ) 

if = It appears, exactly as in Art. 68, that the effect of the fluid 

pressure is equivalent simply to an addition to the inertia of the solid, the 
increment being now half the mass of the fluid displaced^. 

Thus in the case of rectilinear motion of the sphere, if no external forces 
act on the fluid, the resultant pressure is equivalent to a force 



(4) 


in the direction of motion, vanishing when U is constant. Hence if the sphere 
be set in motion and left to itself, it will continue to move in a straight line 
with constant velocity. 

The behaviour of a solid projected in an actual fluid is of course quite 
different; a continual application of force is necessary to maintain the motion, 
and if this be not supplied the solid is gradually brought to rest. It must be 
remembered however, in making this comparison, that in a ‘ perfect ’ fluid 
there is no dissipation of energy, and that if, further, the fluid be incompressible, 
the solid cannot lose its kinetic energy by transfer to the fluid, since, as we 
have seen in Chapter ill., the motion of the fluid is entirely determined by 
that of the solid, and therefore ceases with it. 


If we wish to verify the preceding result by direct calculation from the formula 


p ^d(j) 

dt 




,(5) 


we must remember that the origin is in motion, and that the values of r and 3 for a fixed 
point of space are therefore increasing at the rates ~ U cos 6, and {U sin $)j7\ resjicctivoly, 
or we may appeal to Art. 20 (6). In either way we find 

^ ^ cos cos 2^ - * + /- (i) (6) 

The last three terms are the same for surface-elements in the positions 6 and Tr-(9; so 
that, when U is constant, the pressures on the various elements of the anterior half of tho 
sphere are balanced by equal pressures on the corresponding elements of tho posterior 
half. But when the motion of the sphere is being accelerated there is an excess of pressure 
on the anterior, and a defect on the posterior half. The reverse holds when the motion is 
being retarded. The resultant effect in the direction of motion is 


as before. 



27ra sin 6. add .p cos ^ - ^ 7 rpa^ 


(W 
dt ’ 


93. The same method can be applied to find the motion produced in a 
liquid contained between a solid sphere and a fixed concentric spherical 
boundary, when the sphere is moving with given velocity XJ. 

* Stokes, Lc. The result had been obtained otherwise, on the hypothesis of infinitely 
small motion, by Green, On the Vibration of Pendulums in Fluid Media,’* Bdin. Trans. 1833 
[Papers, p. 315]. 
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The centre of the sphere being taken as origin, it is evident, since the space occupied 
by the fluid is limited both externally and internally, that solid harmonics of both positive 
and negative degrees are admissible ; they are in fact required, in order to satisfy the 
boundary conditions, which are 

- defy ldr=U cos S, 

for r—a, the radius of the sphere, and 

d<pldr=0, 

for r=&, the radius of the external boundary, the axis of so being as before in the direction 
of motion. 

We therefore assume cosd, (1) 


and the conditions in question give 


whence 


A- 


a? 

6^ 










U. 


( 2 ) 


The kinetic energy of the fluid motion is given by 


the integration extending over 
0<3[)/3r=O. We thus find 


the inner spherical surface, 




since at the outer we have 


,(3) 


It appears that the effective addition to the inertia of the sphere is now* 

„ 68+2a3 

- 


•w 


As b diminishes from oo to a, this increases continually from to oo , in accordance 

with Lord Kelvin^s minimum theorem (Art 45). In other words, the introduction of a 
rigid spherical partition in the problem of Art. 92 acts as a constraint increasing the 
kinetic energy for any given velocity of the sphere, and so virtually increasing the inertia 
of the system. 

94 , In all cases where the motion of a liquid takes place in a series of 
planes passing through a common line, and is the same in each such plane, 
there exists a stream -function analogous in some of its properties to the two- 
dimensional stream-function of the last Chapter. If in any plane through the 
axis of symmetry we take two points A and P, of which A is arbitrary, but 
fixed, while P is variable, then considering the annular surface generated by 
any line AP, it is plain that the flux across this surface is a function of the 
position of P. Denoting this function by 27 rir, and taking the axis of ir to 
coincide with that of symmetry, we may say that f is a. function of ^ and ts-, 
where ^ is the abscissa of P, and A is its distance from the axis. 

The curves — const, are evidently stream-lines. 

If P' he a point infinitely near to P in a meridian plane, it follows from 
the above definition that the velocity normal to PP' is equal to 


27rS'v|r 

27r'5T . PP' ’ 


* Stokes, lx. ante p. 115. 
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whence, taking PP' parallel first to w and then to x, 

1 0v|r 1 9'^ 

'SJ O'UT TST OCC 


( 1 ) 


where u and v are the components of fluid velocity in the directions of x and 
CT respectively, the convention as to sign being similar to that of Art. 59. 

These kinematical relations may also be inferred from the form which the 
equation of continuity takes under the present circumstances. If we express 
that the total flux into the ammlar space generated by the revolution of an 
elementary rectangle SxS-sr is zero, we find 

— (u . 27rCTSw) Bx + ^ (v . 2 v-1!7Bx) = 0, 

dx^ 9'or ' 

or ^ («•«) + ^ = 0, (2) 

which shews that ivu . dx — wu . dro 

is an exact differential. Denoting this by d-\lr we obtain the relations (1)*. 

So far the motion has not been assumed to be irrotational ; the condition 
that it should be so is 

9u 9 m _ Q 
9a: 9or ’ 


which leads to 
The differential 


dx^ 9'nj'^ w 9®' 

equation of <p is obtained by writing 
dd> 9ijf> 


(3) 


in (2), viz. it is 




(4) 


It appears that the functions (f) and ylr are not now (as they were in Art. 62) 
interchangeable. They are, indeed, of different dimensions. 

The kinetic energy of the liquid contained in any region bounded by 
surfaces of revolution about the axis is given by 


= 


9^ 

dn 


dS 


. iTTTjyds 

'urds 


= 2wp j (j>d'\lr, 


( 5 ) 


* The stream-function for the case of symmetry about an axis was introduced in this manner 
by Stokes, “ On the Steady Motion of Incompressible Fluids,” Camh. Trans, vii. (1842) [Papers, 
i. 1], Its analytical theory has been treated very fully by Sampson, “ On Stokes’ Current- 
Function,” Phil. Trans. A, clxxxii. (1891). 
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hs denoting an element of the meridian section of the bounding surfaces, and 
the integration extending round the various parts of this section, in the proper 
directions. Compare Art. 61 (2). 


95. 


In the case of a point-source at the origin whose velocity-potential is 



( 1 ) 


the flux through any closed curve is numerically equal to the solid angle 
which the curve subtends at the origin. Hence for a circle with 0(c as axis, 
whose radius subtends an angle 6 at 0, we have, attending to the sign, 

27r'v/r = — Stt (1 — cos 9). 

Omitting the constant term we have 


00 _dr 
r doo ‘ 


( 2 ) 


The solutions corresponding to any number of simple sources situate at 
various points of the axis of x may evidently be superposed; thus for the 
double-source 


we have 




1 I 

dx r 


cos 6 


_ d^r sin‘^ ^ 


( 3 ) 

(4) 


And, generally, to the zonal solid harmonic of degree — n — 1, viz. to 

9 ^ 1 

r ’ 

corresponds ^ i/r = A 


( 5 ) 

( 6 ) 


A more general formula, applicable to harmonics of any degree, fractional 
or not, may be obtained as follows. Using spherical polar co-ordinates r, 9, 
the component velocities along r, and perpendicular to r in the plane of the 
meridian, are found by making the linear element PP' of Art. 94 coincide 
successively with rh6 and Sr, respectively, viz. they are 



1 d^p- 


1 d'yfr 


(7) 


r sin 6 rdd ' 

r 

sin 0 dr 



Hence in the case of irrotational motion we 

have 





d'yjr 

= — sin 0 

d(j> 

(8) 


sin 0d0 0r ’ 

dr 

de 


Thus if 

<f>==P 




( 9 ) 


where 8n is a zonal harmonic of order we have, putting fi == cos 6^ 

I— 

Stefan, “ Ueber die Kraftlinien eines urn eine Axe symmetrischen Peldes,” Wied. Ann, 
xvii. (1882). 
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The latter equation gives 

; 

which must necessarily also satisfy the former; this is readily verified by 
means of Art. 84 (1). 

Thus in the case of the zonal harmonic P„, we have as corresponding 
values 

4^ ^ r-P,, (m), t = (1 7?::" ^ (H) 


1 fjp 

and ^ = r~'*^'^'^Pn (/a), = (1 — /P) , (T2) 

72' (XyC6 

of which the latter must he equivalent to (5) and (6). The same relations 
hold of course with regard to the zonal harmonic of the second kind, Qn. 

96. We saw in Art. 92 that the motion produced by a solid sphere in 
an infinite mass of liquid may be regarded as due to a double-source at the 
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centre. Comparing the formulae there given with Art. 95 (4), it appears that 
the stream-function due to the sphere is 

^ sins 0 (X) 


The forms of the lines of motion corresponding to a number of equidistant 
values of are shewn on the opposite page. The stream-lines relative to the 
S'phere are figured in a diagram near the end of Chapter vii. 

Again, the stream-function due to two double-sources having their axes oppositely 
directed along the axis of x will be of the form 






.( 2 ) 


where denote the distances of any point from the positions, and F 2 , say, of the 
two sources. At the stream-surface -v/a = 0 we have 


nlr2={AIB)\ 

f.e. the surface is a sphere in relation to which Pj and Pg are inverse points. If 0 be the 
centre of this sphere, and a its radius, we find 

A/P= 0Pi>3= a^OPa^ (3) 

This sphere may he taken as a fixed boundary to the fluid on either side, and we thus 
obtain the motion due to a double-source (or say to an infinitely small sphere moving 
along Ox) in presence of a fixed spherical boundary. The disturbance of the stream-lines 
by the fixed sphere is that due to a double-source of the opposite sign placed at the 
‘inverse’ point, the ratio of the strengths being given by (3)*. This fictitious double- 
source may be called the ‘image’ of the original one. 


97. Rankinef employed a method similar to that of Art. 71 to discover 
forms of solids of revolution which will by motion parallel to their axes 
generate in a surrounding liquid any given type of irrotational motion 
symmetrical about an axis. 

The velocity of the solid being TJ, and hs denoting an element of the 
meridian, the normal velocity at any point of the surface is Udmjds, and that 
of the fluid in contact is given by — d^j^^rds. Equating these and integrating 
along the meridian, we have 

yfr = — ^ -f const (1) 

If in this we substitute the value of ^}r due to any distribution of sources 
along the axis of symmetry, we obtain the equation of a family of stream- 
lines. If the sum of the strengths is zero, one of these lines will serve as the 
profile of a finite solid of revolution past which the flow takes place. 

In this way we may readily verify the solution already obtained for the 
sphere; thus, assuming 

( 2 ) 


* This result was given by Stokes, ‘‘On the Eesistance of a Fluid to two Oscillating Spheres,” 
Brit. Ass. Beport, 1847 [Papers^ i. 230]. 

t “ On the Mathematical Theory of Stream Lines, especially those with Four Foci and 
upwards,” Phil Trans. 1871, p. 267 (not included in the collection referred to on p. 61 -ante). 
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we find that (1) is satisfied for r = a, provided 

A^^lUa\ (3) 

which agrees with Art. 96 (1). 


By a continuous distribution of sources and sinks along the axis it has 
been found possible to imitate forms which have empirically been found 
advantageous for the profiles of air-ships. The fluid pressures can in such 
cases be calculated, and the results compared with experiment, 

98. The motion of a liquid bounded by two spherical surfaces can be 
found by successive approximations in certain cases. For two solid spheres 
moving in the line of centres the solution is greatly facilitated by the result 
given at the end of Art. 96, as to the ' image ' of a double-source in a fixed 
sphere. 

Let a, h be the radii, and c the distance between the centres A, B. Let U be the 
velocity of A towards j5, U' that of B towards A. Also, P being any point, let 


BF—r', FAB — 6^ FBA =0', The velocity -potential will be of the form 

( 1 ) 

where the functions 4> and (p' are to be determined by the conditions that 

v2(^-0, (2) 

p 


p 



(3) 

,(4) 

over the surface of B. It is evident that p is the value of the velocity-potential when A 
moves with unit velocity towards B, while B is at rest ; and similarly for p'. 

To find p^ we remark that if B were absent the motion of the fluid would be tiiat due 
to a certain double-source at A having its axis in the direction AB. The theorem of Art. 96 
shews that we may satisfy the condition of zero normal velocity over the surface of B by 
introducing a double-source, viz. the Mmage’ of that at A in the sphere B. This imago is 
at ATi, the inverse point of A with respect to the sphere B\ its axis coincides with A B, and 
its strength is - where /xq is the strength of the original source at 4, viz. 

/xo=27ra^. 

The resultant motion due to the two sources at A and Hi will however violate the condi- 
tion to be satisfied at the surface of the sphere A, and in order to neutralize the normal 
velocity at this surface, due to Hi^ we must superpose a double-source at ^^ 2 , the image 
of Hi in the sphere A. This will introduce a normal velocity at the surface of B, which 


throughout the fluid, that their space-derivatives vanish at infinity, and that 

'^p ^ dp' 

-^-~oosd, ^= 0 ,- 


over the surface of A, whilst 
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may again, be neutralized by adding the image of iTj in and so on. If jui, /ti, /xg, ... be 
the strengths of the successive images, and/1,/2,/3, tbeir distances from A, we have 

/3 

0-/4’ /s’ fXi {c-f,r fxr /6®’j 

and so on, the laws of formation being obvious. The images continually diminish in 
intensity, and this very rapidly if the radius of either sphere is small compared with the 
shortest distance between the two surfaces. 

The formula for the kinetic energy is 


. 63 

/i=c — 
•' c 


./3=c-: 




provided 

l=.-pI 


27’= -pJJ(U-(j>+ U'4>') (u^ + U’ cf,S'=it^2+2ilf C’r'+iV’6’'2, 


where the suffixes indicate over which sphere the integration is to be effected. The 
equality of the two forms of if follows from Green’s Theorem (Art. 44). 

The value of (p near the surface of -A can be written down at once from the results (7) 
and (8) of Art. 85, viz. we have 

47r<3f) = (^0 + f^2 + H + ...) — 2 ^ ^ + &c., (8) 

the remaining terms, involving zonal harmonics of higher orders, being omitted, as they 
will disappear in the subsequent surface-integration, in virtue of the orthogonal property of 
Art. 87. Hence, putting dcp/dn^ - cos 0, we find with the help of (5) 

L=Ip (po + 3p2+3p4+...)=|ffpa* ^1+3^+ 

It appears that the inertia of the sphere A is in all cases increased by the presence of a 
fixed sphere B. Compare Art. 93. 

The value of N may be written down from symmetry, viz. it is 

N=l^pV (h-3^3+3^^^,3 ’ 




fi=o- 


/3'=«-; 


fi' = jn 

h 


and so on. 

To calculate M we require the value of (p' near the surface of the sphere A ; th^is is due 
to double-sources /xq', jx/, jJL 2 j 1 ^ 3 ^ ... at distances c, c-//, 0-/2', ... from A, where 

^q'= — and 






63 

Po 



Ml' 

.A'® 

M2' 

’(c 

aP 

II 

63 



aP 

tl=: 

63 

H'i 



M5 
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and' SO on. This gives, for points near the surface of Aj 


. , , , .cos^ ^ 

4:Tr<p =(/4l +fl3 +^5 + ~ ^ 




4. . _ i 


Hence 


reos^-f&c. .. 

....(13) 



....(14) 

.. 

....(15) 


M- - p J jcjy' ^ dSj_ =/? (pi +^3' + + • * •) 

- Sttp +^^,3 +y-3y-3 (e -f:'f (0 -/7) 

When the ratios ajc and hjc are both small we have 

X=|,p„s(^l+3 5-'), (1") 

approximately*. 

If in the preceding results we put h=^a, U'=^U, the plane bisecting AB right angles 
will b.e .a plane of symmetry, and may therefore be taken as a fixed boundary to the fluid 
on either side. Hence, putting c=2A, we find, for the kinetic energy of the liquid when a 
sphere is in motion perpendicular to a rigid plane boundary, at a distance h from it, 

2r=|ffpa3(^l+||-!+...) «72, (16) 

a result due to Stokes. 

99. When the spheres are moving at right angles to the line of centres 
the problem is more difficult ; we shall therefore content ourselves with the 
first steps in the approximation, referring, for a more complete treatment, to 
the papers cited below. 

Let the spheres be moving with velocities F, V in parallel directions at right angles to 
A^ and let r, d, 00 and /, 6 \ o' be two systems of spherical polar co-ordinates having their 
origins at A and B respectively, and their polar axes in the directions of the velocities 
F, F'. The velocity -potential will be of the form 

with the surface-conditions 



II 

1 

0 

c 

CO 

yt> 

II ' 

forr^a, 

(1) 

and 

o' 

11 

^=-cos«5', 

for / =6. 

(2) 


If the sphere B were absent the velocity-potential due to unit velocity of A would be 

^ -9 cos 6 . 

\ 

Since^rcos d^r' cos B\ the value of this in the neighbourhood of B will be 

ct^ 

i i ^ cos 6 ' 

\ ^ <r 

approxin^ately. The normal velocity at the surface of B^ due to this, will be cancelled by 
the addition of the term 

; , cos 6 ' 

• "/T ’ 

which in the neighbourhood of A becomes equal to 

i-^rcose, 

* To this degree of approximation the results may be more easily obtained without the use 
of ‘ images,’ the procedure being similar to that of the next Art. 
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nearly. To rectify the normal velocity at the surface of A, we add the term 

. a%^ cos 6 


Stopping at this point, and collecting our results, we have, over the surface of 

^^^cosd, (3) 

and at the surface of B, 0 = |6 . ^ cos d' (4) 

Hence if we denote by P, §, R the coefficients in the expression for the kinetic energy, 
2P=Pr2+2§Fr + PP2 (5) 


VIZ. 


we have 




.( 6 ) 


Q=.-pjj4,'^±dSs=^p'^, 

<f5^=|^p63 (l+l . 

The case of a sphere moving parallel to a fixed plane boundary, at a distance h, is 
obtained by putting h — a, F= F', c^2h, and halving the consequent value of T ; thus 

2T^%^pa^(l+^f]VK ( 7 ) 

This result, which was also given by Stokes, may be compared with that of Art. 98 (16)^. 


Cylindrical Harmordcs. 


100 . In terms of the cylindrical co-ordinates x, 
Art. 89, the equation = 0 takes the form 


dx^ 3'C3'2 -5j9t3T 




CO introduced in 


.....( 1 ) 


This may be obtained by direct transformation, or more simply by expressing 
that the total flux across the boundary of an element S^. S-sr .-srScD is zero, 
after the manner of Art. 83. 

In the case of symmetry about the axis of x, the equation reduces to the 
form (4) of Art. 94. A particular solution is then <^ = % ('sj), provided 

x"{^)+~x'i'^) + i^x('^) = ^ (^) 

'sr 


* For a fuller analytical treatment of the problem of the motion of two spheres we refer to 
the following papers: W. M. Hicks, “ On the Motion of two Spheres in a Fluid,” Phil. Trans. 
1880, p. 455; R. A. Herman, “On the Motion of two Spheres in Fluid,” Quart. Journ. Math. 
xxii. (1887); Basset, “ On the Motion of Two Spheres in a Liquid, &c.” Proc. Land. Math. Soc. 
xviii. 369 (1887). See also C. Neumann, Hydrodynamiselie Uiitersuchungeiif Leipzig, 1883; 
Basset, Hydrodynamics ^ Cambridge, 1888. The mutual influence of ‘ pulsating ’ spheres, i.e. of 
spheres which periodically change their volume, has been studied by C. A. Bjerknes, with a view 
to a mechanical illustration of electric and other forces. A full account of these researches is 
given by his son Prof. V. Bjerknes in Vorlesungen fiber hydrodynamiselie Fernhrdfte, Leipzig, 
1900-1902. The question is also treated by Hicks, Camb. Proc. iii. 276 (1879), iv. 29 (1880), and 
by Voigt, Gott. Nachr, 1891, p. 37. 
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This is the dififerential equation of ‘Bessel’s Functions’ of zero order. Its 
complete primitive consists, of course, of the sum of two definite functions 
of OT, each multiplied by an arbitrary constant. That solution which is finite 
is easily found in the form of an ascending series; it is usually 

denoted by where 

+ w 

We have thus obtained solutions of = 0 of the types* 

^ = W 

It is easily seen from Art. 94 (1) that the corresponding value of the stream- 

function is , ^ /k\ 

^jr = ^i■ Jo {kisr) ( 5 ) 

The formula (4) may be recognized as a particular case of Art. 89 (6) ; 

viz. it is equivalent to 

c/) = i (6) 

^ TT Jo 

since Jo(0 ~ (^cos^)d^ ^ /o 

as may be verified by developing the cosine, and integrating term by teim. 

Again, (4) may also be identified as the limiting form assumed by a 
spherical solid zonal harmonic when the order (n) is made infinite, piovided 
that at the same time the distance of the origin from the point considered bo 
made infinitely great, the two infinities being subject to a certain relation ’f. 

Thus we may take 

+ 

where we have temporarily changed the meanings of x and ct, viz. 

r = a + x, ^D■ = 2asin|^, 

n(n+l) (n—l)n(n+l)(n + 2) w* . 

whilst Xn (®-) = 1 2^ — ~ ’ ^ 

see Art. 85 (4). If we now put k = nja, and suppose a and ?i to become 
infinite, whilst k remains finite, the symbols « and w will regain their former 
meanings, and we reproduce the formula (4) with the upper sign in the 
exponential. The lower sign is obtained if we start with 

The same procedure leads to an expression of an arbitrary function of •gt 
in terms of the BesseFs Function of zero orderj. According to Art. 88, an 


* Except as to notation these solutions are to be found in Poisson, Lc, ante p. 16, 
t This process was indicated, without the restriction to symmetry, by Thomson and Tait, 
Art. 783 (1867). 

X. The procedure appears to be due substantially to C. Neumann (1862) ; for the history of the 
theorem (12) see Heine, i. 442, and Nielsen (op. cit. p. 129). 
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arbitrary function of latitude on the surface of a sphere can be expanded in 
spherical zonal harmonics, thus 

= 2 (n+i) fjOi') P„ (/) d/ (10) 

If we denote by iir the length of the chord drawn to the variable point from 
the pole (0 = 0) of the sphere, we have 

tar = 2a sin -I- t*rStir = — 

where a is the radius, so that the formula may be written 

1 r2(X/ 

— + f {vt') E niyr') dis' (11) 

If we now put k — -, Bk = -, 

a a 

and finally make a infinite, we obtain the important theorem : 

y(-23-) = f Jq (Jc'st) kdk f /('sy') Jq tir'cZsr' (12) 


101. If in (1) we suppose to be expanded in a series of terms varying 
as cos SO) or sin 5a), each such term will be subject to an equation of the form 

d'sr^ 'srd'ST ta-^^ 

This will be satisfied by ^ x ('^X provided 

x"(-) + :^x'M + (^^-5)%(^) = o, (14) 

which is the differential equation of Bessers Functions of order 5*. The 
solution which is finite for ti7 = 0 may be written = (7/g(i'sr), where 

^s(0 = 2i7n ( 5 ) “ 2 (2s + 2) 2.4(2s+2) (2s + 4) 

The complete solution of (14) involves, in addition, a Bessel’s Function 
^ of the second kind ’ with whose form we shall be concerned at a later period 
in our subject f. 

We have thus obtained solutions of the equation V^<p = 0, of the types 



* Forsyth, Art. 100; Whittaker and Watson, e. xvii. 

t For the further theory of the Besseks Functions of both kinds recourse may be had to 
Gray and Mathews, Treatise on Bessel Functions, 2nd ed., London, 1922, and to G. N. Watson, 
Theory of Bessel Functions, Cambridge, 1923, where ample references are given to previous writers. 
An account of the subject, from the physical point of view, will be found in Eayleigh’s Theory 
of Sound, cc. ix., xviii., with many important applications. 

Numerical tables of the functions Jg (^) have been constructed by Bessel and Hansen, and more 
recently by Meissel {Berl Abh. 1888). These are reproduced by Gray and Mathews, and, with 
valuable extensions, in Watson’s treatise. Abridged tables are included in the collections of Dale 
and of Jahnke and Emde referred to on p. 106. 
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These may also be obtained as limiting forms of the spherical solid harmonics 


n . / N cos) 




sinj 


with the help of the expansion (6) of Art. 86*. 

102. The formula (12) of Art. 100 enables us to write down expressions, 
which are sometimes convenient, for the value of on one side of an infinite 
plane (x=- 0) in terms of the values of ^ or 0<^/9n at points of this plane, in 
the case of symmetry about an axis {Ox) normal to the plane *f. Thus if 

(f^ := F ('S3'), for = 0, (1) 

we have, on the side > 0, 


(j) = { Jo (^'53') kdk [ F ('sr') Jo (k^') sj' J sj' (2) 

Jo Jo 

Again, if =/(^)» for ^ = 0, (3) 

(jX 

we have (p = f J’^^ (kzxr) dk f f{'^') Jo (^'®'0 (4) 

Jo Jo 

The exponentials have been chosen so as to vanish for = oo . 


Another solution of these problems has already been given in Art. 58, 
from equations (12) and (11) of which we derive 




: <«) 

respectively, where r denotes distance from the element SS of the plane to 
the point at which the value of (p is required. 

We proceed to a few applications of the general formulae (2) and (4). 

1°. If, in (4), we assume /(sx) to vanish for all but infinitesimal values of txt, and to- 
become infinite for these in such a way that 

/(i3r) 27rt2rc^'rEr=-|, 


we obtain 47r<^= 

and therefore, since Jo'= “ Ji? 

47r\/r= - 

by Art. 100 (5). 


e-'"Jf,{k'm)dk, ( 7 ) 

e~’‘^Ji(hu)dk, (8) 



* The connection between spherical surface^harmonics and Bessel’s Functions was noticed by 
Mehler, “ XJeber die Vertheilungd. statischen Elektricitat in einem v. zwei Kugelkalotten begrenzten 
Korper,” Crelle, Ixviii. (1868). It was investigated independently by Bayleigh, “On the Bela- 
tion between the Functions of Laplace and Bessel,” Proc, Lond. Math, Soc. ix. 61 (1878) [Papers, 
i. 338]; see also Theory of Sound, Arts. 336, 338. ^ 

There are also methods of deducing Bessel’s Functions ‘ of the second kind ’ as limiting 

forms of the spherical harmonics (/r), Q^‘ {fi) sa ; for these see Heine, i. 184, 232. 

+ The method may he extended so as to be free from this restriction. 
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By comparison with the primitive expressions for a point-source at the origin (Art. 95), 
we infer that 

1 , j\-^^Mk^)dk= (9) 

where r=^(.r2 + tj:2) j these are in fact known results^. 


2°. Let us next suppose that sources are distributed with uniform density over the 
plane area contained by the circle 'zzr=a, x—O, Using the series for Jq^ Ji^ or otherwise, 
we find 


Hence t 



Qca). 


( 10 ) 


where the constant factor has been chosen so as to make the total fi.ux through the circle 
equal to unity. 


3°. Again, if the density of the sources, within the same circle, vary as 1 /^/(a^ — 'zs'^), 
we have to deal with the integral $ 

Jq (to) ^ ™ ^ (12) 

where the evaluation is effected by substituting the series form of Jj), and treating each 
term separately. Hence 

= 'l'=-£dfo 

if the constant factor be determined by the same condition as before §. 


It is a known theorem of Electrostatics that the assumed law of density makes cj> 
constant over the circular area. It may be shewn independently that 

a 


i: 

f. 


Jq {km) sin ka 


Att, or sin-^ 


Ji (km) sin ka -r — 


dk a — sj {a^ — m"^) 


.(14) 


^ ; 


according as m \ 


The formulae (13) therefore express the flow of a liquid through a 


circular aperture in a thin plane rigid wall. Another solution will be obtained in Art. 108. 
The corresponding problem in two dimensions was solved in Art. 66, 1°. 

4°. Let us next suppose that when we have (f)=G J{a^ — m'^) for m<a, and cj)==0 
foTm'>a. We find 

Jq (km) s/{a^ - m^) wdm^a^ Jq (ka sin ^) sin S- cos^ ^ dS^a^xfri (ka)^ . . .(15) 

Jo Jo 

( 16 ) 


provided 
Hence, by (2), 


2. 5 “^2. 4. 5.7' 


^ T T K d /sin kd 


d sin f 
dk 


.(17) 


* The former is due to Lipschitz, Grelle, Ivi. 189 (1859); see Watson, p. 384. The latter 
follows by differentiation with respect to m and integration with respect to x* 
t Of. H. Weber, Grelle, Ixxv. 88; Heine, ii. 180. 

t The formula (12) has been given by various writers; see Bayleigh, Papers^ iii. 98; Hobson, 
Proe, Lond. Math. Soc. xxv. 71 (1893). 

§ Cf. H. Weber, Crelle, Ixxv. (1873) ; Heine, ii. 192. 

11 H. Weber, Crelle, Ixxv. ; Watson, p. 405. See also Proc. Lond. Math. Soc. xxxiv. 282. 


L. H. 
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This gives, for ^^=0, 

- ~ ^ X sin /■« cf/*, ( 18 ) 

after a partial integration. The value of the former integral is given in (14), aiul that of 
the latter can be deduced from it by differentiation with respect to w. Hence 



according as to* > a. It follows that if the formula (17) will relate to tlio motion 

of a thin circular disk with velocity U normal to its plane, in an infinite mass of liquid. 
The expression for the kinetic energy is 


2T. 


'= ~p jj(j> ^ dS=7TpO^ 27r^trd^'ur==fl7r^pa''^{7", 




.(20) 


The effective addition to the inertia of the disk is therefore 2 / 7 r ( = *6306) times the 
mass of a spherical portion of the fluid, of the same radius. For anotlier investigation of 
tbhis question, see Art. 108. 

Ellipsoidal Harmonics. 

103, The method of Spherical Harmonics can also be adapted to the 
solution of the equation 

= ( 1 ) 

under boundary-conditions having relation to ellipsoids of revolution*. 

Beginning with the case where the ellipsoids are prolate, we write 
x=^k cos 6 cosh 77 = 7 / = <^os m, z — sin ew, ] 

where ^ — k sin 6 sinh rj — k{l — fjd)^ _ lyi j 

The surfaces const., = const, are confocal ellipsoids and hyperboloids 
of two sheets, respectively, the common foci being the points (+ k, 0, 0). The 
value of ^ may range from 1 to 00 , whilst p lies between + 1. The co-ordinates 
p6, ft) form an orthogonal system, and the values of the linear elements 86^, 
§5^, hs^ described by the point {x, y, z) when ya, co separately vary are 




( 3 ) 

To express (1) in terms of our new variables we equate to zero the total 
flux across the walls of a volume element Ss^Ss^Ss.,, and obtain 




ifM {dt ^ 0 ? idt dco {dt 


dp 

or, on substitution from (3), 


Sft) = 0, 


I 




■ 




9.,= 


= 0 . 


Heine, ‘^Ueber einige Aufgaben, welche auf partielle Differentialgleichurigen fiihren,’' 
CvellB, xxvi. 185 (1843), and Kupclfunctioncn, ii. Art. 38, See also Ferrers, c. vi. 
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This may also be written 




+ ■ 






.( 4 ) 


1-IJ? da>^ 9? ^ ' 9f I ' 

104. If <)E) be a finite function of fi and co, from ja = — 1 to /a = + l and 
from to = 0 to to = 27r, it may be expanded in a series of surface harmonics of 
integral orders, of the types given by Art. 86 (7), where the coefficients are 
functions of f ; and it appears on substitution in (4) that each term of the 
expansion must satisfy the equation separately. Taking first the case of 
the zonal harmonic, we write 

(^.=P„(ya).Z, (5) 

and on substitution we find, in virtue of Art. 84 (1), 

^|(l-?^)^|+^Kn + 1)^ = 0, (6) 

which is of the same form as the equation referred to. We thus obtain the 
solutions 

4> = i^n{tA-Pn{K)> C^) 

and <j) = P« (ya) . Qn (8) 

where 

QniO = Pn(^)r 

i . 


{p„(r)}^(?^-i)’ 

ID /f‘\i 4- 1 2?i — 1 , 

= i-P« (?) log 

n ! 


1 . n 


3(u-l)- 


■l.3...(2n + l) 


, (n + l)(w + 2) 

^ ^ 2(2h + 3) ^ 


{ n + 1) (n + 2) {n + 3) (w + 4) _ 

2 . 4 {^71 + 3) (2w + 5) 


....(9)* 


The solution (7) is finite when ?= 1, and is therefore adapted to the space 
within an ellipsoid of revolution; whilst (8) is infinite for ?=1, but vanishes 
for ? = oo, and is therefore appropriate to the external region. As particular 
cases of the formula (9) we note 


Qo(?) = ilog^^, 


Qi(?) = Kiogl^-i, 


? + i 


?-i 


Qz (?) = i (3?' - 1) log ~ ^ 

The definite-integral form of Qn shews that 


H- 


P»(?) 


dQniO dPniO 


Qn (?) ~ 


.( 10 ) 


d? d? ?"-l 

The expressions for the stream-function corresponding to (7) and (8) are 
readily found ; thus, from the definition of Art. 94, 
dcf) 1 9''^ 

^ ~ 9s„ ’ 9^ w 9sf ’ 

* Ferrers, o. v.; Todlnmter, o. vi.; Forsyth, Arts, 96-99. 


.( 11 ) 


9—2 
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whence 




dcf} d^lr 


ar 


3i|r 

g- 

Thus, in the case of (7), we have 
djr 
djj- 

h _ ,,dPn{f) ± 

■ dll 


= k{l-iP) 


dll ' 




whence 


n {n -f 1) 


(^-1) 
(1 


d^ 




dPni^) 


.( 12 ) 


.(13) 


„(w + i)v- dll di; ■ ••■ 

The same result will follow of course from the second of equations (12). 

In the same way, the stream-function corresponding to (8) is 

(1 - <••) ■ (f - 1) (») 


105. We can apply this to the case of an ovary ellipsoid moving parallel 
to its axis in an infinite mass of liquid. The elliptic co-ordinates must be 
chosen so that the ellipsoid in question is a member of the confocal family, 
say that for which t == &• Comparing with Art. 103 (2) we see that if a, c be 
the polar and equatorial radii, and e the eccentricity of the meridian section, 
we must have 

k = ae, to = (?o^ - 1)^ = 0 . 

The surface-condition is given by Art. 97 (1), viz. we must have 

y}r=-iUk^{l- fjL^) -1)4- const., (1) 

for ^ = ^ 0 . Hence putting n = 1 in Art. 104 (14), and introducing an arbitrary 
multiplier A, we have 

^ = ^Ak{l- lA) - 1) ji log (2) 

with the condition 



The corresponding formula for the velocity-potential is 

= (4) 

The kinetic energy, and thence the inertia- coefficient due to the fluid, 
may be readily calculated by the formula (5) of Art. 94. 

106. Leaving the case of symmetry, the solutions when <p is a 

tesseral or sectorial harmonic in and co are found by a similar method to be 


of the types 

^ = P„« {ll) . p„« (^) S®, (1) 

<^ = P„*(;.).Q/(0°®®}s®, (2) 
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’> -Pn* (a'') ~ (1 ~ 
whilst (to avoid imaginaries) we write 


183 


where, as in Art. 86, (/a) = (1 - > (8) 




and Q«*(r) = (r=-1)^' 

It may be shewn that 


*Qn(r) 






io.r 


dr 


whence (0 Qn^(0 = (- ) 


_(n+_s)! 1_ 


(n-s)! r^-1 


.(4) 

.(5) 

.( 6 ) 

.(7) 


As examples we may take the case of an ovary ellipsoid moving parallel 
to an equatorial axis, say that of or rotating about this axis. 

I'’. In the former case, the surface-condition is 

ar" 9r 

for ^ = ^ 0 ) where V is the velocity of translation, or 

= _ 7 . — .( 1 _ 

This is satisfied by putting ?i = 1, 5 = 1, in (2), viz. 


cos G). 


.( 8 ) 


<^, = A (1 - - 1)^ . |i log 1^1 - ^ _ 1 

the constant A being given by 


cos Gt), . 


.(9) 


^ J 1 Iqo- ^ ^ 

^0-1 


= -^F. 


.( 10 ) 


2°. In the case of rotation about Oy, if be the angular velocity, we 
must have 


% 


V ar ar; ’ 


for r = ri or 


a? ^ (ro'-i)4 


(1 — fj?)^ sin CO. 


.( 11 ) 


Putting n = 2, s = 1, in the formula (2) we find 

<^ = A/. (1 - (r= - 1)^ |f r log ™ • • -(12) 

A being determined by comparison with (11). 

107. When the ellipsoid is of the oblate or ^planetary’ form, the appropriate 
co-ordinates are given by 

x = k QOB 6 siiAi 7) — hjjL^, y = uoos(o, sr = tzr sin g>, 
where 'zzr = ^; sin 0 cosh 7}=k(l — (^^ + 1)^. 
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Here ^ may range from 0 to oo (or, in some applications from ~ oo through 
0 to whilst //, lies between + 1. The quadrics const., ^== const, arc 
planetary ellipsoids and hyperboloids of revolution of one sheet, all having 
the common focal circle x = zr =h. As limiting forms we have the ellipsoid 
^ = 0, which coincides with the portion of the plane = 0 for whicli < k, and 
the hyperboloid ya = 0 coinciding with the remaining portion of this plane. 

With the same notation as before we find 




: k (1 


( 2 ) 


and the equation of continuity becomes 

1 la- un^l+- - ^-0 


or 


...( 3 ) 


ar " a?j 

This is of the same form as Art. 103 (4), with in place of and the like 
correspondence will run through the subsequent formulae. 

In the case of symmetry about the axis we have the solutions 

<f> = Pn(ji).PniO^ (4) 

^ ~ • Jn (t)) (5) 


and 

where 




n i 


n(n-l)(n-2)(:n- 3) 
2.4(2w-l)(2n-3) ^ " 

di 


,...( 6 ) 


and 2n(r)=P«(r)J^ {p«(?)p(r+l)’ 

= (-r cot- ^ (?) + p^_, (?) - 


l.ji ' 3(n-l)^ 

iy-n-i _ (w + l)(n + 2) 
1.3.5...(2n + l) 2(271 + 3) ^ 

(m + 1) (m + 2) (n + 3) («, + 4) 
2.4(2n + 3)(2ra + 5) ' 




-.-(O 


the latter expansion being however convergent only when f > 1 As before, 
the solution (4) is appropriate to the region included within an ellipsoid of 
the family const., and (5) to the external space. 


We note that ^„(?)^?^_^P^„(?) = _ 


.( 8 ) 


As particular cases of the formula (I) we have 

?a(r) = cot-?, g,(?) = l-?cot-?, 
g7(n=l(3e=.+i)cot-?-|?. 

* The reader may easily adapt the demonstrations referred to in Art. 104 to the present case. 
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The formulae for the stream-function corresponding to {4j) and (5) are 

+ + W 

^ “ »(„ + 1) (1 (1°) 

108. I"". The simplest case of Art. 107 (5) is when n = 0, viz. 

^ = ( 1 ) 

where ^ is supposed to range from - oo to + oo . The formula (10) of the 
last Art. then assumes an indeterminate form, but we find by the method of 
Art. 104, 

^jr^AkfJ., (2) 

where ^ ranges from 0 to 1. This solution represents the flow of a liquid 
through a circular aperture in an infinite plane wall, viz. the aperture is the 
portion of the plane yz for which < A. The velocity at any point of the 
aperture (^=0) is 

1 d'4r A 

nt --_i_ — — 

tv atv (^2 _ ' 

since, when (e = 0, A/z. = The velocity is therefore infinite at the 

edge. Compare Art, 102, 3“^. 

2°. Again, the motion due to a planetary ellipsoid = ^o) moving with 
velocity XI parallel to its axis in an infinite mass of liquid is given by 

cot- 0, f (1 - (r= + 1) - cot-^ r} > • .(3) 

where A - — kU~ ~ ^o| ■ 

Denoting the polar and equatorial radii by a and c, and the eccentricity of 
the meridian section by e, we have 

c = ^;(?„^ + l)^. e = ao^-hirt 
In terms of these quantities 

^ _ fTc -5- 1(1 - eO* - J sin- e| (4) 

The forms of the lines of motion, for equidistant values of are shewn 
on the next page. Cf. Art. 71, 3°, 

The most interesting case is that of the circular disk, for which e^l, 
and A = 2 Uc/ir. The value of <f> given in (3) becomes equal to ± Afi, or 

±A(1- for the two sides of the disk, and the normal velocity to 

+ U, Hence the formula (4) of Art. 44 gives 

(5) 

as in Art. 102 (20). 
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109. The solutions of the equation Art. 107 (8) in tessex'al harmonics an 
4> = Pn (z^) (?) . s®, ( 1 ) 

i 4> = Pn' ifl) . (?) . SCO (2) 

Sin 

^re + (3) 

^ Un-s)rP’^^^PJi {p„^iOY(^ + l) W 

These functions possess the property 

P s „ S(y\-( \S+1 (” + g) ! 1 

d? ,d? ^ („_s)!^rn (’") 

We may apply these results as in Art, 108. 
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1 . For the rnotioa of a planetary ellipsoid (^= parallel to the axis of 
y we have m = 1, s = 1, and thence 

4, = A(1- {^- + l)i - cot-1 cos 0 ), (6) 

with the condition ^ = 

ar 

for f = ^ 0 , F denoting the velocity of the solid. This gives 

« 

In the case of the disk (^o “ 0), we have = 0, as we should expect. 

2°. Again, for a planetary ellipsoid rotating about the axis of y with 
angular velocity we have, putting 2, 5 = 1, 

^ = Ay{l- + l)i jar cot-1 r - 3 + sin o), (8) 

with the surface-condition 

dz 



For the circular disk (^o = 0) this gives 

= (10) 

At the two surfaces of the disk we have 

<^ = + 2.4/4 (1 - y?f sin «, ^ = + my (1 - iJ?f sin &>, 

and substituting in the formula 

2T = — p 

we obtain 2T==^pG^. fl/ (11) 

110. In questions relating to ellipsoids with three unequal axes we may 
employ the more general type of Ellipsoidal Harmonics, usually known by the 
name of ‘Lamp’s Functions^.' Without attempting a formal account of these 
functions, we will investigate some solutions of the equation 

V-^0 = O, .(1) 

in ellipsoidal co-ordinates, which are analogous to spherical harmonics of the 
first and second orders, with a view to their hydrodynamical applications. 

* See, for example, Ferrers, S;pherical Harmonics^ c, vi. ; W. D. Niven, PhiL Trans. A, 
clxxxii. (1891) and Proc, Boy. Soc. A, Ixxix. 458 (1906) ; Poincar4, Figures d'Equilihre d'une 
Masse Fluide, Paris, 1902, c. vi. ; Darwin, Phil. Trans. A, cxcvii. 461 (1901) IScientific Payers, 
Cambridge, 1907-11, iii. 186]; Whittaker and Watson, c. xxiii. An outline of the theory is given 
by Wangerin, le. ante p. 102. 
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It is convenient to prefix an investigation of the motion of a liquid con- 
tained in an ellipsoidal envelope, which can be treated at once by Cartesian 
methods. 


Thus, when the envelope is in motion parallel to the axis of oo with 
velocity U, the enclosed fluid moves as a solid, and the velocity-potential is 
simply 0 = — JJx. 


Next let us suppose that the envelope is rotating about a principal axis 
(say that of x) with angular velocity The equation of the surface being 




1 , 


( 2 ) 


the surface-condition is 


, 5 1 f f + i 

dx 6^ dy dz 


We therefore assume cf) = Ayz, which is evidently a solution of (1), and obtain, 
on determining the constant by the condition just written, 


= - 


b- — 
¥ -h 


• y^' 


Hence, if the centre be moving with a velocity whose components are 
U, F, W and if Sly, Sl^ be the angular velocities about the principal axes, 
we have by superposition^ 


62 . 


^^^Ux^Vy-^Wz^-^^Sl,yz 


■ SlyZX — « - 7 o . ..(6) 


We may also include the case where the envelope is changing its form 
as well as position, but so as to remain ellipsoidal. If the axes are changing 
at the rates d, 6, c, respectively, the general boundary-condition, Art. 10 (3), 
becomes 


^a+^b+-6 + -^A+l^A + l^A=:0 

b^ c® dx b^ dy dz 

(4) 

which is satisfied j- by 




(5) 

The equation (1) requires that 


Cl h c 

-~ + T+ --0, 

a b c 

(6) 


which is in fact the condition which must be satisfied by the changing ellip- 
soidal surface in order that the enclosed volume (f 7ra6c) may be constant. 


* This result appears to have been published independently by Beltrami, Bjerknes, and 
Maxwell, in 1873. See Hicks, “Eeport on Becent Progress in Hydrodynamics,” Brit. Ass. Rejp. 
1882, and Kelvin’s Raspers, iv. 197 (footnote). 

t 0. A. Bjerknes, “ YeraUgemeinerung des Problems von den Bewegungen, welohe in einer 
ruhenden Tinelastischen Pliissigkeit die Bewegung eines Ellipsoids hervorbringt,” Gottinger 
Nachrichten, 1873. 
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111- The solutions of the corresponding problems for an infinite mass of 
fluid bounded internally by an ellipsoid involve the use of a special system of 
orthogonal curvilinear co-ordinates. 

If X, y, z be functions of three parameters X., fi, v, such that the surfaces 


X = const., fj, = const., v = const 

are mutually orthogonal at their intersections, and if "we write 


•( 1 ) 


1 

/dx^ 

2 

fdyV 


(dzY \ 


'' 

1 +1 

^axj 

+ 1 

laxj ’ 

1 . 


2 

\ 

fdy \^- 


fdz\^ 

V" 

' \d/x/ 

1 + 

w) 

+ 

%) ’ f 

1 _ 

/, 2 — 
"'8 

tdx' 

VSz'/ 

)■- 

\dvJ 

+ 

fdzV 


.( 2 ) 


the direction-cosines of the normals to the three surfaces which pass through 
(x, y, z) will be 


0X ’ ^ 


dy_ 

'd\- 


dx ^ dy ^ dz 


L 




respectively. It follows that the lengths of linear elements drawn in the 
directions of these normals will he 




Hence if <p he the velocity-potential of any fluid motion, the total flux 
into the rectangular space included between the six surfaces X ± ^ ± 

V ±^Bv will he 


dx 


dcf) Sfjb Bv\ ^ 0 /, d(f> Bv BX\ ^ 0 /, 06 Bx 8/x\ 5, 

ax ■ ■ 1; j + 5; (‘-K ■ V V £ r ■ 1: ■ w 


0yU» A3 

It appears from Art. 42 (3) that the same flux is expressed hy V^cj> multiplied 
hy the volume of the space, i,e, hy SxS/xSz^/AiAgAs. Hence* 


V2^ = A1A2A3 J 


' 0 / Ai 0^\ 0/^2 9/^3 

dx \A2A3 dx) d/jb \A3A1 dfJb) dv 'dv)] 


,(4) 


Equating this to zero, we obtain the general equation of continuity in 
orthogonal co-ordinates, of which particular cases have already been investi- 
gated in Arts. 83, 103, 108. 


The theory of triple orthogonal systems of surfaces is very attractive 
mathematically, and abounds in interesting and elegant formulae. We may 
note that if X, yu., v be regarded as functions of x, y, z, the direction-cosines of 


* The above method was given in a paper by W. Thomson, “ On the Equations of Motion of 
Heat referred to Curvilinear Co-ordinates,” Camb. Math. Journ. iv. (1843) [Papm, i. 25]. 
Eeference may also be made to Jacobi, “ Ueber eine particulare Losung der partiellen Diffe- 
rentialgleichung Crelle, xxxvi. (1847) [Werhe, ii. 198]. 

The transformation of to general orthogonal co-ordinates was first effected by Lame, “ Sur 
les lois de r4quilibre du fluide 4th4r4,’’ Journ. de VEcole Polyt. xiv. (1834). See also Legons sur 
les Coordonnees Gurvilignes, Paris, 1859, p. 22. 
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the three line-*elements above considered can also be expressed in the forms 


/I ax iiax'-aax'\ 


1 d/x 

1 dfM\ 

/I dv 

1 dv 

1 az^\ 

\ki dx ’ Jii dy ’ hi dz) ’ 

\ho dx ’ 

dy 

k dz) ’ 

VO dx ’ 

k dy ’ 

dzj 


from which, and from (3), various interesting relations can be inferred. The 
formulae already given are, however, sufficient for our present purpose. 

112. In the applications to which we now proceed the triple orthogonal 
system consists of the confocal quadrics 



whose properties are explained in books on Solid Geometry. Through any 
given point {x, y, z) there pass three surfaces of the system, corresponding 
to the three roots of (1), considered as a cubic in 0. If (as we shall for the 
most part suppose) a>h>c, one of these roots (A, say) will lie between oo 
and — c\ another {fx) between — and ~ 6^ and the third {v) between -• h" 
and — a\ The surfaces A, /i, v are therefore ellipsoids, hyperboloids of one 
sheet, and hyperboloids of two sheets, respectively. 

If follows immediately from this definition of X, v, that 
0? if- 

&-\-e 02+6') 02+00"+ O’ ^ 

identically, for all values of 0. Hence multiplying by a? + 0, and afterwards 
putting ^ we obtain the first of the following equations : 

2 __ 4“ X) *f //,) {p? + 1/) 

(a2 - ¥) (a2 - c2) ’ 

nfl - + b) (^' + v) ^ 

^ (62 - c2) (62 - a2) ’ r 

„ _ (c2 + \) (c2 + yU.) (c2 + v) 

(c 2 -a 2 )(c^- 62 ) -I 

h_xy_ 9^_1 /.A 


These give 


'a^ + x’ ax + ax ^c^ + x’ 


and thence, in the notation of Art. Ill (2), 

1 T f z^ 

V “ * |(a2 + \)2 (F+^2 + (c2 + X,)2j 

If we differentiate (2) with respect to 6 and afterwards put 0 = X, we deduce 
the first of the following three relations : 

7 o _ ^ + X) (b^ + X) (c^ + X) \ 

(X^fx){X^v) 

hn-i. (a" + 0(62 + /^) (c^ + fi) ^ 

(M-v)(/.-X) ’ 


h,--= 4 


(a^ + v) (b^ + v) (c^ 4- v) 
(v -7C)(v-fi) 


( 6 ) 
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The remaining relations of the sets (3) and (6) have been written down from 
symmetry*. 

Substituting in Art. Ill (4), we findf 


V =>0 = - 


4 

(/i -v)(y- X) (X - fx) 


{fi - v) |(a2 + X)4 {h^ + X)^ (c^ + X)i 



+ (v - X) 
+ (X — /a) 


|(a2 + (6^ + vf- (c^ + vf |;|“j 


jx. 

(7) 


113. The particular solutions of the transformed equation — 0 which 
first present themselves are those in which is a function of one (only) of 
the variables \ /jl, v. Thus ^ may be a function of X alone, provided 

{a? + X)^ (6^ + (c= + x)^ ^ = const., 


whence ^ = G J — , (1) 

if A = H- X) (b^ -+• X) (c^ + X)} ' 5 (2) 


the additive constant which attaches to (f> being chosen so as to make <f> 
vanish for X = oo . 


In this solution, which corresponds to </)=-d/'r in spherical harmonics, 
the equipotential surfaces are the confocal ellipsoids, and the motion in the 
space external to any one of these (say that for which X = 0) is that due to a 
certain arrangement of simple sources over it. The velocity at any point is 
given by the formula 

r/rh h 

.(3) 




dX A 


At a great distance from the origin the ellipsoids X become spheres of 

radius X^, and the velocity is therefore ultimately equal to 201?'% where r 
denotes the distance from the origin. Over any particular equipotential 
surface X, the velocity varies as the perpendicular from the centre on the 
tangent plane. 

To find the distribution of sources over the surface X = 0 which would 
produce the actual motion in the external space, we substitute for cj) the 
value (1), in the formula (11) of Art. 58, and for (which refers to the 
internal space) the constant value 

w 

It will be noticed that hi, are double the perpendiculars from the origin on the 

tangent planes to the three quadrics fi, v. 

*1* Of. Lam6, Sur les surfaces isothermes dans les corps solides homog^nes en ^quilibre de 
temperature,” Liouville, ii. (1837). 
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The formula referred to then gives, for the surface-density of the required 
distribution, 



( 5 ) 


The solution (1) may also be interpreted as representing the motion due 
to a change in the dimensions of the ellipsoid, such that the surface remains 
similar to itself, and retains the directions of its principal axes unchanged. 
If we put 

aja =^hjb — cjc, = k, say, 
the surface-condition Art. 110 (4) becomes 

— d(j>ldn = 

which is identical with (3), if we put G = \ kahG, 


A particular case of (5) is where the sources are distributed over the 
elliptic disk for which X = — and therefore z- = 0. This is important in 
Electrostatics, but a more interesting application from the present point of 
view is to the flow through an elliptio aperture^ viz. if the plane xy be 
occupied by a thin rigid partition with the exception of the part included by 
the ellipse 


we have, putting c = 0 in the previous formulae. 





dX 

(a'^ + + xf X^ ' 


where the upper limit is the positive root of 


X- y- z- 

+ X'^ ¥~^'^X~ 


0 ) 


and the negative or the positive sign is to be taken according as the point 
for which (p is required lies on the positive or the negative side of the plane 
xy. The two values of p are continuous at the aperture, where X = 0. As 
before, the velocity at a great distance is equal to 2 A/ 7 '-, nearly. For points 
in the aperture the velocity may be found immediately from (6) and (7); thus 
we may put 


§2 = ± A.* (l 


a- by • 


B<l> = + 


ab ’ 


approximately, since X is small, whence 

dz ab ■ V by w 

This becomes infinite, as we should expect, at the edge. The particular case 
of a citGular aperture has already been solved otherwise in Arts. 102, 108. 
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114. We proceed to investigate the solution of V^<^ = 0, finite at infinity, 
which corresponds, for the space external to the ellipsoid, to the solution 
<p = X for the internal space. Following the analogy of spherical harmonics 
we may assume for trial 

= (1) 

which gives ^ ^ = 0, (2) 

and inquire whether this can be satisfied by making ')( equal to some function 
of X only. On this supposition we shall have, by Art. Ill, 

^-h ^ h ^ 

and therefore, by Art. 112 (4), (6), 

+ dx 

X dx (X — /jb){X — v) dx ‘ 

On substituting the value of in terms of the equation (2) becomes 
|(a2 4- (3- + X)^ (c^ + X)^ — (3^ + X) » 

which may be written 

i log |(o' + (b-- + X)‘ (o’ + X)» gj = - ^ . 

Hence ^ r. (3) 

•' ^ (a^ + xr (&" + X)i (c? + X)4 

the arbitrary constant which presents itself in the second integration being 
chosen as before so as to make % vanish at infinity. 

The solution contained in (1) and (3) enables us to find the motion of a 
liquid, at rest at infinity, produced by the translation of a solid ellipsoid 
through it, parallel to a principal axis. The notation being as before, and 
the ellipsoid 

w 

■ being supposed in motion parallel to x with velocity U, the surface- 
condition is 

forx-o. (5) 

Let US write, for shortness, 

1. r dx a I f°° dx . , r dx. 

f6) 

where A = {(a^ + X) (6^ + X) (c^ + X)} ^ .(7) 
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It will be noticed that these quantities /3o. 7o are purely numerical. The 
conditions of our problem are satisfied by 

® 

provided • C = 2 ^^" 

The corresponding solution when the ellipsoid moves parallel to y or 0 
can be written down from symmetry, and by superposition we derive the 
case where the ellipsoid has any motion of translation whatever*. 

At a great distance from the origin, the formula (8) becomes equivalent to 

(10) 

which is the velocity-potential of a double source at the origin, of strength 
|7r(7, or 

compare Art. 92. 

The kinetic energy of the fluid is given by 

where I is the cosine of the angle which the normal to the surface makes 
with the axis of x. Since the latter integral is equal to the volume of the 
ellipsoid, we have 

2T=^.i-rrd>cp.U^ ( 11 ) 

The inertia-coefficient is therefore equal to the fraction 



of the mass displaced by the solid. For the case of the sphere (a == 6 = c) we 
find oTo = I j ^ i , in agreement with Art. 92. If we put a = 6, we get the 
case of an ellipsoid of revolution, including (for c = 0) that of a circular disk. 

For the prolate ellipsoid (0 > a) we find 

2(33 (1'^) 



* This problem was first solved by Green, “ Kesearches on the iVibration of Pendulums in 
Fluid Media,” Trans. B. S. Edin. 1833 [Papers, p. 315]. The investigation is much shortened if 
we assume at once from the Theory of Attractions that (8) is a solution of V^<p=0, being in fact 
(except for a constant factor) the ic-component of the attraction of a homogeneous ellipsoid at an 
external point. 
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Rotation of an Ellipsoid 


where e is the eccentricity of the meridian section. The coiTesponding formulae for an 
oblate ellipsoid are. given in Art. 373. The values of h for a prolate ellipsoid moving 
respectively ‘ end-on ’ and ‘ broadside on,’ viz. 


.(15) 


7 . _ yo 7 . _ gQ 

' 2-ao’ 

are tabulated on p. 146 for a series of values of the ratio cja. 

115. We next inquire whether the equation V2(jf) = 0 can be satisfied by 

^ = ( 1 ) 

where % is a function of X only. This requires 


Now, from Art. 112 (4), (6), 


^ yay zoz 


•( 2 ) 




ydy zdz 


■ 


\y 3X ^ 9X/ d\ 


= 4 


(oL^ -{- x) + X) (c^ q- x) / 1 


(X — yu.) (X — v) 

On substitution in (2) we find, by Art. 112 (7), 


\h^ 4" X xj dX 


+ 


-\ix 


d 


log + X)t (i- + X)* (0- H- X)* , 

dX 

{¥ + X){(^ + X) A’ 

the second constant of integration being chosen as before. 

For a rigid ellipsoid rotating about the axis of x with angular velocity 
0 ^ 5 , the surface-condition is 

d±_ 




whence 


% 




.(3) 


for X = 0. Assuming^ 


ax 


(p = Cyz I 

we find that the surface-condition (4) is satisfied, provided 


f dy dz\ 



(4) 

dX 

(¥ + X)(c’-+X}A’ ■■■ 

(5) 


C 


or 


alfc' 

(7 = 




4_ 7o 1^0 


iag-i). 


ahoQ^oi ( 6 ) 


]f c^J abc (6® ~ c^) 

(62 - c2)2 

2 ( 62 -c 0 + (6^ + c0 (/3o-7o)’ 

The formulae for the cases of rotation about y or z can be written down from 
symmetry f. 

* The expression (5) differs only by a factor from 

a# 

^ Oz By 

where 4* is the gravitation potential of a uniform solid ellipsoid at an external point (a;, y, z). 
Since V24>=:0 it easily follows that the above is also a solution of the equation VV=0. 

t The solution contained in (5) and (6) is due to Clebsch, “Ueber die Bewegung eines 
Ellipsoides in einex tropfbaren Fliissigkeit,” Crelle, lii., liii. (1856-7). 


L. H. 


10 
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Irrotational Motion of a Liquid 


The formula for the kinetic energy is 


3^ 

dn 


'--I’ll* 

= pG£l„^ . f 

J 0 


dS 




(a^ + Xf (b^ + X)^ (c^ + X) 


, . j l(mj — mz) yz dS, 


if (I, m, n) denote the direction-cosines of the normal to the ellipsoid. The 
latter integral 

= /// ~ docdydz = •§ — o^) . fTraia 

Hence we find 


27 


1 

5 


Qf - c^f (yo - ;6o) 

2 (6^ - c^) + (b^ + (f) (ySo - 7o) 


^TTobcp . 


a) 


For a prolate ellipsoid rotating about an equatorial diameter, the ratio of the inertia 
coeflSicient to the moment of inertia, about the same diameter, of the mass of fluid dis- 
placed is found to be 

(gp-yo) _ fg\ 

(2 - e^) {2e^ - (2 - («o - yo)} 

The values of X’l, X 2 (defined in Art. 114), and k' are shewn in the accompanying table. 


cfa 

h 

^2 

¥ 

1 

0-5 

0-5 

0 

1-50 

0-305 

0-621 

0-094 

2-00 

0-209 

0-702 

0-240 

2*51 

0-156 

0-763 

0*367 

2-99 

0-122 

0-803 

0-465 

3-99 

0-082 

0-860 

0-608 

4*99 

0-059 

0-895 

0-701 

6-01 

0-045 

0-918 

0-764 

6-97 

0-036 

0*933 

0*805 

8-01 

0-029 

0*945 

0-840 

9-02 

0-024 

0*954 

0-865 

9-97 

0-021 

0*960 

0-883 

00 

0 

1 

1 


The two remaining types of ellipsoidal harmonic of the second order, finite at the 
origin, are given by the expression 


where d is either root of 


.^2 „2 ,2 ^ 

^ 62 + ^** ’ 

( 9 ) 

1,1 1 0 

(10) 

+ 


this being the condition that (9) should satisfy — 

The method of obtaining the corresponding solutions for the external space is explained 
in the treatise of Ferrers. These solutions would enable us to express the motion produced 
in a surrounding liquid by variations in the lengths of the axes of an ellipsoid, subject to 
the condition of no variation of volume : 

dja -1- 6/6 + c/c = 0 (11) 

We have already found, in Art. 113, the solution for the case where the ellipsoid expands 
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(or contracts) remaining similar to itself; so that by superposition we could obtain the 
case of an internal boundary changing its position and dimensions in any manner what- 
ever, subject only to the condition of remaining ellipsoidal. This extension of the results 
arrived at by Green and Clebsch was first treated, though in a different manner from 
that here indicated, by Bjerknes^. 

116. The investigations of this chapter have related almost entirely to 
the case of spherical or ellipsoidal boundaries. It will be understood that 
solutions of the equation = 0 can be carried out, on lines more or less 
similar, which are appropriate to other forms of boundary. The surface 
which comes next in interest, from the point of view of the present subject, 
is that of the anchor-ring, or ‘ torus ' ; this case has been very ably treated, by 
distinct methods, by Hicks, and Dyson f. We may also refer to the analyti- 
cally remarkable problem of the spherical bowl, which has been investigated 
by Basset 

* l.c, ante p. 138. 

t Hicks, “On Toroidal Functions,” Phil. Trans. 1881; Dyson, “On the Potential of an 
Anchor-Eing,” Phil. Trans. 1893 ; see also 0. Neumann, l.c. ante p. 125. 

t “ On the Potential of an Electrified Spherical Bowl, &c.,” Proc. Land. Math. Soc. xvi. 
(1885) ; Hydrodynamics i. 149. 
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CHAPTEE VI 


ON THE MOTION OF SOLIDS THROUGH A LIQUID : 

DYNAMICAL THEORY 

117 . In this chapter it is proposed to study the very interestiug 
dynamical problem furnished by the motion of one or more solids in a 
frictionless liquid. The development of this subject is due mainly to 
Thomson and Tait^ and to Kirchhofff. The cardinal feature of the methods 
followed by these writers consists in this, that the solids and the fluid are 
treated as forming together one dynamical system, and thus the trouble- 
some calculation of the effect of the fluid pressures on the surfaces of the 
solids is avoided. 

To begin with the case of a single solid moving through an infinite mass 
of liquid, we will suppose in the first instance that the motion of the fluid is 
entirely due to that of the solid, and is therefore irrotational and acyclic. 
Some special cases of this problem have been treated incidentally in the 
foregoing pages, and it appeared that the whole effect of the fluid might be 
represented by an addition to the inertia of the solid. The same result will 
be found to hold in general, provided we use the term ‘inertia' in a somewhat 
extended sense. 

Under the circumstances supposed, the motion of the fluid is characterized 
by the existence of a single-valued velocity-potential <j> which, besides satis- 
fying the equation of continuity 

V2<^ = 0, (1) 

fulfils the following conditions: (1°) the value of — dcj^jd^i, wheie Bn denotes 
as usual an element of the normal at any point of the surface of the solid, 
drawn on the side of the fluid, must be equal to the velocity of the surface 
at that point normal to itself, and (2"') the differential coefficients d(f>lda), 
d^/dy, d(^jdz must vanish at an infinite distance, in every direction, from the 
solid. The latter condition is rendered necessary by the consideration that 
a finite velocity at infinity would imply an infinite kinetic energy, which 
could not be generated by finite forces acting for a finite time on the solid. 
It is also the condition to which we are led by supposing the fluid to be 
enclosed within a fixed vessel infinitely large and infinitely distant, all round, 
from the moving body. For on this supposition the space occupied by the 
fluid may be conceived as made up of tubes of flow which begin and end on 

* Natural Philosophy, Art. 320. Subsequent investigations by Lord Kelvin will be referred 
to later. 

t “Ueber die Bewegung eines Eotationskorpers in einer Fliissigkeit,” Crelle, Ixxi. (1809) 
[Ges. Abh, p. 376]; Mechanik, c. xix. 
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the surface of the solid, so that the total flux across any area, finite or 
infinite, drawn in the fluid must be finite, and therefore the velocity at 
infinity zero. 

It has been shewn in Art. 41 that under the above conditions the motion 
of the fluid is determinate. 


118. In the further study of the problem it is convenient to follow the 
method introduced by Euler in the dynamics of rigid bodies, and to adopt a 
system of rectangular axes Ox, Oy, Oz fixed in the body, and moving with it. 
If the motion of the body at any instant be defined by the angular velocities 
p, q, r about, and the translational velocities it, v, w of the origin parallel 
to, the instantaneous positions of these axes*, we may write, after Kirchhoff, 

<p = ucj>i-h + PXi + 2x2 +• -( 2 ) 

where, as will appear immediately, </) 2 , %i> X 2 ? Xs certain functions 

of X, y, z determined solely by the configuration of the surface of the solid, 
relative to the co-ordinate axes. In fact, if I, m, n denote the direction-cosines 
of the normal, drawn towards the fluid, at any point of this surface, the 
kinematical surface-condition is 


_ ^ ^ (^u + qz — ry) -f m (t; + i-'x —fz) -f -h py — qx\ 

OTh 


whence, substituting the value (2) of <^, we find 


_7 

an • 



dn 


= ny — mz, 


dn 


Is — nx, — 



\ 


^ = mx — ly. j 
dn ^ 1 


( 3 ) 


Since these functions must also satisfy (1), and have their derivatives zero at 
infinity, they are completely determinate, by Art. 41 f. 

119. Now whatever the motion of the solid and fluid at any instant, it 
might have been generated instantaneously from rest by a properly adjusted 
impulsive ‘ wrench ’ applied to the solid. This wrench is in fact that which 
would be required to counteract the impulsive pressures p4> on the surface, 
and, in addition, to generate the actual momentum of the solid. It is called 
by Lord Kelvin the ‘impulse’ of the system at the moment under con- 
sideration. It is to be noted that the impulse, as thus defined, cannot be 
asserted to be equivalent to the total momentum of the system, which is 
indeed in the present problem indeterminate!. We proceed to shew however 
that the impulse varies, in consequence of extraneous forces acting on the 
solid, in exactly the same way as the momentum of a finite dynamical system. 

* The symbols «, v, lo, p,q,r are not at present required in their former meanings. 

t Por the particular case of an ellipsoidal surface, their values may be written down from 
the results of Arts. 114, 115. 

} That is, the attempt to calculate it leads to ‘ improper ’ or ‘ indeterminate ’ integrals. 
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Let us in the first instance consider any actual motion of a solid, from 
time to to time ti, under any given forces applied to it, in a finite mass 
of liquid enclosed by a fixed envelope of any form. Let us imagine the 
motion to have been generated from rest, previously to the time to, by forces 
(whether continuous or impulsive) applied to the solid, and to be arrested, in 
like manner, by forces applied to the solid after the time tj. Since the 
momentum of the system is null both at the beginning and at the end of this 
process, the time-integrals of the forces applied to the solid, together with 
the time-integral of the pressures exerted on the fiuid by the envelope, must 
form an equilibrating system. The effect of these latter pressures may be 
calculated, by Art. 20, from the formula 

• m 

A pressure uniform over the envelope has no resultant effect; hence, since <)b 
is constant at the beginning and end, the only effective part of the integral 
pressure Jq> dt is given by the term 

-\piq^dt ( 2 ) 

Let us now revert to the original form of our problem, and suppose the 
containing envelope to be infinitely large, and infinitely distant in every 
direction from the moving solid. It is easily seen by considering the arrange- 
ment of the tubes of flow (Art. 36) that the fluid velocity g at a great 
distance r from an origin in the neighbourhood of the solid will ultimately 
be, at most^, of the order l/r^, and the integi*al pressure (2) therefore of the 
order Since the surface-elements of the envelope are of the order 
where is an elementary solid angle, the force- and couple-resultants of the 
integral pressure (2) will now both be null. The same statement therefore 
holds with regard to the time-integral of the forces applied to the solid. 

If we imagine the motion to have been started instantaneously at time 
to, and to be arrested instantaneously at time ti, the result at which we have 
arrived may be stated as follows : 

The ‘ impulse ' of the motion (in Lord Kelvin's sense) at time ti differs 
from the ' impulse ’ at time 4 by the time-integral of the extraneous forces 
acting on the" solid during the interval ti — 

It will be noticed that the above reasoning is substantially unaltered 
when the single solid is replaced by a group of solids, which may moreover 
be flexible instead of rigid, and even when these solids are replaced by 
masses of liquid which are moving rotationally. 

120. To express the above result analytically, let rj, A, v be the 
components of the force- and couple-constituents of the impulse; and let 

* It is really of the order 1/r^ when, as in the case considered, the total flux outwards is zero, 
t Sir W. Thomson, l.c. ante p. 31. The form of the argument given above was kindly 
suggested to the author by Sir J. Larmor. 
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X, F, Z, L, M, X designate in the same manner the system of extraneous 
forces. The whole variation of rj, \ ya, Vy due partly to the motion of the 
axes to which these quantities are referred, and partly to the action of the 
extraneous forces, is then given by the formulae^ 

"XT T \ 

= r?; - + Z, ^ + r/x. - ^2/ + Z, 

^=pf;-r^+Y, ^ = u^-w^+pv-rX + M, y ( 1 ) 

^ = + ^^-v^-U7) + q\-pp + N.] 

For at time ^ 4- the moving axes make with their positions at time t 
angles whose cosines are 

(lyThty—qU), {—rUylypU)y , l ), 

respectively. Hence, resolving parallel to the new position of the axis of oo, 

^ -f. ^ 4. 7 ^ . 7 * 3 ^ — 581^ + ZS^. 

Again, taking moments about the new position of Oxy and remembering that 
0 has been displaced through spaces uU, vBt, ivBt parallel to the axes, we find 

X + S\ = X + 77 , wBt — ^ .vBt 4 - jjb . rBt — v . qBt 4 - LBt. 

These, with the similar results which can be written down from symmetry, 
give the equations (1). 

When no extraneous forces act, we verify at once that these equations 
have the integrals 

P 4- 4- = const., + /jL7j + v^ = const., (2) 

which express that the magnitudes of the force- and couple-resultants of the 
impulse are constant. 

121. It remains to express rj, X, /x, v in terms of u, y, w, p, q, r. In 
the first place let T denote the kinetic energy of the fliiidy so that 

w 

where the integration extends over the surface of the moving solid. Substi- 
tuting the value of cj) from Art. 118 (2), we get 

2T = A^l^ 4- 4- Cw^ 4- 2A'vw 4- 2B'wu + 2C'uv 

+ -r Qq^ 4 - 4- 2P'gr 4- ^Q '^p 4- 

+ 2p (Fu 4- 4- FLtu) 4- ’^q (F'u + O-'v + FL'w) 4- 2r (F"u + G^'v -h 'Ef'w), 

( 2 ) 

where the 21 coefficients A, B, C, &c. are certain constants determined by 

* Of. Hayward, “ On a Direct Method of Estimating Velocities, Accelerations, and all similar 
Quantities, with respect to Axes moveable in any manner in space,” Camb, Tram, x. (1856). 
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the form and position of the surface relative to the co-ordinate axes. Thus, 
for example, 

\ 


A — ,/J 


A'=-ip 



l4,JA>ds = -pfj4,J^ 

11 

pidS = p jj 


dS 




dn 


' //%i 


.(3) 


the transformations depending on Art. 118 (3) and on a particular case of 
Green’s Theorem (Art. 44 (2)). These expressions for the coefficients were 
given by Kirchhoff. 

The actual values of the coefficients in the expression for 2T have been found in the 
preceding chapter for the case of the ellipsoid, viz. we have from Arts. 114, 115 


A = : 


Go 


.^TTpabc, 


{h^ -c^f{yo-Po) (4) 

~~¥rr/fTrT2\ to \ • w 


- 2 . ao * " " ^ 2 (52 -- c2) + (62 + c^) (/Sq - yo) ‘ 

with similar expressions for B, 0, Q, R. The remaining coefficients, as will appear pre- 
sently, in this case all vanish. We note that 

2 (gq-^o) 


A-B = 


(2-ao)(2-^io)''“ 


rpahCj 


.(5) 


so that if a>h>c, then A < B < 0, as might have been anticipated. 

The formulae for an ellipsoid of revolution may be deduced by putting 6 = c ; they may 
also be obtained independently by the method of Arts. 104-109. Thus for a circular disk 
(a = 0, 6 = c) we have 

A, B, 0=fpc3 0, 0 ; P, Q, R=0, iipc^ ^pc^ (6) 

The kinetic energy, Ti say, of the solid alone is given by an expression of 
the form 

2Ti — m.{u^ + v^ + 'uf) 

+ Pip- + Qig- + Rir2 + 2P/g^r + 2QiVjo + 2R/pg 

4- 2m (a {vr — wq) + /3 {wp — ur) + y (uq — vp)] (7) 

Hence the total energy T + T^, of the syvstem, which we shall denote by T, is 
given by an expression of the same general form as (2), say 

2T = Au^ + Bv^ + Gw^ + 2A^vw + 2B'wu + 2C'uv 
4- Pp^ + Qg 2 _p _j_ 2P'qr + 2Q'rp -f 2Rpq 
+ 2p {Fu 4- ff-y + Hw) 4 2q {F'u 4 G'v 4 H'w) 4 2r {F”u 4 4 B["w), 

( 8 ) 

where the coefficients are printed in uniform type, although six of them have 
of course the same values as in (2). 
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122 . The values of the several components of the impulse in terms of 
the velocities u, w, p, q, r can now be found by a well-known dynamical 
method^. Let a system of indefinitely great forces (X, F, Z, L, M, N) act 
for an indefinitely short time r on the solid, so as to change the impulse from 
(^j \ 2 ^) to (f + S^, t; + S'?7, X -h SX, fi + V + Sz^). The work 

done by the force X, viz. 

r<r 

Xudt^ 

f’’’ 

lies between Uj Xdt and Xdt, 

^ 0 Jo 

where Ui and U2 are the greatest and least values of during the time t, 
ie. it lies between and If we now introduce the supposition that 

Bt/ ,B^j BXj Sya, Bv are infinitely small, Ui and are each equal to u, and 
the work done is uB^, In the same way we may calculate the work done by 
the remaining forces and couples. The total result must be equal to the 
increment of the kinetic enei'gy, whence 
loB^ + vBrj + wB^ ^ pBX + qB/jb -h rBv 


dT. dT. dT. dT. ar. 9T. ,,, 

- BT — Bu + ~ ov — Bw ^ Bp 85 4-^ Sr. ...(1) 


it will follow that 


Sw _ Sp __ Sg _ Sr __ ^ 
w p q r ' 


■■k 


du dv ' dw 
Now if the velocities be all altered in any given ratio, the impulses will 
be altered in the same ratio. If then we take 
Bu __ Bv 

u V 

S^ __ S ?7 __ 

? V f X^ V ' 

Substituting in ( 1 ), we find 

’{■ 'Vi) w^~{-pX ■\-qiJb + TV 

dT dT dT dT dT dT 

-“57+'S; + "55+J’5+«a^+’'8?=*^- 

since T is a homogeneous quadratic function. Now performing the arbitrary 
variation S on the first and last members of ( 2 ), and omitting terms which 
cancel by ( 1 ), we find 

^S^6 + ^S^ + ^Bw +XBp + fx>Bq vBr=BT. 

Since the variations Bu, Bv, Biu, Bp, Bq, Sr are all independent, this gives the 
required formulae 

^ J. dT dT dT ^ dT dT dT 

Vi b J J •3^,. 5 P’J ^ w) 


dj[ dT dT 

' du ' dv' dw' ^ » 07- ‘ 

It may be noted that since 9?, ... are linear functions of u,v,w, 

the latter quantities may also be expressed as linear functions of the former, so 
that T may be regarded as a homogeneous quadratic function of 97, f*, X, fjb, v, 

* See Thomson and Tait, Art, 313, or MaxweU, Electricity and Magnetism, Part iv. c. v. 
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When expressed in this manner we may denote it by T'. The equation (1) 
then gives at once 

gS/a + rhv 

dT\^ dT\ dT\^ dT\^ dT\ dT\ 


whence 


M, V, ~ d\ ’ d/M ’ dv 

These formulae are in a sense reciprocal to (3). 

We can utilize this last result to obtain, when no extraneous forces act, 
another integral of the equations of motion, in addition to those found in 
Art. 120. Thus 

^_drdl ^^4. 

dt ~ ax 

dP dx 

which vanishes identically, by Art. 120 (1). Hence we have the equation of 
energy' 

T'= const (5) 


dr dr dr 


dr dr dr ... 

= 


123. If in the formulae (3) we put, in the notation of Art. 121, 

it is known from the Dynamics of rigid bodies that the terms in Tj represent 
the linear and angular momentum of the solid by itself. Hence the remaining 
terms, involving T, must represent the system of impulsive pressures exerted 
by the surface of the solid on the fluid, in the supposed instantaneous 
generation of the motion from rest. 

This is easily verified. For example, the ^-component of the above system 
of impulsive pressures is 

dT 

= Au+C'v + B'w + Fp + F'q + F"r=- ~, ( 6 ) 

by the formulae of Arts. 118, 121. In the same way, the moment of the 
impulsive pressures about Oso is 

jj {^y — d8 = -- p JJ(f>^dS 


= Fic + Gv + Bw + Pp + F'q + QV = (7) 

124. The equations of motion may now be written^ 

* See Kircliho£f, l.c. ante p. 148 ; also Sir W. Thomson, ‘ ‘ Hydrokinetic Solutions and Obser- 
vations, ”.P/ 2 ?‘Z. Mag. Nov. 1871 [reprinted in Baltimore Lecturer, Cambridge, 1904, p. 584], 
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ddT_ 


dT 


dT 

+ X, 




dtdu ~~ 

r 

dv 

-<1 

dw 




dd_T_ 




dT 





dt dv 

P 

dw 

— r 

du 

+ u 




d dT _ 


dT 


dT 

+ 




dt dw 

<1 

du 

-P 

dv 



^dT 

dT 


dT 


dT 

dT 



dtdp 

= w- 

dv 

V 

dw 

+ r 

dq 



i. 

ddT 

dT 


dT 


dT 

dT 


M, 

dt dq 

II 

1 

w 

du 

+ P 

dr 

’ dp 

4- 

ddF 

dT 


dT^ 


dT 

dT 


N. 

dt dr 

^du 

u 

dv 

+ q 

dp 

-^rq 

+ 


.( 1 ) 


If in these we write 5^= T + Tj, and isolate the terms due to T, we obtain 
expressions for the forces exerted on the moving solid by the pressure of the 
surrounding fluid; thus the total component (X, say) of the fluid pressure 
parallel to x is 

_ cZ aT 0T 3T ... 

dtdu dv 

and the moment (L) of the same pressures about is^ 

^ d aT . aT aT , aT aT ... 

dtdp dv dw'^'^ dq ^ dr 

For example, if the solid be constrained to move with a constant velocity 
('ll, Vy w)y without rotation, we have 

X, Y, Z = 0, 


T n/r XT 9t aT aT 

L, M, N = «g-- 


aT 8T aT 

du dv ' 




where 2T = Kv? + Bv^ -h Cw^ -F 2A'vw + 2B'wii + 2G'uv. 

The fluid pressures thus reduce to a couple, which moreover vanishes if 

aT aT aT 

du 

Le, provided the velocity {Uy v, w) be in the direction of one of the principal 
axes of the ellipsoid 

Kx^ -f By^ + 0^2 4* ‘HEyz 4- "IB' zx + ^iGxy = const (5) 

Hence, as was first pointed out by Kirchhoff, there are, for any solid, 
three mutually perpendicular directions of permanent translation; that is 
to say, if the solid be set in motion parallel to one of these, without rotation, 
and left to itself, it will continue to move in this manner. It is evident that 

* The forms of these expressions being known, it is not difficult to verify them by direct 
calculation from the pressure-equation, Art. 20 (4). See a paper On the Forces experienced by 
a Solid moving through a Liquid,” Quart, Joum, Math, xix. (1883). 
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these directions are determined solely by the configuration of the surface of 
the body. It must be observed however that the impulse necessary to produce 
one of these permanent translations does not in general reduce to a single 
force ; thus if the axes of co-ordinates be chosen, for simplicity, parallel to 
the three directions in question, so that A\ B ,0' ^0, we have, corresponding 
to the motion u alone, 

77, 0, 0; ya, v^Fu, F'li, F"u, 

so that the impulse consists of a wrench of pitch FjA, 

With the same choice of axes, the components of the couple which is the 
equivalent of the fluid pressures on the solid, in the case of any uniform 


translation {u, v, w), are 

L, M, N = (B~C)2;w, (C-A)wu, {A-B)uv (6) 

Hence if in the ellipsoid 

Ax^ -f By- + Cs- = const., (7) 


we draw a radius vector r in the direction of the velocity (u^ v, w) and erect 
the perpendicular h from the centre on the tangent plane at the extremity 
of r, the plane of the couple is that of h and r, its magnitude is proportional 
to sin (/a, r)//i, and its tendency is to turn the solid in the direction from h to 
r. Thus if the direction of (n, v, w) differs but slightly from that of the axis 
of X, the tendency of the couple is to diminish the deviation when A is the 
greatest, and to increase it when A is the least, of the three quantities A, B, C, 
whilst if A is intermediate to B and C the tendency depends on the position 
of r relative to the circular sections of the above ellipsoid. It appears then 
that of the three permanent translations one only is thoroughly stable, viz. 
that corresponding to the greatest of the three coefficients A, B, C. For 
example, the only stable direction of translation of an ellipsoid is that of its 
least axis ; see Art. 121^. 

125. The above, although the simplest, are not the only steady motions 
of which the body is capable, under the action of no extraneous forces. The 
instantaneous motion of the body at any instant consists, by a well-known 
theorem of Kinematics, of a twist about a certain screw ; and the condition 
that this motion should be permanent is that it should not affect the 
configuration of the impulse (which is fixed in space) relatively to the body. 
This requires that the axes of the screw and of the corresponding impulsive 
wi-ench should coincide. Since the general equations of a straight line 
involve four independent constants, this gives four linear relations to be 
satisfied by the five ratios u : v : w : jp \ q : r. There exists then for every 
body, under the circumstances here considered, a singly-infinite system of 
possible steady motions. 

* The physical cause of this tendency of an elongated body to set itself broadside-on to the 
relative motion is clearly indicated in the diagram on p. S2. A number of interesting practical 
iUustrations are given by Thomson and Tait, Art. 325. 
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The steady motions next in importance to the three permanent translations are those 
in which the impulse reduces to a couple. The equations (1) of Art. 120 shew that we 
may have rj, f=0, and X, /x, v constant, provided 

\/p=:=fi,lq^vlr, =/5*, say (1) 

If the axes of co-ordinates have the special directions referred to in the preceding Art., the 
conditions 77, f =0 give us at once u, % w in terms of p, q, r, viz. 

Fp + rq + F"r ^ _ Gp + G'q+G^'r ^ Hp^Tq^W’r 

A jS ^ G 


Substituting these values in the expressions for X, /x, v obtained from Ai^t. 122 (3), we find 

0e 06 00 

Tq'Tr' 

provided 20 (p, t) — '^p'^ -f- + 2^'qr -f- 2 ^Vjd + * (4) 

the coefficients in this expression being determined by formulae of the types 

g ^ (o) 


These formulae hold for any case in which the force-constituent of the impulse is zero. 
Introducing the conditions (1) of steady motion, the ratios p :q:r are to be determined 
from the three equations 

+ ^'q -f = kp, "I 

3^'p+ I-g', I (6) 

h\] 

' The form of these shews that the line whose direction-ratios are jt? : g' : r must be parallel 
to one of the principal axes of the ellipsoid 

0 (^, 2:)= const (7) 

There are therefore three permanent screw-motions such that the corresponding impulsive, 
wrench in each case reduces to a couple only. The axes of these three screws are mutually 
at right angles, but do not in general intersect. 


It may now be shewn that in all cases where the impulse reduces to a couple only, the 
motion can be completely determined. It is convenient, retaining the same directions of 
the axes, to change the origin. Now the origin may be transferred to any point {x, y, z) 
by writing 

n-\'Ty- qZy v+pz-rx^ w-\-qx -py. 


for % w respectively. The coefficient of 2vr in the expression for the kinetic energy, Art. 
121 (8), becomes -Bx+ G'\ that of 2wq becomes Cx^E\ and so on. Hence if we take 



the coefficients in the transformed expression for will satisfy the relations 


A B' 


If we denote the values of these pairs of equal quantities by a, y respectively, the 
formulae (2) may be written 

"" 0^ 

where q,r)==jp'-+^q^+^r^+^ciqr+'i,^rp-^%ypq. 


0^ 

U=-g-, ■ 


0^ 


,.(10) 

..( 11 ) 


The motion of the body at any instant may be conceived as made up of two parts ; 
viz. a motion of translation equal to that of the origin, and one of rotation about an 
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instaataneous axis passing through the origin. Since t}, f=0 the latter part is to be 
determined by the equations 

dk dll ^ dv , 

wliicli express tliat the vector (X, fx^v) is constant in magnitude and has a fixed direction 
in space. Substituting from (3), 


d 

06 

0© 

0 © 

dt 

dp 

dq 


d 

0© 

0© 

0 © 

dt 

0^' 

==^07 

cp 

d 

0© 

a© 

0© 

dt 

0r 

dp 



These are identical in form with the equations of motion of a rigid body about a fixed 
point, so that we may make use of Poinsot’s well-known solution of the latter problem. 
The angular motion of the body is obtained by making the ellipsoid (7), which is fixed in 
the body, roll on a plane 

+ fiy -f v-s = const., 

which is fixed in space, with an angular velocity proportional to the length 01 of the 
radius vector drawn from the origin to the point of contact I. The representation of the 
actual motion is then completed by impressing on the whole system of rolling ellipsoid 
and plane a velocity of translation whose components are given by (10). This velocity is 
in the direction of the normal OM to the tangent plane of the quadric 


(13) 

at the point P where 01 meets it, and is equal to 

0 P ~0M ^ angular velocity of body (14) 


When 01 does not meet the quadric (13), but the conjugate quadric obtained by changing 
the sign of €, the sense of the velocity (14) is reversed*. 

126. The problem of the integration of the equations of motion of a solid 
in the general case has engaged the attention of several mathematicians, but, 
as might be anticipated from the complexity of the question, the physical 
meaning of the results is not easily grasped“f". 

In what follows we shall in the first place inquire what simplifications 
occur in the formula for the kinetic energy, for special classes of solids, and 
then proceed to investigate one or two particular problems of considerable 
interest which can be treated without diflScult mathematics. 

The general expression for the kinetic energy contains, as we have seen, 
twenty-one coefficients, but by the choice of special directions for the 
co-ordinate axes, and a special origin, these can be reduced to fifteen 

* The substance of this Art. is taken from a paper, “ On the Free Motion of a Solid through 
an Infinite Mass of Liquid,” Proc, Lond. Math. Soc. viii. (1877). Similar results were obtained 
independently by Craig, “ The Motion of a Solid in a Fluid,” Amer. Journ, of Math. ii. (1879). 

+ For references see Wien, Lehrhuch d. HydrodynamiJc, Leipzig, 1900, p. 164. 

t Cf. Clebseh, “IJeber die Bewegung eines Korpers in einer Flussigkeit,” Math. Ann. iii. 
238 (1870). This paper deals with the ‘reciprocal’ form of the dynamical equations, obtained 
by substituting from Art. 122 (4) in Art. 120 (1). 
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The most symmetrical way of writing the general expression is 
2T = Au^ + 4- Gw- + 2A'mu + 2B'wu + 20'uv 

4- Pp^ 4- Q(f 4 Rr- 4* 2P'qr 4- 2Q'rp 4 ^R'pq 
4 2Lup 4 2Mvq 4 

+ 2F(vr 4* wq) + 2G (wp 4 ur) 4- 2H (uq + vp) 

+ 2F' (vr — wq) 4 2G' (wp — ur) + 2H' (uq — vp) (1) 

It has been seen that we may choose the directions of the axes so that 
A'y B', G' = 0, and it may easily be verified that by displacing the origin 
we can further make F\ G\ H' = 0. We shall henceforward suppose these 
simplifications to have been made. 

1°. If the solid has a plane of symmetry, it is evident from the con- 
figuration of the relative stream-lines that a translation normal to this plane 
must be one of the permanent translations of Art. 124. If we take this plane 
as that of it is further evident that the energy of the motion must be 
unaltered if we reverse the signs of w, p, q. This requires that P", Q\ L, if, 
Ny H should vanish. The three screws of Art. 125 are now pure rotations, 
but their axes do not in general intersect. 

2°. If the body has a second plane of symmetry, at right angles to the 
former one, we may take this as the plane xz. We find that in this case 
R' and G must also vanish, so that 

2T = Au^ 4 Bv^ 4 Gw"^ + Pp- 4 Qq^ + Rr^ + 2F(vr -4 wq) (2) 

The axis of x is the axis of one of the permanent rotations, and those of the 
other two intersect it at right angles, though not necessarily in the same point. 

3°. If the body has a third plane of symmetry, say that of yZy at right 
angles to the two former ones, we have 

2T = Ati^ + Bv^ 4 Gw'"- 4 Pp^ 4 Qq^ 4 Rr^ (3) 

4°. Eeturning to (2°), we note that in the case of a solid of revolution 
about Oxy the expression for 2T must be unaltered when we write v, q^ — w, —r 
for Wy r, Vy q, respectively, since this is equivalent to rotating the axes of y, z 
through a right angle. Hence B^Gy Q^R, F—0; and therefore 

2T = Au^ B(v^ + uf) 4 Pp^ 4 Q(q^ + (4)* 

The same reduction obtains in some other cases, for example when the 
solid is a right prism whose section is any regular polygon f. This is seen at 
once from the consideration that, the axis of x coinciding with the axis of the 
prism, it is impossible to assign any uniquely symmetrical directions to the 
axes of y and z. 

* For the solution of the equations of motion in this case see Greenhill, “ The Motion of a 
Solid in Infinite Liquid under no Forces,” Amer^ J. of Math, xx. (1897). 

t See Larmor, “On Hydrokinetic Symmetry,” Quart. Journ, Math. xx. (1885). 
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5^ If, in the last case, the form of the solid be similarly related to each 
of the co-ordinate planes (for example a sphere, or a cube), the expression (8) 
takes the form 

2T A(u^ w^) P{p^ + + r-) (5) 

This again may be extended, for a like reason, to other cases, for example 
any regular polyhedron. Such a body is practically for the present purpose 
^isotropic/ and its motion will be exactly that of a sphere under similar 
conditions. 

We may next consider another class of cases. Let us suppose that 
the body has a sort of skew symmetry about a certain axis (say that of ^), 
viz. that it is identical with itself turned through two right angles about this 
axis, but has not necessarily a plane of symmetry*. The expression for 2T 
must be unaltered when we change the signs of v, q, r, so that the 
coefficients Q\ R', G, S must all vanish. We have then 

2T = A‘U^ -F Rv^ + Cw^ 4- Pp^ + Qq^ -h Rr^ + 2P'qr 

-h 2Lup 4- 2Mvq 4- 2Nwr 4- 2F (vr 4- wq) (6) 

The axis of oc is one of the directions of permanent translation ; and is also 
the axis of one of the three screws of Art. 126, the pitch being —i/A. The 
axes of the two remaining screws intersect it at right angles, but not in 
general in the same point. 

7°. If, further, the body be identical with itself turned through 07%e 
right angle about the above axis, the expression (6) must be unaltered when 
V, q, — w, r are written for r, v, g, respectively. This requires that 
B = C, Q = R, P' — Oj Hencef 

2T == Au^ 4- -B (t;^ 4- 4- Pp^ 4- Q (3^ 4- 4- 2Lup 4- 2i!f (vq 4- ... (7) 

The form of this expression is unaltered when the axes of y, z are turned 
in their own plane through any angle. The body is therefore said to possess 
helicoidal symmetry about the axis of 

8°. If the body possess the same properties of skew symmetry about an 
axis intersecting the former one at right angles, we must evidently have 

2T = A{u^’]-v^-\- vf) 4- P (p^ 4- 3^ 4- 4- 2L (pu + qv + rw) (8) 

Any direction is now one of permanent translation, and any line drawn 
through the origin is the axis of a screw of the kind considered in Art. 125, 
of pitch — P/A. The form of (8) is unaltered by any change in the directions 
of the axes of co-ordinates. The solid is therefore in this case said to be 
' helicoidally isotropic.’ 

^ A two-bladed screw-propeller of a ship is an example of a body of this kind, 
t This result admits of tbe same kind of generalization as (4), e,g. it applies to a body 
shaped like a screw-propeller with three symmetrically-disposed blades. ' The integration of the 
equations of motion is discussed by Greenhill, “The Motion of a Solid in Infinite Liquid,” 
Amer. A, of Math, xxviii. 71 (1906). 
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127. For the case of a solid of revolution, or of any other form to which 
the formula 

2T Aib^ + + w^) + Pp^ Q{f ( 1 ) 

applies, the complete integration of the equations of motion was effected by 
Kirchhoff*^ in terms of elliptic functions. 

The particular case where the solid moves without rotation about its axis, 
and with this axis always in one plane, admits of very simple treatment!, 
and the results are very interesting. 

If the fixed plane in question be that of xy we have q, w~0, so that the equations 
of motion, Art. 124 (1), reduce to 

. du ^ ^dv , \ 

Let X, y be the co-ordinates of the moving origin relative to fixed axes in the plane 
{xy) in which the axis of the solid moves, the axis of x coinciding with the line of the 
resultant impulse (/, say) of the motion ; and let B be the angle which the line Ox (fixed 
in the solid) makes with x. We have then 

A^6=7cosd, ^2;=-/sind, 

The first two of equations (2) merely express the fixity of the direction of the impulse in 
space ; the third gives 

.. 4 _ R 

QB+ — sin ^ cos B=0 (3) 


We may suppose, without loss of generality, that A>B. If we write 2^=^, (3) 
becomes 




•(4) 


which is the equation of motion of the common pendulum. Hence the angular motion of 
the body is that of a ‘ quadrantal pendulum/ a body whose motion follows the same 
law in regard to a quadrant as the ordinary pendulum does in regard to a half-circum- 
ference. When B has been determined from (3) and the initial conditions, x, y are to be 
found from the equations 

cos B — v sin d— ^ cos^ B-h^ sin^ B, 


y^tbsiuB+xcos B 
the latter of which gives 




.(5) 


sin B cos B = 


'^B, 




.( 6 ) 


as is otherwise obvious, the additive constant being zero since the axis of x is taken to 
be coincident with, and not merely parallel to, the line of the impulse /. 

Let us first suppose that the body makes complete revolutions, in which case the first 
integral of (3) is of the form 

B^ = 0)2 (1 — sin^ B), (7) 




* Lc. ante p. 148. 

f See Thomson and Tait, Art. 322; G-reenhill, “On the Motion of a Cylinder through a 
Erictionless Liquid under no Forces,” Mess, of Math. ix. (1880). 


L. H. 


11 
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.(9) 


Hence, reckoning t from the position ^=0, we have 

^ — T=F(k,6), 

J sin^ 

in the usual notation of elliptic integrals. If we eliminate i between (5) and (7), and then 
integrate with respect to we find 




.( 10 ) 


the origin of x being taken to correspond to the position 6>=0. The path can then be 
traced, in any particular case, by means of Legendre’s Tables. See the curve marked I on 
the opposite page. 

If, on the other hand, the solid does not make a complete revolution, but oscillates 
through an angle a on each side of the position ^=0, the proper form of the first integral 
of (3) is 

^2 = 0)2 

V Sin2 a/ 

. , ABQ 0.2 


where 
If we put 
this gives 

whence 




sin sin a sin yjr, 

(1 — sin2 fit sin2 1//), 
sin2 a ^ 

=i?’(sin fit, y/r) 

sma 


.( 11 ) 

..(12) 


.(13) 


Transforming to yfr as independent variable, in (5), and integrating, we find 
x= -J- sin a . i^(sin cosec a . E (sin ot, i//*), 

jDO) 1 


.(14) 


y=^cos ^j/. 

The path of the point 0 is now a sinuous curve crossing the line of the impulse at intervals 
of time equal to a half-period of the angular motion. This is illustrated by the curves III 
and lY of the figure. 

There remains a critical case between the two preceding, where the solid just makes a 
half-revolution, B having as asymptotic limits the two values ±j7r. This case may be 
obtained by putting ^==1 in (7), or a = ^7r in (11) ; and we find 

^ = o)COs^, (15) 

o)jf=logtan (Jtt+J^), (16) 

I . /I . 1 /IN Q(^ , 


3: = ^ log tan (Jtt + ^B) - 

^ Q<^ 


* sin Bj 


.(17) 


- cos B, 


See the curve II of the figure*. 

* In order to bring out the peculiar features of the motion, the curves have been drawn for 
the somewhat extreme case ot,A = 5B. In the case of an infinitely thin disk, without inertia of 
its own, we should have AIB = ao; the curves would then have cusps where they meet the axis 
of y. It appears from (5) that x has«always the same sign, so that loops cannot occur in any case. 

In the various cases figured the body is projected always with the same impulse, but wuth 
difierent degrees of rotation. In the curve I, the maximum angular velocity is times what it 
is in the critical case II; whilst the curves III and IV represent oscillations of amplitude 45° and 
18° respectively. 
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It is to be observed that the above investigation is not restricted to the case of a solid 
of revolution ; it applies equally well to a body with tw’o perpendicular planes of sym- 
metry, moving parallel to one of these planes, provided the origin be properly chosen. If 
the plane in question be that of then on transferring the origin to the point {FjB, 0, 0) 



the origin to the point { — FIG, 0, 0). 

11—2 
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The results of this Article, with the accompanying diagram, serve to exemplify the 
statements made near the end of Art. 124. Thus the curve IV illustrates, with exaggerated 
amplitude, the ease of a slightly disturbed stable steady motion parallel to an axis of per- 
manent translation. The case of a slightly disturbed unstable steady motion would be 
represented by a curve contiguous to II, on one side or the other, according to the nature 
of the disturbance. 

128 . The mere question of the stability of the motion of a body parallel 
to an axis of symmetry may of course be more simply treated by approximate 
methods. Thus, in the case of a body with three planes of symmetry, as in 
Art. 126, 3°, slightly disturbed from a state of steady motion parallel to oo, we 
find, writing u = u^ + u', and assuming u', v, w, p, q, r to be all small, 

. du' r. -rtdv . ^dw . 

r 


= 0 

^ dt 


Hence 


Q^ = (0-A)uow, 

^d^ A (A — B) 


■■ {A —B)uoV. 




with a similar equation for r, and 




A(A-G) 


u^w = 0 , 


with a similar equation for The motion is therefore stable only when A 
is the greatest of the three quantities A^B, C, 

It is evident from ordinary Dynamics that the stability of a body moving parallel to an 
axis of symmetry will be increased, or its instability (as the case may be) will be diminished, 
by communicating to it a rotation about this axis. This question has been examined by 
Greenhill*. 

Thus, in the case of a solid of revolution slightly disturbed from a state of motion in 
which u and p are constant and the remaining velocities are zero, if we neglect squares 
and products of small quantities the first and fourth of equations (1) of Art 124 give 

duldt=0, dpjdt—O, 

whence u^uq, p^Po^ (3) 

say, where Uq, po are constants. The remaining equations then take, on substitution from 
Art. 126 (3), the forms 

B(^+p^v'^=Au^q, (4) 

q^^+(P-Q)Por=-{A-B)uoW, -dr .. 


(P - §) Po? = (4 - B) MoV. 


If we assume that w, q, r vary as e*", and eliminate tbeir ratios, we find 
§<r2±(P-2«)poa- {(P- «) (A - B) =0 


The condition that the roots of this should be real is that 


* “Fluid Motion between Confoeal Elliptic Cylinders, Quart. Journ. Math, xvi. (1879). 



165 


127-130] 


Stability 


should be positive. This is always satisfied when and can be satisfied in any case 

by giving a sufficiently great value to po- 

This example illustrates the steadiness of flight which is given to an elongated projectile 
by rifling. 

129. In the investigation of Art. 125 the term ‘steady’ was used to 
characterize modes of motion in which the ‘instantaneous screw’ preserved 
a constant relation to the moving solid. In the case of a solid of revolution, 
however, we may conveniently use the term in a somewhat wider sense, 
extending it to motions in which the vectors representing the velocities 
of translation and rotation are of constant magnitude, and make constant 
angles with the axis of symmetry and with each other, although their relation 
to points of the solid not on the axis may continually vary. 

The conditions to be satisfied in this case are most easily obtained from the equations 
of motion of Art. 124, which become, on substitution from Art. 126 (4), 


•4 ^^=B(rv-qw), 

P^=0 
dt ’ 

\ 



B^^ = Bpw— Am, 

Q^=-(A-B)uw-(P- 

■ Q)P', 1 

1 

(1) 

B^=Aqu-Bpv, 

«g= {A-B)izvHP- 

■Q)pq.j 




It appears thatp is in any case constant, and that will also be constant provided 

vlq^wjr, =4 say (2) 

This makes dujdt^O^ and const. It follows that h will also be constant ; and it 

only remains to satisfy the equations 

kB r, § g= - {(4 _ 5) (F- §) 

These will be consistent provided 

hB {{A - B) ku A{P—Q)p}A-Q {kBp ->Au) = 0, 

, 71 kBP 

p^ AQ-k^BiA-B) 

Hence by variation of k we obtain an infinite number of possible modes of steady motion, 
of the kind above defined. In each of these the instantaneous axis of rotation and the 
direction of translation of the origin are in one plane with the axis of the solid. It is 
easily seen that the origin describes a helix about the line of the impulse. 

These results are due to Kirchhoff. 


130. The only case of a body possessing helicoidal property, where 
simple results can be obtained, is that of the ‘ isotropic helicoid ’ defined by 
Art. 126 (8). 

Let 0 be the centre of the body, and let us take as axes of co-ordinates at any instant 
a line parallel to the axis of the impulse, a line Oy drawn outwards from this axis, and 
a line Oz perpendicular to the plane of the two former. If I and K denote the force- and 
couple-constituents of the impulse, we have 

Au+Lp=^=^I, Av+Lq^ri=0, AwA-Br 

Pp + Lu=X=E^ Pq + Lv==fi=0, Pr+Lw=v=Im,) 

where w denotes the distance of 0 from the axis of the impulse. 
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Since 0, the second and fifth of these equations shew that v — Hence 

•zzr is constant throughout the motion, and the remaining quantities are also constant ; in 
particular 


PI-LK LI'w 

'^~AP-L^’ AP-L^' 


( 2 ) 


The origin 0 therefore describes a helix about the axis of the impulse, of pitch 

1 L' 

This example is due to Kelvin* 


131. Before leaving this part of the subject we remark that the pre- 
ceding theory applies, with obvious modifications, to the acyclic motion of a 
liquid occupying a cavity in a moving solid. If the origin be taken at the 
centre of inertia of the liquid, the formula for the kinetic energy of the fluid 
motion is of the type 

2T = m {iP + + w^) + PrP + + Rr^ + 2P'gr + 2QVp + 2R>g. . . .(1) 

For the kinetic energy is equal to that of the w^hole fluid mass (m), supposed 
concentrated at its centre of inertia and moving with this point, together with 
the kinetic energy of the motion relative to the centre of inertia. The latter 
part of the energy is easily proved by the method of Arts. 118, 121 to be 
a homogeneous quadratic function of p, g, r. 

Hence the fluid may be r^laced by a solid of the same mass, having the 
same centre of inertia, provided the principal axes and moments of inertia be 
properly assigned. 


The values of the coefficients in (1), for the case of an ellipsoidal cavity, may be calcu- 
lated from Art. 110. Thus, if the axes of y, z coincide with the principal axes of the 
ellipsoid, we find 


P, Q,R=Jm 




P', Q', R =0. 


Case of a Perforated Solid, 

132. If the moving solid have one or more apertures or perforations, so 
that the space external to it is multiply-connected, the fluid may have 
a motion independent of that of the solid, viz. a cyclic motion in which the 
circulations in the several irreducible circuits which can be drawn through 
the apertures may have any given constant values. We will briefly indicate 
how the foregoing methods may be adapted to this case. 

* lx, ante p. 154. It is there pointed out that a solid of the kind here in question may be 
constructed by attaching vanes to a sphere, at the middle points of twelve quadrantal arcs drawn 
so as to divide the surface into octants. The vanes are to be perpendicular to the surface, and 
are to be inclined at angles of 45° to the respective arcs. Larmor {l.c, ante p. 159) gives another 
example. ‘^If...we take a regular tetrahedron (or other regular solid), and replace the edges 
by skew bevel faces placed in such wise that when looked at from any corner they all slope the 
same way, we have an example of an isotropic helicoid.” 

For some further investigations in the present connection see a paper by Miss Fawcett, “ On 
the Motion of Solids in a Liquid,” Quart, Journ. Math, xxvi, (1893). 
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Let ic, K, ... be the circulations in the various circuits, and let ha, ha , 
ha \ ... be elements of the corresponding barriers, drawn as in Art. 48. 
Further, let I, m, n denote the direction-cosines of the normal, drawn towards 
the fluid at any point of the surface of the solid, or drawn on the positive 
side at any point of a barrier. The velocity-potential is then of the form 

(j> -f 

where -I- wcj)^ +pxi + 

(p0= KO) K CO + fC Q) + .... 

The functions <pi, <^ 3 , (^> 3 , %i, % 2 , are determined by the same conditions as 
in Art. 118. To determine co, we have the conditions : ( 1 °) that it must 
satisfy V-o) = 0 at all points of the fluid; ( 2 °) that its derivatives must vanish 
at infinity; (3°) that dcojdn must =0 at the surface of the solid; and (4"") that 
CO must be a cyclic function, diminishing by unity whenever the point to which 
it refers completes a circuit cutting the first barrier once (only) in the positive 
direction, and recovering its original value whenever the point completes a 
circuit not cutting this barrier. It appears Jfrom Art. 52 that these conditions 
determine co save as to an additive constant. In like manner the remaining 
functions co\ co", ... are determined. 

By the formula (5) of Art. 66 , twice the ,Jdnetic energy of the fluid is 
equal to 

-p jj(4> + <Po)^(4> + <f>o) dS 

~ //ll ” 

Since the cyclic constants of <jE> are zero, and since d<po/dn vanishes at the 
surface of the solid, we have, by Art, 54 (4), 

lf<l >0 ^dS + d<r + k' da' +...= fl^, dS = 0 . 


Hence (2) reduces to 

■ 

Substituting the values of <j>, from (1) we find that the kinetic energy 
of the fluid is equal to 

T + K, (4) 

where T is a homogeneous quadratic function of u, v, w, p, q, r, of the form 
defined by Art. 121 ( 2 ) (3), and 

2K = («, k ) + («', /e') + 2 (k, a:') , (5) 
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where, for example, 



The identity of the different forms of (jc, k) follows from Art. 54 (4). 

Hence the total energy of fluid and solid is given by 

T=^+.s:, 0 ) 

where '01 is a homogeneous quadratic function of u, v, w, p, q, r of the same 
form as Art. 121 (8), and K is defined by (5) and (6) above. 

133. The ‘impulse’ of the motion now consists partly of impulsive forces 
applied to the solid, and partly of impulsive pressures pK, pic, px ", ... applied 
uniformly (as explained in Art. 54) over the several membranes which are 
supposed for a moment to occupy the positions of the barriers. Let us 
denote by fi, %, Xi, p,i, Pi the components of the extraneous impulse 
applied to the solid. Expressing that the ^-component of the momentum of 
the solid is equal to the similar component of the total impulse acting on it, 
we have 

= ^1 + p + •■• +i^xi+ ■■■ + KCi) + ...) ~ ds 

- 6 - S + '"//" t i + (1) 

where, as before, Tq denotes the kinetic energy of the solid, and T that part 
of the energy of the fluid which is independent of the cyclic motion. Again, 
considering the angular momentum of the solid about the axis of cc, 

^ = Xi-p ll(^ + (f>o){ny-mz)dS 

= Xi + p jj + •■■+pXi + ••• + «<» + ■•■'^'^dS 

^ ( 2 ) 

Hence, since = T 4- Tq, we have 


( 3 ) 
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By virtue of Lord Kelvin’s extension of Green’s Theorem, already referred 
to, these may be written in the alternative forms 


^1 = 


dll 




.(4) 


Adding to these the terms due to the impulsive pressures applied to the 
barriers, we have, finally, for the components of the total impulse of the 
motion^, 

a® ^ 0® 0® 






where, for example, 


■X t -X ^'5!/ , 


.(5) 


dn 


dcr + p>c'll{l + ^^) 


dff + ..., 


^0 = px: fjl 

X„ = p« lj^n^-mz + ^^Jd<r + pK'Jj^n2/-mz + -^''j d<r'+.... j 


...( 6 ) 


It is evident that the constants fo, tjq, fo) ^o; J^o, components 

of the impulse of the cyclic fluid motion which would remain if the solid 
were, by forces applied to it alone, brought to rest 

By the argument of Art. 119, the total impulse is subject to the same 
laws as the momentum of a finite dynamical system. Hence the equations 
of motion of the solid are obtained by substituting from (5) in the equations 
(1) of Art. 120t. 

134. As a simple example we may take the case of an annular solid of 
revolution. 

If the axis of .v coincide with that of the ring, we see by reasoning of the same kind as 
in Art. 1 ^ 6 , 4® that if the situation of the origin on this axis be properly chosen we may 


write 

2T—Au--i-£ (q^+r^)-i-(>c, k) ( 1 ) 

Hence 77 , v^Fp, Qq, Qr, ( 2 ) 


Substituting in the equations of Art. 120 , we find dpldt—0^ or p = const., as is other- 
wise obvious. Let us suppose that the ring is slightly distui'bed from a state of motion in 
which V, p^ r are zero, i,e. a steady motion parallel to the axis. In the beginning of 
the disturbed motion -y, w, p, q, r will be small quantities whose products we may neglect. 
The first of the equations referred to then gives dujdt—O^ or w= const., and the remaining 
equations become 

B 5 = - {Au + ^,) r, Q -{{A-B)u+Q 

(4m + |„)2, {{,A-B)u+^o}^- 

* Cf. Sir W. Thomson, l.c, ante p. 154. 
f This conclusion may be verified by direct calculation from the pressure-formula of Art. 20 ; 

see Bryan, “ Hydrodynamical Proof of the Equations of Motion of a Perforated Solid, 

Phil, Mag. May 1893. 
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Eliminating r, we find 


Bq 


dH 

dt^~ 


— {An + ^o) — B)u-^ ^0} 


.(4) 


Exactly the same equation is satisfied by w. It is therefore necessary and sufficient for 
stability that the coefficient of v on the right-hand side of (4) should be negative ; and the 
time of a small oscillation, when this condition is satisfied, is* 


Stt 


^{Au-\-^q) {(^ —B) 


.(5) 


We may also notice another case of steady motion of the ring, viz. where the impulse 
reduces to a couple about a diameter. It is easily seen that the equations of motion are 
satisfied by 77 , X, /x=0, and v constant ; in which case 

us=z A, r— const. 


The ring then rotates about an axis in the plane yz parallel to that of at a distance njr 
from itf. 


Equations of Motion in Generalized Co-ordinates. 

135. When we have more than one moving solid, or when the fluid is 
bounded, wholly or in part, by fixed walls, we may have recourse to Lagrange’s 
method of 'generalized co-ordinates.’ This was first applied to hydrodynamical 
problems by Thomson and Tait^. 

The systems ordinarily contemplated in Analytical Dynamics are of finite 
freedom ; i.e. the position of every particle is completely determined when 
we know the values of a finite number of independent variables or ‘generalized 
co-ordinates’ q 2 , ••• qn> The kinetic energy T can then be expressed as a 
quadratic function of the ‘generalized velocity components’ ji, q^^ ... q^. 

In the Hamiltonian method the actual motion of the system between 
any two instants t^, is compared with a slightly varied motion. If rj, ^ 
be the Cartesian co-ordinates of any particle m, and X, F, Z the components 
of the total force acting on it, it is proved that 

p {AT-f 2 Y^v + dt = 0, (1) 

provided the varied motion be such that 

The summation 2 is understood to include all the particles of the system. 
The varied motion is usually supposed to he adjusted so that the initial 
and final positions of each particle shall be respectively the same as in the 
actual motion. The quantities Ai;, A^ then vanish at each limit of 
integration, and the condition (2) is fulfilled. 

* Sir W. Thomson, l.c. ante p. 154. 

t For further investigations on this subject we refer to papers by Basset, “ On the Motion 
of a Ring in an Infinite Liquid,’’ Proc. Oamb, Phil Soc. vi. (1887), and Miss Fawcett, I c ante 

p. 166. 

X Natural Philosophy (1st ed.), Oxford, 1867, Art. 331. 


^=0 ( 2 ) 
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For a conservative system free from extraneous force (1) takes the form 

A ^(r- V)dt^Q (3) 


In words, if the actual motion of the system between any two configura- 
tions through which it passes be compared with any slightly varied motion, 
between the same configurations, which the system is (by the application of 
suitable forces) made to execute in the same time, the time-integral of the 
‘ kinetic potential F— T is stationary. 

In terms of generalized co-ordinates, the equation (1) takes the form 

f (AT -1- Qi Aji -f- QsAg's 4- . . . + QnAg^^) dt = 0, (4) 

j to 

from which Lagrange’s equations 


ddj_ 

dt dqr 

can be deduced by a known process. 



,(5) 


136. Proceeding now to the hydrodynamical problem, let gi, ... qn he 
a system of generalized co-ordinates which serve to specify the configuration 
of the solids. We will suppose, for the present, that the motion of the fluid 
is entirely due to that of the solids, and is therefore irrotational and acyclic. 

In this case the velocity-potential at any instant will be of the form 


= + ••• (1) 

where 0i, ... are determined in a manner analogous to that of Art. 118. 

The formula for the kinetic energy of the fluid is then 

2T==-pjj(l>^^dS=A,,q,^ + A^q^+ ...+2A^q,q,+ (2) 

where 


A„ = -plj4>r^^d8, A.,^-pjjcl..^^d8 = -pjj<f>J-^dS, ...(3) 

the integrations extending over the instantaneous positions of the bounding 
surfaces of the fluid. The identity of the two forms of A^.g follows from 
Green’s Theorem, The coefficients Arr, Ars will in general be functions of 
the co-ordinates gi, q^, ... gn* 

If we add to (2) twice the kinetic energy, Ti, of the solids themselves, we 
get an expression of the same form, with altered coefficients, say 

2r= J.Hgl" + ^22g2'+ 4 2A,2gig2+ (4) 

It remains to shew that, although our system is one of infinite fi:eedom, 
the equations of motion of the solids can, under the circumstances pre- 
supposed, be obtained by substituting this value of T in the Lagrangian 
equations. Art. 136 (5). We are not at liberty to assume this without 

* The name was introduced by Helmholtz, “Die physikalische Bedeutung des Princips der 
kleinsten Wirkung,” Crelle, c. 137 (1886) \Wiss, Abh. iii. 203]. 
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further examination, for the positions of the various particles of the fluid are 
not determined by the instantaneous values qi, ••• qn co-ordinates 

of the solids. For instance, if the solids, after performing various evolutions, 
return each to its original position, the individual particles of the fluid will 
in general be found to be finitely displaced^. 

Going back to the general formula (1) of Art, 135, let us suppose that in 
the varied motion, to which the symbol A refers, the solids undergo no 
change of size or shape, and that the fluid remains incompressible, and has, 
at the boundaries, the same displacement in the direction of the normal as 
the solids with which it is in contact. It is known that under these 
conditions the terms due to the internal reactions of the solids will disappear 
from the sum 

2(XAf4- FA^ + ^Af). 

The terms due to the mutual pressures of the fluid elements are equivalent to 

‘///S I +1 

or j'J'p (lA^ 4- mArf + nA^) dS -h docdydz, 

where the former integral extends over the bounding surfaces, and I, m, % 
denote the direction-cosines of the normal, drawn towards the fluid. The 
volume- integral vanishes by the condition of incompressibility 

® 

The surface -integral vanishes at a fixed boundary, where 

lA^ + mAr] -p uA^ = 0 ; 

and in the case of a moving solid it is cancelled by the terms due to the 
pressure exerted by the fluid on the solid. Hence the symbols X, F, Z may 
be taken to refer only to the remaining forces acting on the system, and we 
may write 

2 (XA^-h ! At; 4- -^Af) = Qi Ag'i -f Q2Ag'2 -f ... -^QnAq^y ..,...(6) 
where Qi, ... Qn are generalized components of force. 

The varied motion of the fluid has still a high degree of generality. We 
will now further limit it by supposing that while the solids are, by suitable 
forces applied to them, made to execute an arbitrary motion, the fluid is left 
to take its own course in consequence of this. The varied motion of the 
fluid may accordingly be taken to be irrotational, in which case the varied 
kinetic energy T 4- AT of the system will be the same function of the 
varied co-ordinates q^-\-Aq^y and the varied velocities qr + Aq^y that the 
actual energy T is of q^ and 

* As a simple example, take the case of a circular disk which is made to move, without 
rotation, so that its centre describes a rectangle two of whose sides are normal to its plane ; and 
examine the displacements of a particle initially in contact with the disk at its centre. 
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Again, considering the particles of the fluid alone, we shall have, on the 
same supposition, 

Sm (|a^ + = — p j jj(^ ^ ^ 

= pJ'J^ (ZA| + mA-rj + nA^) dS, 

where use has again been made of the condition (5) of incompressibility. By 
the kinematical condition to be satisfied at the boundaries, we have 


lA^ + mA7} + nA^=-^Aq^-^^-Aq„-...- 


dn 




and therefore 


2m (|A| + ^ A^ + ? A r) = - p //<^> (gi A?, + Ag, + . . . + ^ Ag„) d8 


— (Aii^i + A];2^2 ^ • 4" Ai^^n) Aq-i 4* (^A^qi A^q^ + . . . + A^qA Aq^ 

+ ... + (A„i2i+ A,i2j2+ ••• + Ann^Ti) Aqn 


•( 7 ) 


9T . , 3T . 9T . 

= ^,^^' + ^2 

by (1), (2), (3) above. If we add the terms due to the solids, we find that 
the condition (2) of Art. 135 still holds; and the deduction of Lagrange’s 
equations 

dtdqr dql~^’' ^ 

then proceeds in the usual manner. 


137. As a first application of the foregoing theory we may take an 
example given by Thomson and Tait* where a sphere is supposed to move 
in a liquid which is limited only by an infinite plane wall. 

Taking, for simplicity, the case where the centre moves in a plane perpendicular to 
that of the wall, let us specify its position at time t by rectangular co-ordinates y in this 
plane, of which y denotes distance from the wall. We have 

( 1 ) 

where A and B are functions of y only, it being plain that the term xy cannot occur, since 
the energy must remain luialtered when the sign of x is reversed. The values oi A^B can 
be written down from the results of Arts. 98, 99, viz. if m denote the mass of the sphere, 


and a its radius, we have 

A=m+^7rpa?(l + ^^, B=7n.+ %'n'pa« (l + , (2) 

approximately, if y be great in comparison with a. 

The equations of motion give 

...(3) 


where A, Y are the components of extraneous force, supposed to act on the sphere in a 
line through the centre. 


Z.c. ante p. 170. 
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If there be no extraneous force, and if the sphere be projected in a direction normal to 
the wall, we have and 

, (4) 

Since B diminishes as y increases, the sphere experiences an acceleration froyn the wall 

Again, if the sphere be constrained to move in a line parallel to the wall, we have 
«/=0, and the necessary constraining force is 



Since dA jdy is negative, the sphere appears to be attracted by the wall. The reason of 
this is easily seen by reducing the problem to one of steady motion. The fluid velocity 
will evidently be greater, and the pressure therefore less, on the side of the sphere next 
the wall than on the further side ; see Art, 23. 

The above investigation will also apply to the case of two spheres projected in an 
unlimited mass of fluid, in such a way that the plane is a plane of symmetry in all 
respects. 

138. Let us next take the case of two spheres moving in the line 
of centres. 

The kinematical part of this problem has been treated in Art. 98, If we now denote 
by y the distances of the centres of the spheres A, B from some fixed origin 0 in the line 
loining them, we have 

( 1 ) 

where the coefficients X, If, N are functions of y — a?, or c, the distance between the centres. 
Hence the equations of motion are 



where X, T are the forces acting on the spheres along the line of centres. If the radii a, h 
are both small compared with c, we have, by Art. 98 (15), keeping only the most important 
terms, 

/y3/)3 

M^27rp~, (3) 

approximately, where m, m! are the masses of the two spheres. Hence to this order of 
approximation 

dL ^ dM ^ dN ^ 

^= 0 , ^= 0 . 

If each sphere be constrained to move with constant velocity, the force which must he 
applied to A to maintain its motion is 

^ dM .. .. dM , , 

(4) 

This tends towards X, and depends only on the velocity of B. The spheres therefore 
appear to repel one another ; and it is to be noticed that the apparent forces are not equal 
and opposite unless ;&= +^. 

Again, if each sphere make small periodic oscillations about a mean position, the period 
being the same for each, the mean values of the first terms in (2) will be zero, and the 
spheres therefore will appear to act on one another with forces equal to 
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where denotes the mean value of xy. If x, y differ in phase bv less than a quarter- 
period, this force is one of repulsion, if by more than a quarter-period it is one of attraction. 

Next, let B perform small periodic oscillations, w^hile A is held at rest. The mean force 
which must be applied to A to prevent it from moving is 

fJN 

( 6 ) 

where denotes the mean square of the velocity of B. To the above order of approxi- 
mation dNjdc is zero j on reference to Art. 98 we find that the most important term in it 
is — so that the force exerted on A is attractive, and equal to 



This result comes under a general principle enunciated by Kelvin. If we have two 
bodies immersed in a fluid, one of which (A) performs small vibrations while the other (B) 
is held at rest, the fluid velocity at the surface of B will on the whole be greater on the 
side nearer A than on that which is more remote. Hence the average pressure on the 
former side will be less than that on the latter, so that B will experience on the whole an 
attraction towards A. As practical illustrations of this principle we may cite the apparent 
attraction of a delicately-suspended card by a vibrating tuning-fork, and other similar 
phenomena studied experimentally by Guthrie^ and explained in the above manner by 
Kelvin t. 

Modification of Lagrange's Equations in the case of Gyclic Motion. 

139. We return to the investigation of Art. 136, with the view of 
adapting it to the case where the fluid has cyclic irrotational motion through 
channels in the moving solids, or (it may be) in an enclosing vessel, in- 
dependently of the motion due to the solids themselves. 

Let us imagine barrier-surfaces to be drawn across the several apertures. 
In the case of channels in a containing vessel we shall suppose these ideal 
surfaces to be fixed in space, and in the case of channels in a moving solid 
w’-e shall suppose them to be fixed relatively to the solid. Let ... 

be the fluxes at time t across, and relative to, the several barriers ; and let 
X> x!'> •** time-integrals of these fluxes, reckoned from some 

arbitrary epoch, these quantities determining (therefore) the volumes of 
fluid which have up to the time t crossed the respective barriers. It will 
appear that the analogy with a dynamical system of finite freedom is still 
conserved, provided the quantities %, ••• lt)e reckoned as generalized 

co-ordinates of the system, in addition to those (gi, ••• (In) which specify 
the positions of the moving solids. It is obvious already that the absolute 
values of ... will not enter into the expression for the kinetic 

energy, but only their rates of variation. 

In the first place, we may shew that the motion of the fluid, in any given 
configuration of the solids, is completely determined by the instantaneous 

* “ On Approach caused by Vibration,” Proc. Roy. Soc. xix. (1869) IPhil. Mag. Nov. 1870], 

t Reprint of Papers on Electrostatics, (&c. Art. 741. Tor references to further investigations, 
both experimental and theoretical, by Bjerknes and others, on the mutual influence of oscillating 
spheres in a fluid, see Hicks, ‘"Eeport on Becent Besearches in Hydrodynamics,” Brit. Ass. Rep. 
1882, pp. 52...; hoYe, Encycl. d. math. Wiss. iv. (8), pp. Ill, 112. 
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values of ... •*- For if there were two modes of 

irrotational motion consistent with these values, then, in the motion which 
is the difference of these, the boundaries of the fluid would be at rest, and 
the flux across each barrier would be zero. The formula (5) of Art. 65 shews 
that under these conditions the kinetic energy would vanish. 

It follows that the velocity-potential can be expressed in the form 

cf) = + qn<Pn+ A" (^) 

Here is the velocity-potential of a motion in which g,. alone varies and 
the flux across each barrier is accordingly zero. Again fl is the velocity- 
potential of a motion in which the solids are all at rest, whilst the flux 
through the first aperture is unity, and that through every other aperture is 
zero. It is to be observed that <l> 2 , 4^n, H', ... are in general all of 

them cyclic functions, which may however be treated as single-valued, on the 
conventions of Art. 50. 


The kinetic energy of the fluid is given by the expression 


2T = p 


'{(d^ 

\dw 


+ 


Sy 


+ 


dz) 


dxdydz 


.( 2 ) 


where the integral is taken over the region occupied by the fluid at the 
instant under consideration. If we substitute from (1) we obtain T as a 
homogeneous quadratic function of q^, gas ••• qn> x \ ••• with coefficients 
which depend on the instantaneous configuration of the solids, and are there- 
fore functions of gi, ga, ... gn only. Moreover, we find, by Art. 53 (1), 




HI 


d6dO, d6dn d6dn) , , , 

+ + ti^dydz 

ox ex ay oy oz dz] 




<f>^dS- 

^ on 


• pK 




dn 


do-'- 


where fc, k, ... are the cyclic constants of and the first surface-integral is 
to be taken over the surfaces of the solids, and the remaining ones over the 
several barriers. By the conditions which determine Xi, this reduces to the 
first equation of the system : 

9T 3T 

= = ( 3 ) 

These shew that p/c, pK , ... are to be regarded as the generalized components 
of momentum corresponding to the velocity-components %, ..., respec- 

tively. 

We have recourse to the general Hamiltonian formula (1) of Art. 135. 
We will suppose that the varied motion of the solids is subject only to the 
condition that the initial and final configurations are to be the same as in the 
actual motion; also that the initial position of each particle of the fluid is the 
same in the two motions. The expression 

Sm -P 9;A77 + ^Af) (4) 
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will accordingly vanish at time ^o. but not in general at time in the absence 
of further restrictions. 


We will now suppose that the varied motion of the fluid is irrotational, and 
accordingly determined by the instantaneous values of the varied generalized 
co-ordinates and velocities. Considering the particles of the fluid alone, we 
have 


Sm 4 - ^ A77 + SA?) = - p f I j(^ g Ai? + A r) dxdydz 
= p j'|<^ (ZA| + 7?2A?7 + ?^A^) 4- /)/c (ZA^4--W2A77 dcr 

4- pic [J(IA^ -h 7nA7} -i-n A dcr' + ,..j (5) 


vrhere I, m, n are the direction-cosines of the normal to an element of the 
bounding surface, drawn towards the fluid, or (as the case may be) of the 
normal to an element of a barrier, drawn in the direction in which the 
corresponding circulation is estimated. 


At time ti we shall have 

lA^ 4 - 771 At] 4 - nA^=^ 0 

at the surface of the solids, as well as at the fixed boundaries. Again, if A 5 
represent one of the barriers in its position at time 
and if A'B' represent the locus at the same instant, in 
the varied motion, of those particles which in the actual 
motion occupy the position ABj the volume included 
between AB and A'B' will be equal to the corre- 
sponding A%, whence 

4- mArj + }iA^)da = A%, | 

^A^4- mA7} + nA^)da= Ax\ 


The varied circulations are, from instant to instant, still at our disposal. 
We may suppose them to be so adjusted as to make A%, A^', ... vanish at 
time t,. The expression (4) will accordingly vanish, and if we further suppose 
that the external forces do on the whole no work when the boundary of the 
fluid is at rest, whatever relative displacements be given to the parts of the 
fluid, we have 

{Ar4- QAqi 4- Qs Aga + . • • + Qn^qn} dt = 0, (7) 

to 

as before. 

By a partial integration, and remembering that by hypothesis 

A^i, Ags, ... A5„, Ax, Ax', ... 






L. H. 
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vanish at the limits hut are otherwise independent, we obtain n equations 
of the type 

ddT ,o^ 

dtdq^ dqr~^"’ ^ ’ 


together with 


dtdic ’ 


dtdy: 


140. Equations of the types (8) and (9) present themselves in various 
problems of ordinary Dynamics, e,g. in questions relating to gyrostats, where 
the co-ordinates , whose absolute values do not affect the kinetic or the 

potential energy of the system, are the angular co-ordinates of the gyrostats 
relative to their frames. The general theory of such systems has been treated 
by Routh^, Thomson and Taitf, and other writers. 

We have seen that ^ = p/c, ^ ^ ^ 

and the integration of (9) shews that the quantities fc\ ... are constants 
with regard to the time, as is otherwise known (Art. 50). Let us write 

( 11 ) 

The equations (10), when written in full, determine x> x\ • • • linear functions 

of K, k\ ... and ^ 2 ? ••• <in\ and by substitution in (11) we can express R as 
a homogeneous quadratic function of the same quantities, with coefficients 
which of course in general involve the co-ordinates gi, ... 
supposition we have, performing an arbitrary variation S on both sides of (11), 
and omitting terms which cancel by (10), 


^ 0^1 + 
dqi 


dR^ dR^ 

.. -f — dji + ... ... 

0^1 OK 


dT., dT^ 

:-Bq, + ... + ^^8q, + ...-pxB>c-..., 


where, for brevity, only one term of each kind is exhibited. Hence we obtain 
2n equations of the types 

dqr dqr' dqr dqr^ ^ ^ 


together with 


dR 


Hence the equations (8) may be written 


d dR 

dt dqr dqr 


(15) 


On the Stability of a Given State of Motion (Adams Prize Essay), London, 1877; Advanced 
Rigid Dynamics, 6th ed., London, 1905. 

t Natural Philosophy, 2nd ed., Art. 319 (1879). See also Helmholtz, Principien der Statik 
monocyclischer Systeme,” Crelle, xcvii. (1884) [Wiss. ;iii. 179]; Larmor, “On the Direct 
Application of the Principle of Least Action to the Dynamics of Solid and Eluid Systems,” Proc. 
Lond. Math, Soc, xv. (1884). 
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Ignoration of Co-oixlinates 


where the velocities ... corresponding to the 'ignored’ co-ordinates 

X, X, li^ve now been eliminated*. 

141. In order to shew more explicitly the nature of the modification 
introduced by the cyclic motions into the dynamical equations, we proceed as 
follows. 

If we substitute in (11) from (14), we obtain 



Now, remembering the composition of R, we may write for a moment 

R — R2,0 Rj,l Ro,2j (1*7) 

where i? 2 ,o is a homogeneous quadratic function of q^, ... q^, ^ 0,2 is a, 

homogeneous quadratic function of k, fc\ and R-^^^ is bilinear in these two 
sets of variables. Hence (16) takes the form 

122,0 ~i2o,2, (18) 

or, as we shall henceforth write it, 

(19) 

where ® and K are homogeneous quadratic functions of ji, ja, ••• in, and of 
tc, respectively. It follows also fi^om (17) that 

12==® K y32^2 ••• ^nin, • • 

where /3i, ySg? are linear functions of /c, k, ..., say 

= CCifC -j- tti K -i- . . . , 1 


^n^OLnfC+Ctn'fC + .... j 

The meaning of the coefficients a (in the hydrodynamical problem) appears 
from (14) and (20). We find 

, dK , . \ 

= + ai^i + a2g2+ ... +0Cnqn, 


./ dK /. h 

PX =^ + «i?i + a2?2+ ... 


which shew that a^. is the contribution to the flux of matter across the first 
barrier due to unit rate of variation of the co-ordinate qr, and so on. 

If we now substitute from (20) in the equations (15) we obtain the general 
equations of motion of a 'gyrostatic system/ in the formf 

* This investigation is due to Eouth, l.c.; cf. Whittaker, Analytical Dynamics, Art. 38. 
f These equations were first given in a paper by Sir W. Thomson, ‘‘ On the Motion of Kigid 
Solids in a Liquid circulating irrotationally through perforations in them or in a Fixed Solid,” 
Phil. Mag. May 1873 [Pampers, iv. 101]. See also C. Neumann, Hydrodynamische Untersuchungen 
(1833). 
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cZ 9®” 9® 

d,t dqi dqi 
d 9® 0® 1/9 -IN • 


+ (i, 2) 52 + (1, 8)23+ ... + (1, n) q,, + 

1 + (2, 3) ^3 + . , . + (2, m) = Q2, 


^ 9® 

dt dqn dqn 


+• (n, 1) ji + (?j, 2) ^2+ (n, 3) ja + ... 


(r, s) = 


d0s 9/3r 


V ? ^ / Q 

oq<y dqs 

It is important to notice that (r, 5) =: — ($, r), and (r, r) = 0. 


If in the equations of motion of a fully-specified system of finite freedom 
(Art. 135 (4)) we reverse the sign of the time-element ht, the equations are 
unaltered. The motion is therefore reversible; that is to say, if as the system 
is passing through any assigned configuration the velocities ^1, ^2, ... he all 
reversed, it will (if the forces be always the same in the same configuration) 
retrace its former path. It is important to observe that this statement does 
not in general hold of a gyrostatic system ; thus, the terms in (23) which are 
linear in ^1, 32? ••• change sign with St, whilst the others do not. Hence, in 
the present application, the motion of the solids is not reversible, unless indeed 
we imagine the circulations /c, re', ... to be reversed simultaneously with the 
velocities qi, ... 


If we multiply the equations (23) by qi, 32^-. qn iii order, and add, we find, 
by an easy adaptation of the usual process, 


d 

dt 


(® K) = Qi 3 i“ 1 - Q233+ ... 


+ Q?i3n) 


(25) 


or, if the system he conservative, 

® -f jK" + F = const (26) 

142 . The results of Art. 141 may be applied to find the conditions of 
equilibrium of a system of solids surrounded by a liquid in cyclic motion. 
This problem of ‘ Kineto-Statics,’ as it may be termed, is however more 
natnrally treated by a simpler process. 

The value of under the present circumstances can be expressed in the 


alternative forms 

^ = + (1) 

<jf) a= /CG) q- /c V -f . . . ; (2) 


and the kinetic energy can accordingly be obtained as a homogeneous quad- 
ratic function either of or of k, f€\ with coefficients which are 

in each case functions of the co-ordinates 31, 32, ... qn which specify the 

* Just as the motion of the axis of a top caniiot be xeversed unless we reverse the spin. 



Kineto-StatiGS 


181 


141-142] 


configuration of the solids. These two expressions for the energy may be 
distinguished by the symbols T, and K, respectively. Again, by Art. 55 (5) 
we have a third formula 


2T=pKx + pKx + (3) 

The investigation at the beginning of Art. 139, shortened by the omission 
of the terms involving q^, ... q^, shews that 


pK = 


an , dT, 






9% ’ 


.(4) 


Again, the explicit formula for K is 


2K = 




on 


where 


= {f€, fc) /c') + . . . 4“ 2 (a:, k) kk 4- . . . , (5) 

(«, «) = -p («, /cO = -p|j ^C^O- = -p ...(6) 


and so on. Hence 

dK 


= {k, fC) fC K ) K 


30 

dn 


dcr. 


We thus obtain 




dK 

die ’ 


dK 


PX 


dic^ 


•( 7 ) 


Again, writing K for 2T in (3), and performing a total variation 3 on 
both sides of the resulting identity, we find, on omitting terms which cancel 
in virtue of (4) and (7)^, 


dqr dqr 


,(8) 


This completes the requisite analytical formulae f. 

If we now imagine the solids to be guided from rest in the configuration 
(^15 ••• to rest in an adjacent configuration 

(gx 4- Agi, §2 + gn + ^qn)y 

the work required is QiA^i 4- Qz^q^-h + Qn^qn, 

where Qi, Q25 Qn are the components of extraneous force which have to be 
applied to neutralize the pressures of the fluid on the solids. This must be 
equal to the increment AK of the kinetic energy, calculated on the supposition 
that the circulations ic, ic , ... are constant. Hence 


Qr = 


dK 

dqr 


(9) 


* It would be sufficient to assume tith&r (4) or (7) ; tlie process then leads to an independent 
proof of the other set of formulae. 

t It may be noted that the function R of Art. 140 now reduces to - K. 
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The forces representing the pressures of the fluid on the solids (when these 
are held at rest) are obtained by reversing the signs, viz. they are given by 



the solids therefore tend to move so that the kinetic energy of the cyclic 
motion diminishes. 

In virtue of (8) we have, also, 

«-'"t w 

143. A simple application of the equations (23) of Art. 141 is to the case 
of a sphere moving in a liquid which circulates irrotationally in a cyclic space 
with fixed boundaries. 

If the radius a, say, of the sphere be small compared with its least distance from the 
fixed boundary, the formula (J9) of Art. 141 becomes 

+ ( 1 ) 

where .v, y, z are the co-ordinates of the centre, and m denotes the mass of the sphere 
together with half that of the fluid displaced by it ; see Art. 92. To find K, the energy of 
the cyclic motion when the sphere is held at rest in its actual position, we note that if we 
equate ir, 3/, z to the components u, w, respectively, of the fluid velocity which would 
obtain at the point y, z) if the sphere were absent, and at the same time put in = 27rpci^3, 
the resulting energy will be practically the same as that of the fluid when Ailing the 
region, whence 

27rpa^ + K== const. , 


or X— const. - IF, (2) 

where W^2irpa^(u^+v^+^D^). (3) 


Again the coefficients ai,a 2 , % of Art. 141 (21) denote the fluxes across the first barrier, 
when the sphere moves with unit velocity parallel to iv, y, z respectively. If we denote by 
Q the flux across this barrier due to a unit simple-source at (^, y, ^), then rememberiiig the 
equivalence of a moving sphere to a double-source (Art. 92), we have 

ai, a2> 

so that the quantities denoted by (2, 3), (3, 1), (1, 2) in Art. 141 (23) vanish identically. 
The equations therefore reduce in the present case to 

.. dw .. .. „ dw 

(.5) 

where A, Z are the components of extraneous force applied to the sphere. 

When A, F, F=0, the sphere tends to move towards places where the undisturbed 
velocity of the fluid is greatest. 

Tor example, in the case of cyclic motion round a fixed circular cylinder (Arts. 27, 64), 
the fluid velocity varies inversely as the distance from the axis. The sphere will therefore 
move as if under the action of a force towards this axis varying inversely as the cube of 
the distance. The projection of its path on' a plane perpendicular to the axis will therefore 
be a Cotes’ spiral* 

144. We may also notice one or two problems of Kineto-Statics, in illus- 
tration of the theory of Art. 142. 

* Of. Sir W. Thomson, l,c. ante p. 179. 
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It will be shewn in Art. 153 that the energy K of the cyclic fluid motion is propor- 
tional to the energy of a system of electric current-sheets coincident with the fixed 
boundaries, the current-lines being orthogonal to the stream-lines of the fluid. 

The electromagnetic forces between conductors carrying these currents are proportional* 
to the expressions on the right-hand side of Art. 142 (10) with the signs reversed. Hence in 
the hydrodynamical problem the forces on the solids are opposite to those which obtain in 
the electrical analogue. In the particular ease where the fixed solids reduce to infinitely 
thin cores, round which the fluid circulates, the current-sheets in question are practically 
equivalent to a system of electric currents flowing in the cores, regarded as wires, with 
strengths /c, /c', ... respectively. For example, two thin circular rings, having a common 
axis, will repel or attract one another according as the fluid circulates in the same or in 
opposite directions through themt. This might have been foreseen of course from the 
principle of Art. 23. 

Another interesting case is that of a number of open tubes, so narrow as not sensibly 
to impede the motion of the fluid outside them. If streams be established through the 
tubes, then as regards the external space the extremities wiU act as sources and sinks. 
The energy due to any distribution of positive or negative sources mi, m 2 , ... is given, so 
far as it depends on the relative configuration of these, by the integral 

( 6 ) 

taken over a system of small closed surfaces surrounding mi, m 2 , ... respectively. If 
^ 1 , ^25 ••• velocity -potentials due to the several sources, the part of this expression 

which is due to the simultaneous presence of wii, m 2 is 



which is by Green’s Theorem equal to 

-'//♦■S'®' <»> 

Since the surface-integral of d(j)2/d7i is zero over each of the closed surfaces except the 
one surrounding mo, we may ultimately confine the integration to this, and so obtain 

-p<^i j (9) 

Since the value of < 3^1 at m 2 is mi/ 47 rri 2 , where ri 2 denotes the distance between mi and m 2 , 
we obtain, for the part of the kinetic energy which varies with the relative positions of the 
sources, the expression 

^ ( 10 ) 

47r ^12 

The quantities mi, m 2 , ... are in the present problem equal to the fluxes xo, ••• 
across the sections of the respective tubes, so that ( 10 ) corresponds to the form Tq of the 
kinetic energy. The force apparently exerted by mi on m 2 , tending to increase ri 2 , is 
therefore, by Art. 142 ( 11 ), 

p d mim2_ p mim2 
47r dri2 ’ ^12 47r ’ ri 2 ^ 

Hence two sources of like sign attract, and two of unlike sign repel, with forces varying 
inversely as the square of the distancef . This result, again, is easily seen to be in accordance 

* Maxwell, Electricitii and Magnetism, Art. 673. 

t The theorem of this paragraph was given by Kirchhoff, Ic. ante p. 52. See also Sir W. 
Thomson, “ On the Forces experienced by Solids immersed in a Moving Liquid,” Proc. P. S, 
Edin. 1870 [Peprint, Art. xli.]; Boltzmann, “TJeber die Druckkrafte welche auf Einge wirksam 
sind die in bewegte Flussigkeit tauchen,” Crelle, Ixxiii. (1871) [IFzss. Abh, i. 200.] 

J Sir W. Thomson, l.c. 
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with general principles. It also follows independently from the electric analogy, the tubes 
corresponding to Ampere’s ^ solenoids.’ 

We here take leave of this branch of our subject. To avoid, as far as 
may be, the suspicion of vagueness which sometimes attaches to the use of 
' generalized co-ordinates/ an attempt has been made in this Chapter to put 
the question on as definite a basis as possible, even at the expense of some 
degree of prolixity in the methods. 

To some writers^ the matter has presented itself as a much simpler one. 
The problems are brought at one stroke under the sway of the ordinary 
formulae of Dynamics by the imagined introduction of an infinite number of 
^ignored co-ordinates,’ which would specify the configuration of the various 
particles of the fluid. The corresponding components of momentum are 
assumed all to vanish, with the exception (in the case of a cyclic region) 
of those which are represented by the circulations through the several aper- 
tures. 

From a physical point of view it is difficult to refuse assent to such a 
generalization, especially when it has formed the starting-point of all the 
development of this part of the subject ; but it is at least legitimate, and 
from the hydrod3mamical standpoint even desirable, that it should be verified 
d posteriori by independent, if more pedestrian, methods. 

Whichever procedure be accepted, the result is that the systems con- 
templated in this Chapter are found to comport themselves (so far as the 
‘palpable’ co-ordinates q^, q^, ... q^ are concerned) exactly like ordinary 
systems of finite freedom. The further development of the general theory 
belongs to Analytical Dynamics, and must accordingly be sought for in books 
and memoirs devoted to that subject. It may be worth while, however, to 
remark that the hydrodynamical systems afford extremely interesting and 
beautiful illustrations of the Principle of Least Action, the Reciprocal 
Theorems of Helmholtz, and other general d3mamical theories. 


See Thomson and Tait, and Larmor, ll. cit. ante p. 178. 



CHAPTEE VII 


VORTEX MOTION 


^ dec dy' 


( 1 ) 


•( 2 ) 


145. Our investigations have thus far been confined for the most part 
to the case of irrotational motion. We now proceed to the study of 
rotational or ^vortex’ motion. This subject was first investigated by 
Helmholtz^; other and simpler proofs of some of his theorems were after- 
wards given by Kelvin in the paper on vortex motion already cited in 
Chapter ill. 

We shall, throughout this Chapter, use the symbols rj, ^ to denote, as 
in Chapter III., the components of vorticity, viz. 

^_dw dv __du dw 

^ dy dz' ^ dz dx ' 

A line drawn from point to point so that its direction is everywhere that 
of the instantaneous axis of rotation of the fluid is called a ^vortex-line.’ The 
differential equations of the system of vortex-lines are 

dx ^dy ^ dz 

If through every point of a small closed curve we draw the corresponding 
vortex-line, we mark out a tube, which we call a ‘ vortex-tube,’ The fluid 
contained within such a tube constitutes what is called a ^vortex-filament,’ or 
simply a ‘ vortex.’ 

Let ABG, A^B'G' be any two circuits drawn on the surface of a vortex- 
tube and embracing it, and let A A' he a connecting line 
also drawn on the surface. Let us apply the theorem 
of Art. 32 to the circuit ABGAA'G'B'A'A and the part 
of the surface of the tube bounded by it. Since 
+ mr] -i- = 0 

at every point of this surface, the line-integral 
/ {udx -f vdy -f- wdz), 

taken round the circuit, must vanish ; i,e. in the notation of Art. 31 
I {ABO A) + / (^ A') + / {A'G'B'A') + / (A'A) = 0, 
which reduces to I {ABC A) = I {A'B'G'A'), 

Hence the circulation is the same in all circuits embracing the same vortex- 
tube. 

* ‘‘Ueber Integrale der liydrodynamischen Gleicbungen welcbe den Wirbelbewegungen 
entspreeben,” Crelle, Iv. (1858) [Wiss. Abk. i. 101]. 
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Again, it appears from. Art. 31 that the circulation round the boundary 
of any cross-section of the tube, made normal to its length, is wcr, where 

ft), = + 1 ?^ -b is the resultant vorticity of the fluid, and a the infinitely 

small area of the section. 


Combining these results we see that the product of the vorticity into the 
cross-section is the same at all points of a vortex. This product is conveniently 
taken as a measure of the ‘ strength ' of the vortex^. 

The foregoing proof is due to Kelvin; the theorem itself was first given 
by Helmholtz, as ^deduction from the relation 


dco"^ dy'^ dz' 


^ 0 , 


.( 8 ) 


which follows at once from the values of r], ^ given by ( 1 ). In fact writing, 
in Art. 42 ( 1 ), ^ for fJ, F, W, respectively, we find 

+ + (4) 

where the integration extends over any closed surface lying wholly in the 
fluid. Applying this to the closed surface formed by two cross-sections of a 
vortex-tube and the part of the walls intercepted between them, we find 
coiCi— (OgCTa, where coi, cog denote the vorticities at the sections o-g, 
respectively. 


Kelvin's proof shews that the theorem is true even when 77 , f are 
discontinuous (in which case there may be an abrupt bend at some point of a 
vortex), provided only that u, v, w are continuous. 

An important consequence of the above theorem is that a vortex-line 
cannot begin or end at any point in the interior of the fluid. Any vortex- 
lines which exist must either form closed curves, or else traverse the fluid, 
beginning and ending on its "boundaries. Compare Art. 36. 

The theorem of Art. 32 (3) may now be enunciated as follows : The, cir- 
culation in any circuit is equal to the sum of the strengths of all the vortices 
which it embraces. 


146. It was proved in Art. 33 that in a perfect fluid whose density is 
either uniform or a function of the pressure only, and which is subject to 
forces having a single-valued potential, the circulation in any circuit moving 
with the fluid is constant. 

theorem to a circuit embracing a vortex-tube we find that 
the strength of any vortex is constant. 

If we take at any instant a surface composed wholly of vortex-lines, 
the circulation in any circuit drawn on it is zero, by Art. 32, for we have 
l^ + m7] + B>t every point of the surface. The preceding Art. shews 

that if the surface be now supposed to move with the fluid, the circulation 
will always be zero in any circuit drawn on it, and therefore the surface will 
The circulation round a vortex being the most natural measure of its intensity. 
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always consist of vortex-lines. Again, considering two such surfaces, it is 
plain that their intersection must always be a vortex-line, whence we derive 
the theorem that the vortex-lines move with the fluid. 


This remarkable theorem was first given by Helmholtz for the case of 
incompressibility ; the preceding proof, by Kelvin, shews that it holds for all 
fluids subject to the conditions above stated. 


The theorem that the circulation in any circuit moving with the fluid is 
invariable constitutes the sole and sufficient appeal to Dynamics which it 
is necessary to make in the investigations of this Chapter. It is based on 
the hypothesis of a continuous distribution of pressure, and (conversely) 
implies this. For if in any problem we have discovered functions u, Vy w of 
ccy y, - 0 , ty which satisfy the kinematical conditions, then, if this solution is to 
be also dynamically possible, the relation between the pressures about two 
moving particles Ay B must be given by the formula (2) of Art. 33, viz. 

[— -hfl — {udx’\‘vdy-^-wdz) (1) 

J P JA A 

It is therefore necessary and sufficient that the expression on the right-hand 
side should be the same for all paths of integration (moving with the fluid) 
which can be drawn from A to B. This is secured if, and only if, the assumed 
values of u, Vy w make the vortex-lines move with the fluid, and also make 
the strength of every vortex constant with respect to the time. 


It is easily seen that the argument is in no way impaired if the assumed 
values of ^6, t;, w make y, ^ discontinuous at certain surfaces, provided only 
that Uy Vy w are themselves everywhere continuous. 

On account of their historical interest, one or two independent proofs of the preceding 
theorems may he briefly indicated, and their mutual relations pointed out. 

Of these proofs, perhaps the most conclusive is based upon a slight generalization of 
some equations given originally by Cauchy in the introduction to his great memoir on 
Waves'^, and employed by him to demonstrate Lagrange’s velocity-potential theorem. 

The equations (2) of Art. 15 yield, on elimination of the function x fiy cross-differentia- 
tion, 

du dos du da; dv dy dm dy dw dz dw cz __ dwQ dv^ 

db do dc dh dh dc dc db ab do dc db db dc 


(where u, v, w have been written in place of dmjdty dyjdt, dzjdty respectively), with two 
symmetrical equations. If in these equations we replace the difierential coefficients of 
Uy % w with respect to a, 6, c, by their values in terms of differential coefficients of the 
same quantities with respect to y, z, we obtain 


d(z,x) 

h{b,oy^d(b,ey^dih,c) 
^d{o,a) ^0 (c, a) 


' 0 (c, a) 


=?7o, y 


•( 2 ) 


^d{a,h) 


+ 7 


d(a,b)^^d{a,b) / 


* l.c. ante p. 15. 
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If we multiply these by dx/da, dx/dh, dx/dc, in order, and add, then, taking account of the 
Lagrangian equation of continuity (Art. 14 ( 1 )) we deduce the first of the following three 
symmetrical equations : 

p poda podb pobc’ 

^ p Po Po Po 9 c ’ 

p pQ da Po db Po do' I 

In the particular case of an incompressible fluid (p = po) these difler only in the use of 
the notation 77 , f from the equations given by Cauchy. They shew at once that if the 
initial values ^ojVoiCo^^ component vorticities vanish for any particle of the fluid, then 
Tj, ( are always zero for that particle. This constitutes in fact Cauchy’s proof of Lagrange’s 
theorem. 

To interpret (3) in the general Cfase, let us take at time ^=0 a linear element coincident 
with a vortex-line, say 

da, db, dc=^€~, € — , € — , 
pQ Po Po 

where e is infinitesimal. If we suppose this element to move with the fluid, the equations 
(3) shew that its projections on the co-ordinate axes at any other time will be given by 

dX, dy, d0 — €~, €-, €~, 

P P P 

i.e. the element will still form part of a vortex-line, and its length {ds, say) will vary as 
<d/p, where o) is the resultant vorticity. But if o- be the cross-section of a vortex-filament 
having §5 as axis, the product pads is constant with regard to the time. Hence the strength 
(ncr of the vortex is constant*. 



The proof given originally by Helmholtz depends on a system of three equations 
which, when generalized so as to apply to any fluid in which p is a function of p only, 
become t 


Dt \pj pdx pay p 9 ^ [ 



Bt\pJ pdx'^ pdy p dz' I 

These may be obtained as follows. The dynamical equations of Art. 6 may be written, 
when a force-potential O exists, in the forms 


du 

di 


- - 


^ \ 
dx ' 




3y’ 


dw 



(5) 


provided 


x’-/f 


(6) 


* See Nanson, Mess, of Math. iii. 120 ( 1874 ) ; Kirchhoff, Mechanik, c. xv. ( 1876 ) ; Stokes, 
Papers, ii. 47 ( 1883 ). 
f Nanson, l.c. 
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where + From the second and third of these we obtain, eliminating x by 

cross-differentiation, 

Qt dy dz \dy oz J ‘ dy ^ dz ^ \cy dzj 

Eemembering the relation ^ ^ + -^=o, ( 7 ) 

ox dy oz ^ ^ 

and the equation of continuity 

Dp /du dv dw\ 



we easily deduce the first of equations (4). 

To interpret these equations we take, at time jf, a linear element whose projections on 
the co-ordinate axes are 

&x, dy, 8«=f-, ( 9 ^ 

P P P 

where e is infinitesimal. If this element be supposed to move with the fluid, the rate at 
which is increasing is equal to the difierence of the values of u at the two ends, whence 

D^x ^du ndu f 

Dt pox pay p oz 

It follows, by (4), that 



Helmholtz concludes that if the relations (9) hold at time t, they wiU hold at time 
and so on, continually. The inference is, however, not quite rigorous; it is in fact 
open to the criticisms which Stokes* directed against various defective proofs of Lagrange’s 
velocity-potential theorem t. 

By way of establishing a connection with Kelvin’s investigation we may notice that 
the equations (2) express that the circulation is constant in each of three infinitely small 
circuits initially perpendicular, respectively, to the three co-ordinate axes. Taking, for 
example, the circuit which initially bounded the rectangle S60c, and denoting hj A, C 
the areas of its projections at time t on the co-ordinate planes, we have 

A^^^.dbdc, B=°J^.dhdo, 

0(0, c) ’ 0{h,c) ’ 

so that the first of the equations referred to is equivalent | to 

^A-\-y}B + ^G~ ( 11 ) 

As an application of the equations (4) we may consider the motion of a liquid of uniform 

vorticity contained in a fixed ellipsoidal vessel §. The formulae 

u^qz'-ry^ n^—rx—fz^ ^o—py-qx ( 12 ) 


* l.c. ante p. 15. 

t It may be mentioned that, in the case of an incompressible fluid, equations somewhat 
similar to (4) had been established by Lagrange, MiscelL Taur. ii. (1760) [Oeuvres, i. 442]. The 
author is indebted for this reference, and for the above remark on Helmholtz’ investigation, to 
Sir J. Larmor. Equations equivalent to those given by Lagrange were obtained independently 
by Stokes, Lc., and made the basis of a rigorous proof of the velocity-potential theorem. 

X Nanson, Mess, of Math. vii. 182 (1878). A similar interpretation of Helmholtz’ equations 
was given by the author of this work in the Mess, of Math. vii. 41 (1877). 

Finally it may be noted that another proof of Lagrange’s theorem, based on elementary 
dynamical principles, without special, reference to the hydrokinetic equations, was indicated by 
Stokes, Camb. Trans, viii. [Papers, i. 113], and carried out by Kelvin in his paper on Vortex 
Motion. 

§ Of. Voigt, “Beitrage zur Hydrodynamik,” Gott. Nachr, 1891, p. 71; Tedone, Nuovo 
Gimento, xxxiii. (1893). The artifice in the text is taken from Poincar4, “Sur la pr4cession des 
corps deformables,” Bull. Astr. 1910- 
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obviously represent a uniform rotation of the fluid as a solid within a spherical boundary. 
Transforming the co-ordinates and the corresponding velocities by homogeneous strain we 
obtain the formulae 

u __qz ry v __ Vi— n 

h~ a b a ’ ^ 


as representing a certain motion within a fixed ellipsoidal boundary 

^2 / 


. 4. 


.(14) 


These make + , = g + + (15) 

Substituting in (4) we obtain 

( 16 ) 

which may be written 

(Jb^ ^ ~ (^*^) 


with two similar equations. We have here an identity as to form with Euler’s equations 
of free motion of a solid about a fixed point. We easily deduce the integrals 


^2 f)Z ’ 


.(18) 


and 


524.^2 ^24,^2 


^252^2 

^24!^ 


= const., 


,(19) 


the former of which is a verification of one of Helmholtz’ theorems, whilst the latter follows 
from the constancy of the energy. 


147 . It is easily seen by the same kind of argument as in Art. 41 that 
no continuous irrotational motion is possible in an incompressible fluid filli ng 
infinite space, and subject to the condition that the velocity vanishes at 
infinity. This leads at once to the following theorem: 


The motion of a fluid which fills infinite space, and is at rest at infinity, 
is determinate when we know the values of the expansion { 6 , say) and of the 
component vorticities 17, f, at all points of the region. 

For, if possible, let there be two sets of values, u^, v^, xu^, and w^, of 

the component velocities, each satisfying the equations 


dll dv 

dx^ dy'^ dz ’ 

dy dz ’ dz dx dx dy ’’ 

throughout infinite space, and vanishing at infinity. The quantities 

= — Ma, = — w' — Wx — W^ 


( 1 ) 

( 2 ) 


will satisfy (1) and (2) with B, f, 7?, 0, and will vanish at infinity. Hence, 

in virtue of the result above stated, they will ■ everywhere vanish, and there 
is only one possible motion satisfying the given conditions. 

In the same way we can shew that the motion of a fluid occupying any 
limited simply-connected region is determinate when we know the values of 
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the expansion, and of the component vorticities, at every point of the region, 
and the va.lne of the normal velocity at every point of the boundary. In the 
case of an ?^-ply-connected region we must add to the above data the values 
of the circulations in n several independent circuits of the region. 

148, If, in the case of infinite space, the quantities 6, tj, ^ all vanish 
beyond some finite distance of the origin, the complete determination of 
% V, w in terms of them can be effected as follows^. 

The component velocities due to the expansion can be written down at 
once from Art. 56 (1), it being evident that the expansion 6' in an element 
hx'hy'hz is equivalent to a simple source of strength 6'Bx'Sy'Bz\ We thus 
obtain 



0<E) 

3<S> 


(1) 



ay’ 


where 


l^dx' dy'dz', 

(2) 


T denoting the distance between the point (x, y', z) at which the volume- 
element of the integral is situate and the point {x, y, z) at which the values 
of ti, V, w are required, viz. 

r = {(a: - + (^ - y'Y + {z~ z'y] ^ . 

The integration includes all parts of space at which 0' differs from zero. 

To find the velocities due to the vortices, we note that when there is no 
expansion, the fiux across any two open surfaces bounded by the same curve 
as edge will be the same, and will therefore be determined solely by the 
configuration of the edge. This suggests that the flux through any closed 
curve may be expressed as a line-integral taken round the curve, say 

/ {Fdx + Qdy + Hdz) (3) 

On this hypothesis we should have, by the method of Art. 31, 
dH dG dF dH dG dF 

dy di’ '^~dz dx ’ '^~dx ~dy 

Ii} is necessary and (as we have seen) suflScient that the functions F, G, H 
should satisfy 

dy dz dx dy dz J ' 

together with two similar equations. They will in any case be indeterminate 
to tlie extent of three additive functions of the forms 9^/3^, 9%/dy, 9%/9^, 
respectively, and we may, if we please, suppose % to be chosen so that 


dx dy dz ^ 


(5) 


* The investigation which follows is substantially that given by Helmlioltz. The kinematical 
problem in question was first solved, in a slightly different manner, by Stokes, “On the Dyna- 
mical Theory of Diffraction,’’ Gamh, Trans, ix. (1849) [Tapers, ii. 254...]. 



192 


Vortex Motion 


[chap. VII 


in which case — V'^G = --7], V^JT= — (6) 

Particular solutions of these equations are obtained by equating F, G, R to 
the potentials of distributions of matter whose volume-densities are ^/4i7r, 
'?;/47rj ^/47r, respectively; thus 

a-,1. [[[^dx'dv'dz, ^ 


MfJr ^ = 4^ JJJ 


-Mir 

(7) 

where the accents attached to ^ are used to distinguish the values of 
these quantities at the point {x\ y\ z). The integrations are to include, of 
course, all places where r], ^ differ from zero. It remains to shew that these 
values of F, G, R do in fact satisfy (5). Since 9/3^ . = — 9/0a?^ r‘"h the 

formulae (7) make 

af ae _ _ 1 rru ^ 

dec ^ dy^ dz 4i7rJJJv doc r ^ dy r ^ dz r) ^ 

The right-hand member vanishes, by a generalization of the theorem of 
Art. 42 (4)*, since 

dx^ dy^ dz 

everywhere, whilst + 'ifny + = 0 

at the surfaces of the vortices (where y, ^ may be discontinuous), and 
7 ], ^ vanish at infinity. 

The complete solution of our problem is obtained by superposition of the 
results contained in (1) and (4), viz. 


u = - 


dH 

dG 

3a; 

dy 

dz ’ 


3<J> 

dF 

dH 


3y 

^Yz 

dx ’ 


3<f> 

dG 

dF 

w — ^ 

dz 


dy’ 


.(B) 


where F, G, R have the values given in (2) and (7). 

It may be added that the proviso that 6, ^,7?, ^ should vanish beyond a 
certain distance from the origin is not absolutely essential, It is sufficient if 
the data be such that the integrals in (2) and (7), when taken over infinite 
space, are convergent. This will certainly be the case if d, y, ^ are ultimately 
of the order where R denotes distance from the origin, and >3f. 

When the region occupied by the fluid is not unlimited, but is bounded 
(in whole or in part) by surfaces at which the normal velocity is given, and 
when further (in the case of an 7i-ply connected region) the value of the 
circulation in each of n independent circuits is prescribed, the probtem may 

* The singularity which occurs at the point r=0 is assumed to be treated here and elsewhere 
as in the theory of Attractions. The result is not affected, 
t Of. Leathern, Cambridge Tracts, No. 1 (2nd ed.), p. 44. 
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by a similar analysis be reduced to one of irrotational motion, of the kind 
considered in Chapter ill., and there proved to be determinate. This may be 
left to the reader, with the remark that if the vortices traverse the region, 
beginning and ending on the boundary, it is convenient to imagine them 
continued beyond it, or along the boundary, in such a manner that they form 
re-entrant filaments, and to make the integrals (7) refer to the complete 
system of vortices thus obtained. On this understanding the condition (5) 
will still be satisfied. 


There is an exact coi^espondence between the analytical relations above developed and 
those which obtain in the theory of Electro-magnetism. If, in the equations (1) and (2) 
of Art. 147, we write 

7j Pj P 

for u, V, w, 6, ri, f, 6, 

respectively, we obtain 

dcid_^dy_^ 
dcs 0y ^ dz 

3y 0/3 da dy diS dec 

dy dz dz duo dx dy 

which are the fundamental relations of the theory referred to ; viz. a, y are the compo- 
nents of magnetic force, % w those of electric current, and p is the volume-density of the 
imaginary magnetic mtitter by which any magnetization present in the field may be repre- 
sented^. Hence, the vortex-filaments correspond to electric circuits, the strengths of the 
vortices to the strengths of the currents in these circuits, sources and sinks to positive and 
negative magnetic poles, and, finally, fluid velocity to magnetic force t. 

The analogy will of course extend to all results deduced from the fundamental relations ; 
thus, in equations (8), corresponds to the magnetic potential and F, Gj H to the com- 
ponents of ‘ electro-magnetic momentum.’ 



149. To interpret the result contained in Art. 148 (8), we may calculate 
the values of u, v, w due to an isolated re-entrant vortex-filament situate in 
an infinite mass of incompressible fluid which is at rest at infinity. 


Since ^ = 0, we shall have = 0. Again, to calculate the values of F, 0, 
jy, we may replace the volume-element Soo'Sy'Bz' by erSs', where Bs' is an 
element of the length of the filament, and a its cross-section. Also 


r= 



i 

V 


dy 

d7 



,dz' 


where &>' is the vorticity. Hence the formulae (7) of Art. 148 become 


F 


_ fc ^daf jT ^ fdz' 

"" 4^ J V ^ ^ ~4^ J V ’ ^ 47r j 7"^ 


where /c, = o)V', measures the strength of the vortex, and the integrals are to 
be taken along the whole length of the filament. 

* Of. Maxwell, Electricity and Magnetism, Art. 607, The analogy has been improved by the 
adoption of the ‘rational’ system of electrical units advocated by Heaviside, Electrical Fapers, 
London, 1892, i. 199. 

t This analogy was first pointed out by Helmholtz; it has been extensively utilized by Kelvin 
in his papers on Electrostatics and Magnetism, 


L. H. 


13 
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Hence, by Art. 148 (4), we have 

1 

47r J \py r 

with similar results for v^w. We thus find^ 


ffdyz 

-z' 


-y'\ 


IW 

T 

ds' 

T 


C/dz' X 

— x' 

dx' z 

- z'^ 

l 

IW~ 

r 

’^dd" 

T J 


r/dx' y 

-y' 

dy' X 

— x'" 

\ ds' 

IW 

r 


r J 



If Av, Aw denote the parts of these expressions which involve the 
element Bs' of the filament, it appears that the resultant of Au, Av, Aw is 
perpendicular to the plane containing the direction of the vortex-line at 
(x, y\ /) and the line r, and that its sense is that in which the point {x, y, 2 ) 
would be carried if it were attached to a rigid body rotating with the fluid 
element at {x , y' , /). For the magnitude of the resultant we have 

{(Au)^ + ( A^;y + (A^^;)n4 = ^ , (3) 


where % is the angle which r makes with the vortexdine at {x, y', z'\ 

With the change of symbols indicated in the preceding Art. this result beconaes identical 
with the law of action of an electric current on a magnetic polef. 

Velocity -Potential due to a Vortex. 

150. At points external to the vortices there exists a velocity-potential, 
whose value may be obtained as follows. Taking for shortness the case of a 
single re-entrant vortex, we have, from the preceding Art., in the case of an 
incompressible fluid, 

s/d ® 

By Stokes’ Theorem (Art. 32 (4)) we can replace a line-integral extending 
round a closed curve by a surface-integral taken over any surface bounded 
by that curve ; viz. we have, with a slight change of notation, 


I (Pdx -f Qdy^ -f Rdz^) = j 
I we put P = 0, 


By' dz', 
oz r 


r\ / i 


d^_dF 

dy' 


Ifweput P = 0, Q = — p = _ _ 

ozr dyr 

we find 

= 9P 0-R _ 0^ 1 

dy' dzf dx'^r'’ dz dx da/dy''*’’' dx dy' ~ dx'dz' r' ’ 

* These are equivalent to the forms obtained by Stokes, l.c. ante p. 191. 
t Ampere, Theorie matMmatique des phenovi^nes electro -dynamiques, Paris, 1826. 
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so that (1) may be written 

ff/j ^ ^ (i 1 

“ ~ 47ri J V dx' 

Hence, and by similar reasoning, we have, since d/dx ' . = — djdw . r~^, 


where 


~ ^ ^ 


Here I, m, n denote the direction-cosines of the normal to the element hS' of 
a surface bounded by the vortex-filament. 

The formula (3) may be otherwise written 




where ^ denotes the angle between r and the normal {I, m, n). Since 
cos ^ hS'jr^ measures the elementary solid angle subtended by SiS' at {x, y, z), 
we see that the velocity-potential at any point, due to a single re-entrant 
vortex, is equal to the product of A:/47r into the solid angle which a surface 
bounded by the vortex subtends at that point. 

Since this solid angle changes by 47r when the point in question describes 
a circuit embracing the vortex, we verify that the value of given by (4) is 
cyclic, the cyclic constant being k. Of. Art. 145. 

It may be noticed that the expression in (4) is equal to the flux (in the 
negative direction) through the aperture of the vortex, due to a point-source 
of strength k at the point {x, y, z). 

Comparing (4) with Art. 56 (4) we see that a vortex is, in a sense, 
equivalent to a uniform distribution of double sources over any surface 
bounded by it. The axes of the double sources must be supposed to be 
everywhere normal to the surface, and the density of the distribution to be 
equal to the strength of the vortex. It is here assumed that the relation 
between the positive direction of the normal and the positive direction of the 
axis of the vortex-filament is of the ^ right-handed ' type. See Art. 31. 

Conversely, it may be shewn that any distribution of double sources over 
a closed surface, the axes being directed along the normals, may be replaced 
by a system of closed vortex-filaments lying in the surface^. The same thing 
will appear independently from the investigation of the next Art. 


Vortex-Sheets, 

151. We have so far assumed w, v, w to be continuous. We may now 
shew how cases where surfaces of discontinuity present themselves may be 
brought within the scope of our theorems. 

* Of. Maxwell, Electricity and Magnetism, Arts. 485, 652. 


13— -2 
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The case of a discontinuity in the normal velocity alone has already been 
treated in Art. 58. If % v, w denote the component velocities on one side, 
and u those on the other, it was found that the circumstances could 

he represented by imagining a distribution of simple sources, with surface- 
density 

I (ii — u) -f m {v' — v) + n (w' — w), 

where I, m, n denote the direction* cosines of the normal drawn towards the 
side to which the accents refer. 

Let us next consider the case where the tangential velocity (only) is dis- 
continuous, so that 

I (u —u) + m {v —v) + n {w (1) 

We will suppose that the lines of relative motion, which are defined by the 
differential equations 

dso ^ dy ^ dz 

% v' — V w' — w'*'' ^ ^ 

are traced on the surface, and that the system of orthogonal trajectories to 
these lines is also drawn. Let PQ, P Q' be linear elements drawn close to 
the surface, on the two sides, parallel to a line of the system (2), and let PP' 
and QQ be normal to the surface and infinitely small in comparison with PQ 
or P'Q'. The circulation in the circuit P'Q'QP will then be equal to {q' -q)PQ, 
where q' denote the absolute velocities on the two sides. This is the same 
as if the position of the surface were occupied by an infinitely thin stratum 
of vortices, the orthogonal trajectories above-mentioned being the vortex- 
lines, and the vorticity co and the (variable) thickness 8n of the stratum 
being connected by the relation 

Q)Sn — q' — q ( 3 ) 

The same result follows from a consideration of the discontinuities which 
occur in the values of u, v, w as determined by the formulae (4) and (7) of 
Art. 148, when we apply these to the case of a stratum of thickness Bn within 
which 1^, Tjy ^ are infinite, but so that ySn, ^Bn are finite*. 

It was shewn in Arts. 147, 148 that any continuous motion of a fluid 
filling infinite space, and at rest at infinity, may be regarded as due to a 
suitable arrangement of sources and vortices distributed with finite density. 
We have now seen how by considerations of continuity we can pass to the 
case where the sources and vortices are distributed with infinite volume- 
density, but finite surface-density, over surfaces. In particular, we may take 
the case where the infinite fluid in question is incompressible, and is divided 
into two portions by a closed surface over which the normal velocity is con- 
tinuous, but the tangential velocity discontinuous, as in Art. 58 (12). This is 

Helmholtz, l.c, ante p. 185. 
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equivalent to a vortex-sheet ; and we infer that every continuous irrotational 
motion, whether cyclic or not, of an incompressible substance occupying any 
region whatever, may be regarded as due to a certain distribution of vortices 
over the boundaries which separate it from the rest of infinite space. In the 
case of a region extending to infinity, the distribution is confined to the finite 
portion of the boundary, provided the fluid be at rest at infinity. 

This theorem is complementary to the results obtained in Art. 58. 


The foregoing conclusions may be illustrated by means of the results of Art. 91. Thus 
when a normal velocity was prescribed over the sphere T=a^ the values of the velocity- 
potential for the internal and external space were found to be 


^ n\a 


Sn, and 0= — 


n-\-l 




respectively. Hence if de be the angle which a linear element drawn on the surface 
subtends at the centre, the relative velocity estimated in the direction of this element 
will be 

n(n-^l) 0 € * 

The resultant relative velocity is therefore tangential to the surface, and perpendicular to 
the contour lines (/S',! = const.) of the surface-harmonic which are therefore the vortex- 
lines. 


For example, if we have a thin spherical shell filled with and surrounded by liquid, 
moving as in Art. 92 parallel to the axis of the motion of the fluid, whether internal or 
external, will be that due to a system of vortices arranged in parallel circles on the sphere ; 
the strength of an elementary vortex being proportional to the projection, on the axis of 
of the breadth of the corresponding zone of the surface^. 


Impulse and Energy of a Vortex-System, 

152. The following investigations relate to the case of a vortex-system of 
finite dimensions in an incompressible fluid which fills infinite space and is 
at rest at infinity. 

The problem of finding a distribution of impulsive force {X\ Y\ Z') per 
unit mass which would generate the actual motion (w, v, w) instantaneously 
from rest is to some extent indeterminate, but a sufldcient solution for our 
purpose may be obtained as follows. 

We imagine a simply-connected surface S to be drawn enclosing all the 
vortices. We denote by ^ the single- valued velocity-potential which obtains 
outside 8, and by (j>i that solution of V'^4> = 0 which is finite throughout the 
interior of S, and is continuous with <j> at this surface. In other words, is 
the velocity-potential of the motion which would be produced within S by the 
application of impulsive pressures over the surface. If we now assume 

+ + + f (1) 

* The same statements hold also for an ellipsoidal shell moving parallel to one of its principal 
axes. See Art. 114. 
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at internal pointS; and 

r=0, Z'^Q (2) 

at external points, it is evident on reference to Art. 11 that these forces would 
in fact generate the actual motion instantaneously from rest, the distribution 
of impulsive pressure being given by at external, and at internal, points. 
The forces are discontinuous at the surface, but the discontinuity is only in 
the normal component, the tangential components vanishing just inside and 
just outside owing to the continuity of <j) with Hence if (I, m, n) be the 
direction- cosines of the inward normal, we should have 

mZ' — nY'^O, nX' — lZ' — O, IT' — mX' (3) 

at points just inside the surface. 

Now if we integrate over the volume enclosed by S we have 



= -JI{y ^ (’^-3:' - IZ')} dS+2 JJJX'dxdydz, (4) 

where the surface-integral vanishes in virtue of (3). 

Again 

-JJJ {y'‘ + ■ 2 ") ? dxdydz = duadydz 

— ///to’ + "'> (1' - 

=//(/ + -nY')dS + 2JfJ {yZ' - zY') dxdydz, (5) 

where the surface-integral vanishes as before. 

We thus obtain for the force- and couple-resultants of the impulse of the 
vortex-system the expressions 

-P = dxdydz, i = - Jp JJ|(y 2 + ^ 2 ) | dxdydz, 

Q = ip !IK^^ - dxdydz, if = - Jp ///(^'* + d^) y dxdydz, ■ . . .(6) 

■P = ipIIK^^V -y^) dxdydz, N=~ ipfff(x^ + f) ^dxdydz.. 

To apply these to the case of a single re-entrant vortex-filament of infinitely 
small section a-, we replace the volume element by crbs, and write 



(0 


Hence JP=^pa(T \{ydz- zdy)~ xp^^ldS', (8) 

i = — ^pcoa J (y® + z^) dx = — Kp JJ (mz - ny) dS', (9) 


with similar formulae. The line-integrals are supposed to be taken along the 
filament, and the surface-integrals over a barrier bounded by it. The identities 
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of the different forms follow from Stokes' Theorem. We have also written k 
for ie. fc is the circulation round the filament^. 

The whole investigation has reference of course to the instantaneous state 
of the system, but it may be recalled that, when no extraneous forces act, the 
impulse is, by the argument of Art. 119, constant in every respect. 

153. Let us next consider the energy of the vortex-system. It is easily 
proved that under the circumstances presupposed, and in the absence of 
extraneous forces, this energy will be constant. For if T be the energy 
of the fluid bounded by any closed surface /S, we have, putting = 0 in 
Art. 10 (5), 

DT 

^ ^^{lu^-mv-\-nw)pd8, ...( 1 ) 

If the surface S enclose all the vortices, we may put 

+ m (2) 

and it easily follows from Art. 150 (4) that at a great distance R from the 
vortices p will be finite, and lu + -h nw of the order i?”'®, whilst when the 
surface S is taken wholly at infinity, the elements SS vary as R\ Hence, 
ultimately, the right-hand side of (1) vanishes, and we have 

jr = const (3) 

We proceed to investigate one or two important kinematical expressions 
for T, still confining ourselves, for simplicity, to the case where the fluid (sup- 
posed incompressible) extends to infinity, and is at rest there, all the vortices 
being within a finite distance of the origin. 

The first of these expressions is indicated by the electro-magnetic analogy 
pointed out in Art. 148. Since 0 = 0, and therefore ^ = 0, we have 
2T = 4* 'y® + w^) dx dydz 



by Art. 148 (4). The last member may be replaced by the sum of a surface- 
integral 

‘ p ff{F (mw — nv)-\-G (nu — Iw) -h S (Iv — mu)} dS, 
and a volume-integral 



* The expressions (8) and (9) were obtained by elementary reasoning by J. J. Thomson, On 
the Motion of Vortex Rings (Adams Prize Essay), London, 1883, pp. 5, 6, and the formulae (6) 
deduced from them, with the opposite signs, however, in the case of L, M, N, The correction is 
due to Mr Welsh. 

An interesting test of the formulae as they now stand is afforded by the case of a spherical 
mass rotating as if solid and surrounded by fluid at rest, provided we take into account the 
spherical vortex-sheet which represents the discontinuity of velocity. 
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At j)oints of the infinitely distant boundary, F, 0, H are ultimately of the 
order and u, v, w of the order R~^, so that the surface-integral vanishes, 
and we have 

T = ip!n(n +Gv + m dxdydz, (4) 

or, substituting the values of F, G, H from Art. 148 (7), 

£^111111 dxdydzdxdy'dz', ( 5 ) 

where each volume-integration extends over the whole space occupied by the 
vortices. 


A slightly different form may be given to this expression as follows. 
Eegarding the vortex-system as made up of filaments, let Bs, Bs' be elements 
of length of any two filaments, cr, cr the corresponding cross-sections, and o), m 
the corresponding vorticities. The elements of volume may be taken to be 
crSs and aBs , respectively, so that the expression following the integral signs 
in (5) is equivalent to 


cos € 

T 


. oxtSs . (n! < jBs\ 


where e is the angle between Bs and Bs\ If we put coa = /c, co'a = fc\ we have 

® 

where the double integral is to be taken along the axes of the filaments, and 
the summation 2 includes (once only) every pair of filaments which are present. 

The factor of p in (6) is identical with the expression for the energy of a system of 
electric currents flowing along conductors coincident in position with the vortex-filaments, 
with strengths k, k% ... respectively*. The above investigation is in fact merely an 
inversion of the argument given in treatises on Electro-magnetism, whereby it is proved 
that 

j j dsds'=^ j j j dtxid^dz, 

where t, denote the strengths of the currents in the linear conductors whose elements are 
denoted by ds, ds', and a, ft y are the components of magnetic force at any point of the field. 

The theorem of this Art. is purely kinematical, and rests solely on the assumption that 
the functions u, v, w satisfy the equation of continuity, 

du dv 

dz ’ 

throughout infinite space, and vanish at infinity. It can therefore by an easy generaliza- 
tion be extended to a case considered in Art. 144, where a liquid is supposed to circulate 
irrotationally through apertures in fixed solids, the values of tt, v, w being now taken to be 
zero at all points of space not occupied by the fluid. The investigation ot Art. 151 shews 
that the distribution of velocity thus obtained may be regarded as due to a system of 
vortex-sheets coincident with the bounding surfaces. The energy of this system will be 
given by an obvious adaptation of the formula (6) above, and will therefore be proportional 
to that of the corresponding system of electric current-sheets. This proves a statement 
made by anticipation in Art. 144. 


* The ‘rational’ system of electrical units being understood; see ante p. 193. 
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Under the circumstances stated at the beginning of Art. 152, we have 
another useful expression for T] viz. 

^ = P ///{'^ {y^ - ^77) 4- -a)^) + w (X7] - y^)} dxdydz^. . . .(7) 

To verify this, we take the right-hand member, and transform it by the process 
already so often employed, omitting the surface-integrals for the same reason 
as in the preceding Art. The first of the three terms gives 



Transforming the remaining terms in the same way, adding, and making use 
of the equation of continuity, we obtain 

p jjj + dxdydz, 

or, finally, on again transforming the last three terms, 

ip ///(^^^ d- 4 w'^) dxdydz. 

In the case of a finite region the surface-integrals must be retained f. This 
involves the addition to the right-hand side of (7) of the term 

P JJ 4 ma; 4 nw) (xu + yv + zw) — 4 my 4 nz) q^} dS, . . .(8) 

where = w\ This simplifies in the case of a fixed boundary. 

The value of the expression (7) must be unaltered by any displacement of 
the origin of co-ordinates. Hence we must have 

wrj) dxdydz = 0, — u^)dxdydz = 0, ///(w?? — v^) dxdydz = 0. 

( 9 ) 


These equations, which may easily be verified by partial integration, follow also froim 
the consideration that if there are no extraneous forces the components of the impul^ 
parallel to the co-ordinate axes must be constant. Thus, taking first the case of a fluid 
enclosed in a fixed envelope of finite size, we have, in the notation of Art. 152, 

P:=pl^ludxdydz--~pl^l(f>dS^ ( 10 ) 

if (f) denote the velocity-potential near the envelope, where the motion is irrotational. 

Hence pJJ d^dyd.-p 

{v^—WK]) dxdydz — p j j dSj ....-..(II) 

by Art. 146 (5). The first and third terms of this cancel, since at the envelope we have 
x'— by Art. 20 (4) and Art. 146 (6). Hence for any re-entrant system of vortices 
enclosed in a fixed vessel, we have 


—pf{j%d.d,d.^pfjj 


r = P JJJ (n - dxdydz, 


,( 12 ) 


with two similar equations. It has been proved in Art. 119 that if the containing vessel 
be infinitely large, and infinitely distant from the vortices, P is constant. This gives the 
first of equations (9). 

* Motion of Fluids, Art, 136 (1879). 
f J. J. Thomson, Lc, ante p. 199. 
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ConYersely from (9)^ established otherwise, we could infer the constancy of the com- 
ponents P, R of the impulse*. 

Rectilinear Vortices. 

154. When the motion is in two dimensions a;, y we have w = 0, whilst 
u, V are functions of x, y, only. Hence ^ = 0, = 0, so that the vortex-lines are 
straight lines parallel to The theory then takes a very simple form. 

The formulae (8) of Art. 148 are now replaced by 

d6 d-rfr d<p dyjr . . 

“ — --5p+te ® 

the functions <b, ylr being: subiect to the equations 

= = ( 2 ) 

where V ^ — 

and to the proper boundary-conditions. 

In the case of an incompressible fluid, to which we will now confine our- 
selves, we have 

9i|r dyfr 

'‘—fy- ’-i- 

where is the stream-function of Art. 59. It is known from the Theory of 
Attractions that the solution of 

(4) 

f being a given function of y, is 

f = iogrdx'dy' + -f^, ( 5 ) 

.where denotes the value of ^ at the point (x', y'), and r stands for 
th)^ 1 

{(« - x'y + (y- y'yf-. 

The ^ complementary function ’ may be any solution of 

= 0 ; (6) 

it enables us to satisfy the boundary-conditions. 

In the case of an unlimited mass of liquid, at rest at infinity, is constant. 
The formulae (3) and (5) then give 

S //f *'%' (U 

Hence a vortex-filament whose co-ordinates are x, y and whose strength is k 
contributes to the motion at {x, y) a velocity whose components are 

^ V ^ V 1 ^ x--x' 

This velocity is perpendicular to the line joining the points {x, y), {x\ y'), and 
its amount is icj^Trr. 


* J. J. Tliomson, l.c. ante p. 199. 
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Let us calculate the integrals and where the integra- 

tions include all portions of the plane xy for which ^ does not vanish. We 
have 

^dxdy = dxdydx'dy', 

where each double integration includes the sections of all the vortices. Now, 
corresponding to any term 

dxdydx'dy' 

of this result, we have another 

dx dy\ 


and these two neutralize each other. Hence, and by similar reasoning, 

Sjit^dxdy = 0, Jjv^dxdy = 0 (8) 


If as before we denote the strength of a vortex by fc, these results may be 
written 


Xfcii — 0 , Xkv = 0 . 


(9) 


Since the strength of each vortex is constant with regard to the time, the 
equations (9) express that the point whose co-ordinates are 




( 10 ) 


is fixed throughout the motion. 

This point, which coincides with the centre of inertia of a film of matter 
distributed over the plane xy with the surface-density f, may be called the 
' centre ’ of the system of vortices, and the straight line parallel to of which 
it is the projection may be called the ^ axis’ of the system. If 2/c = 0, the 
centre is at infinity, or else indeterminate. 


155. Some interesting examples are furnished by the case of one or more 
isolated vortices of infinitely small section. Thus : 

1°. Let us suppose that we have only one vortex-filament present, and that 
the vorticity ^ has the same sign throughout its infinitely small section. Its 
centre, as just defined, will lie either within the substance of the filament, or 
infinitely close to it. Since this centre remains at rest, the filament as a whole 
will be stationary, though its parts may experience relative motions, and its 
centre will not necessarily lie always in the same element of fluid. Any particle 
at a finite distance r from the centre of the filament will describe a circle about 
the latter as axis, with constant velocity /c/27rr. The region external to the 
vortex is doubly-connected ; and the circulation in any (simple) circuit em- 
bracing it is of course k. The irrotational motion of the surrounding fluid is 
the same as in Art. 27 (2). 
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2‘^. Next suppose that we have two vortices, of strengths /^ 2 , respectively. 
Let B he their centres, 0 the centre of the system. The motion of each 
filament as a whole is entirely due to the other, and is therefore always per- 
pendicular to A B. Hence the two filaments remain always at the same distance 
from one another, and rotate with constant angular velocity about 0, which 
is fixed. This angular velocity is easily found ; we have only to divide the 
velocity of A (say), viz. K.2l(27r . AB), by the distance A 0, where 

AO = AB, 

and so obtain ^ ^ 

2'7r.AB^ • 

If /Cl, /Co be of the same sign, i.e. if the directions of rotation in the two 
vortices be the same, 0 lies between A and B; but if the rotations be of 
opposite signs, 0 lies in AB, or BA, produced. 

If ~ /Co, 0 is at infinity; but it is easily seen that A, B move with 
equal velocities Ki/(27r . AB) at right angles to AB, which remains fixed in 
direction. Such a combination of two equal and opposite vortices may be 
called a ‘ vortex-pair.' It is the two-dimensional analogue of a circular vortex- 
ring (Art. 160), and exhibits many of the properties of the latter. 


The stream-lines of a vortex-pair form a system of coaxal circles, as shewn 
on p. 67, the vortices being at the limiting points {± a, 0). To find the relative 



stream-lines, we superpose a general velocity equal and opposite to that of the 
vortices, and obtain, for the relative stream- function, 



in the notation of Art. 64, 2°. The figure (which is turned through OO"" for 
convenience) shews a few of the lines. The line '\fr = 0 consists partly of the 
axis of y, and partly of an oval surrounding both vortices. 
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It is plain that the particular portion of fluid enclosed within this oval 
accompanies the vortex-pair in its career, the motion at external points being 
exactly that which would be produced by a rigid cylinder having the same 
boundary; cf. Art. 71. The semi-axes of the oval are 2-09 a and 1-73 a, 

approximately 

A difficulty is sometimes felt, in this as in the analogous instance of a vortex-ring, 
in understanding why the vortices should not be stationary. If in the figure on p. 67 
the filaments were replaced by solid cyhnders of small circular section, the latter might 
indeed remain at rest, provided they were rigidly connected by some contrivance which 
did not interfere with the motion of the fiuid * but in the absence of such a connection 
they would in the first instance be attracted towards one another, on the principle 
explained in Art. 23. This attraction is however neutralized if we superpose a general 
velocity V of suitable amoimt in the direction opposite to the cyclic motion half-way 
between the cylinders. To find F, we remark that the fluid velocities at the two points 
{ct ± c, 0), where c is small, will be approximately equal in absolute magnitude, provided 


where k is the circulation. Hence 


4:7ra 4:7ra 


which is exactly the velocity of translation of the vortex-pair, in the original form of the 
problem t. 

Since the velocity of the fluid at all points of the plane of symmetry is 
wholly tangential, ^ve may suppose this plane to form a rigid boundary of the 
fluid on either side of it, and so obtain the case of a single rectilinear vortex 
in the neighbourhood of a fixed plane wall to which it is parallel. The filament 
moves parallel to the plane with the velocity /c/47rA, where h is the distance 
from the wall. 

Again, since the stream -lines are circles, we can also derive the solution 
of the case where we have a single vortex-filament in a space bounded, either 
internally or externally, by a fixed circular cylinder. 

Thus, in the figure, let EPD be the section of the cylinder, A the position of the vortex 
(supposed in this case external), and let B be the ‘ image ’ of A with respect to the circle 
EPD^ viz. C being the centre, let 

GB,CA=^c\ 

where c is the radius of the circle. If P be any point on / \ 

the circle, we have / \ \ 

jd^ — \ — 

AP AE AD , \ c B E ^ 

SO that the circle occupies the position of a stream-line due 

to a vortex-pair at A, B, Since the motion of the vortex A would be perpendicular to AB^ 

^ Cf. Sir W. Thomson, “On Yortex Atoms,” Phil. Mag. (4), xxxiv. 20 (1867) [Papers, iv. 1] j 
and Kiecke, Gott. Nachr. 1888, where paths of fluid particles are also delineated. 

t A more exact investigation is given by Hicks, “On the Condition of Steady Motion of Two 
Cylinders in a Fluid,” Quart. Journ. Math. xvii. 194 (1881). 
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it is plain that all the conditions of the problem will be satisfied if we suppose A to 
describe a circle about the axis of the cylinder with the constant velocity 

K K. GA 

“Stt \CA^-c^y 

where k denotes the strength of A. 

In the same way a single vortex of strength k, situated inside a fixed circular cylinder, 
say at B, would describe a circle with constant velocity 

k.CB 

27r {c^--CB^y 

It is to be noticed, however^, that in the case of the external vortex the motion is not 
completely determinate unless, in addition to the strength k, the value of the circulation 
in a circuit embracing the cylinder (but not the vortex) is prescribed. In the above 
solution, this circulation is that due to the vortex-image at B and is — k. This may be 
annulled by the superposition of an additional vortex -p /c at (7, in which case we have, for 
the velocity of A^ 

K . GA K kc^ 

27r {GA^-c^) ~'%rrGT(GA^^y 

Por a prescribed circulation k! we must add to this the term . GA. 

L. Fopplt, using the method of images, has investigated the case of a cylinder advancing 
through fluid with velocity U, and followed by a vortex-pair symmetrically situated with 
respect to the line of advance of the centre. It appears that the vortices can maintain 
their position relative to the cylinder provided they lie on the curve 

and that the strengths of the vortices corresponding to a given position on this curve are 

He finds, however, that the arrangement is unstable for anti-symmetrical disturbances. 

3°. If we have four parallel rectilinear vortices whose centres form a 
rectangle ABB' A', the strengths being k for the vortices A', B, and - k for the 



vortices A, B', it is evident that the centres will always form a rectangle. 
Further, the various rotations having the directions indicated in the figure, 
we see that the effect of the presence of the pair A, A' on B, B' is to separate 

* P. A. Tarleton, “On a Problem in Vortex Motion,” Proe. R. I. A. December 12, 1892. 
t “Wirbelbewegang hinter einem Kreiszylinder,” Sitzb. d. k. bayr. Akad. d. fPiss. 1913. 
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them, and at the same time to diminish their velocity perpendicular to the 
line joining them. The planes which bisect AB, A A' at right angles may 
(either or both) be taken as fixed rigid boundaries. We thus get the case 
where a pair of vortices, of equal and opposite strengths, move towards (or 
from) a plane wall, or where a single vortex moves in the angle between two 
perpendicular walls. 


If X, y be the co-ordinates of the vortex A relative to the planes of symmetry, we 
readily find 




* — ___ 5 _ 

^ 477 * ’ 

where By division we obtain the differential equation of the path, viz. 

doG 


.( 2 ) 


y^ 


whence 

a being an arbitrary constant, or, transforming to polar co-ordinates, 

_ a 

^ sin 2^ 


(3) 


Also since 

477 

the vortex moves as if under a centre of force at the origin. This force is repulsive, and 
its law is that of the inverse cube^. 


156. If we write, as in Chapter iv., 

w = cj> + ^^fr, ( 1 ) 

the potential- and stream-functions due to an infinite row of equidistant 
vortices, each of strength /c, whose co-ordinates are 

(0,0), (±a, 0), (+2a, 0), ..., 
will be given by the formula 


w 


IfC . . TTZ 

^ log sm — : 
27r ^ a ' 


( 2 ) 


cf. Art. 64, 3°. This makes 

U’-iv== ■ 

whence 
u= ■ 


dw ifC ^ TTZ 

’ -T~ = ~ IT — , 

dz 2a a 


.(3) 


sinh (2'iryla) 


sin (27ra)la) 


2a cosh {27ryla) — cos (2'rrOG/a) ' 


2a cosh (t'lryja) — cos (^Trmja) * 

(4) 


* Greenhill, “On Plane Vortex-Motion,’^ Quart. Joum. Math. xv. (1887); Grobli, Die 
Bewegung paralleler geradliniger Wirhelfdden, Zurich, 1877. These papers contain other in- 
teresting examples of rectilinear vortex-systems. The case of a system of equal and parallel 
vortices whose intersections with the plane xy are the angular points of a regular polygon was 
treated by J. J. Thomson in his Motion of Vortex Rings, pp. 94.... He finds that the configura- 
tion is stable if, and only if, the number of vortices does not exceed six. For some further 
references as to special problems see Hicks, Brit. Ass. Rep. 1882, pp, 41...; Love, l.c. ante p. 175. 

An ingenious method of transforming plane problems in vortex-motion was given by Rontb, 
“Some Applications of Conjugate Functions,” Proc, Lond. Math. Soc. xii. 73 (1881). 
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These expressions make = + ^/c/a, 'y = 0, for y = ± oo ; the row of vortices is 
in fact, as regards distant points, equivalent to a vortex-sheet of uniform 
strength icja (Art, 151). 



The diagram shews the arrangement of the stream-lines. 

It follows easily that if there are two parallel rows of equidistant vortices, 
symmetrical with respect to the plane y == 0, the strengths being h: for the 
upper and — tc for the lower row, as indicated on the next page, the whole 
system will advance with a uniform velocity 

® 

where 6 is the distance between the two rows. The mean velocity in the plane 
of symmetry is /c/a. The velocity at a distance outside the two rows tends to 
the limit 0. 

If the arrangement be modified so that each vortex in one row is opposite 
the centre of the interval between two consecutive vortices in the other row, 
as shewn on p. 211, the general velocity of advance is 

7=^tanh— (6) 

2a a ^ 

The mean velocity in the medial plane is again /c/a. 

The stability of these various arrangements has been discussed by von K^rm^n^. 
Taking first the case of the single row, let us suppose the vortex whose undisturbed 
co-ordinates are {ma^ 0 ) to be displaced to the point yw)- The formulae of 

Art. 154 give, for the motion of the vortex initially at the origin, 

d/CCQ ^ ^ yo ym ^yo ^ ^ ~ 

~dt~' 27r«i 

where + ( 8 ) 

and the summation with respect to m includes all positive and negative integral values, 
zero being of course excluded. If we neglect terms of the second order in the displacements, 
we find 

dscQ K ^ ^yo _ _ ^ 5 ; d. _ ^ y 

dt’~~ ^ ’ dt'^ ^ ^ ^ 

* “ Fliissigkeits- u. Luftwiderstand,” Phys, Zeitschr. xiii. (1912); also Gott, Nadir. 1912, 
p. 547. The investigation is only given in outline in these papers; I have supplied various steps. 
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The first term in the value of dy^ldt is to be omitted as being independent of the 
disturbance^. 


Consider now a disturbance of the type 

( 10 ) 

where <!> may be assumed to lie between 0 and 27r. If (p be small this has the character of 
an undulation of wave-length 27ra/<jf). We find 





.(11) 


where 


^ K /1-COS0 , 1-CO320 , l-COS3(j[) , K 

w 


The arrangement is therefore unstable, the disturbance ultimately increasing as When 
the wave-length is large compared with a we have 


(13) 

approximately; cf. Art. 234. 

Proceeding next to the case of the symmetrical double row, the positions at time t of 
vortices in the upper and lower rows may be taken to be 

{ma-k-TJt^x.^, JS+ymX and (wa-f- j 

respectively, where TJ denotes the general velocity of advance of the system, and the origin 
is in the plane of symmetry. 


$ <5 c?) ^ 










The component velocities of a vortex in the up-per row, e.y. that for which m=0, due 
to the remaining vortices of the same row, will be given as before by (9), where the sum 
2m may be omitted. The components due to the vortex n of the lower row will be 

JL ^+yo-yn' _ Ji, x^-x^-na 

27r r^ ’ 27r ’ 

where r^ = {x^ — x^l — na)^ -I- (yo — Vn + 

If we neglect terms of the second order in the disturbance we find, after a little reduction, 


fdX(^ j\_ . _ h 

K \ di J 


S' yo ^ 


^ \ (»l2a24.62)2^»~2'’') 


K dt 


V ^o~ 


(?l2a2 + 62)2(^» 

, n^a^ — b^ . 

"b ^ /-9 „9 . 1.9\‘J (“^0 ) 


.(14) 


- 2 


(7^2^2 + 62)2 
%nab 


-2(yo-&'). (15) 


{n^a^+Vf 

where the summations with respect to n go from - oo to + co , including zero. The terms 
in (14) independent of the disturbance will cancel, since, by (5), 

rr K- ,, 'rrb K _ 6 

”"2a^^ a ~~ ^ir n %^«2+62‘ 

* III the summations the vortices are to be taken in pairs equidistant from the origin; other- 
wise the result would be indeterminate. The investigation may be regarded as applying to the 
central portions of a long, but not infinitely long, row; the term referred to is then negligible. 

14 


L. H. 
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If we now put 

<=aV”^ 

where 0 < (j) < 27 r, the equations take the form 

— -Ae-Ba'-Oe',] 

K at I 

^Tra^djS . 1 


:-Aa ^Ca' + BIB'. 


If we write, for shortness, 
the values of the coefficients are^ 


h=^hjay 


rf_ • f ^ ^ ^ ( TT - (jb) TT^ sinh h^\ 




sinh ^TT 


sinh^^TT J ’ 


(?^2 — B) __ cosh /^(p irp sinh ]c{ir — p) 


sinh IcTT 


n + sinh^X’TT sinh^Tr 

To deduce the equations relating to the lower row we have merely to reverse the signs 
of K and h, and to interchange accented and unaccented letters. Hence 

27 ra 2 da' ry . 


= A^'-Ba+Cp, 


27ra^ d^' 


^Aa' +Ctt + jS/3. 


The formulae (17) and (22) are the equations of motion of the vortex-system in what may 
be called a normal mode of the disturbance. 

The solutions are of two types. In the first type we have ' 

/3=-/3', (23) 

and therefore 


^rra^ da 




27ra2 d^ / ^ 


The solution involves exponentials the values of X being given by 


-X=-~^±V(^2^(72). 


In the second type we have 


and therefore 


a=~a', .. 

27 ra^ da „ 


The corresponding values of X are given by 

— X=.B±v'(42-C'2). 


The summations with respect to n can he derived from the Fourier expansion 

cosh k (w-p) 1 fl 2jfccos0 ^ 2^: cos 20 ] 

sinh^TT 12+^2 +“ 22 + A :2 +•••[ * 



211 


166 ] Stability of Douhle Rows 

Since 5 is a pure imaginary, whilst A and G are real, it is necessary for stability in 
each case that should not exceed for admissible values of Now when 0 = 7 r we 
find 

-I TT^ tanh^ ^^97, A — C=^iT^cot)i^^h7T^ (29) 

so that — <72 is positive. We conclude that both types are unstable. 

Passing to the unsymmetrical case, we denote the positions of the displaced vortices by 
{ma+Vt+Xm-, and ((?i+|)a+ 

where F is given by (6). The requisite formulae are obtained by writing )i+4 for n in 
preceding results. 

<5 4 < 5 ) d) 




The equations (17) and (22) will accordingly apply, provided* 

<«) 

P ^ (2?;.+l) , j -TTcj) sinh ^ (tt — <j>) tt^ sinh k<p \ . 

t coshX’TT cosh^^TT j ’ ^ 

.V + 7r2coshX^<#) 7r<j!)COshX^(7r~^) 

{(;^ + ^) 24 .x* 2|2 - cosh^X^TT coshXTT ^ 

These values of j 4, i?, C are to be substituted in (25) and (28). As in the former case it is 
necessary for stability that A^ should not be greater than Now when (7=0; 

hence A must also vanish, or 

cosh2X7r = 2, X7r = *8814, bJa=k=^'^Sl (33) 


The configuration is therefore unstable unless the ratio of the interval between the two 
rows to the distance between consecutive vortices has precisely this value. 

To determine whether the arrangement is stable, imder the above condition, for all 
values of (f> from 0 to 27r, let us write for a moment k (tt -cj>) = x, X7r=ja, so that 

ffhA — - h^C—^ (fix cosh fix cosh x-fi^ sinh fi sinh x\ (34) 

where x may range between ±fi. Since A is an even and G an odd function of a*, it is 
sufficient for comparison of absolute values to suppose x positive. Hence, writing 


y = /X cosh fi cosh x — fi^ sinh fi 


sinh;?? 

X 


-X, 


.(35) 


we have to ascertain whether this is positive for 0<x<fi, Since jLt=*8814, coshft=.s./2, 
sinh jLt= 1, y is positive for ;r=0, and it evidently vanishes for x=fi. Again 


dy 

dx 


= /X cosh ft sinh x-^y? sinh /x 


sinh . 2 ? 


— fi^ sinh 




cosh X 

X 


-1, 


.(36) 


which is equal to — 1 for ;?7=0, and vanishes for x—y, Pinally, 

d^y , , n . , sinh;r . o 9 • -u cosh;r o 2 • -u sinh;r 

-t4 = y cosh y cosh x-y^ sinh y j- 2y- smh y — ^ 2/x^ smh y — - , . . .(37) 

dx^ X X"* x^ 


which is easily seen to be positive for all values of x^ since (tanh;r)/;i?< 1. Hence as x 
increases from 0 to ju, dyjdx is steadily increasing from - 1 to 0, and is therefore negative. 
Hence y steadily diminishes from its initial positive value to zero, and is therefore positive. 


* The summations with respect to n can be derived from the expansion 
sinh k (tt — <p) fk cos ^ k cos f ^ | 

cosh krr ~~Tr\{^Y+k^ (|P + *’^ '*J 


14—2 
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We conclude that the configuration is definitely stable^ except for ±/x, when (^=0 
or 277 , in which cases jS= 0, by (31), and therefore X = 0. Since the disturbed particles 
are then all in the same phase, the reason why the period of disturbance should be infinite 
is easily perceived. 


157. When, as in the case of a vortex-pair, or a system of vortex-pairs, the 
algebraic sum of the strengths of all the vortices is zero, we may work out a 
theory of the impulse,' in two dimensions, analogous to that given in Arts. 119, 
152 for the case of a finite vortex-system. The detailed examination of this 
must be left to the reader. If P, Q denote the components of the impulse 
parallel to x and y, and W its moment about Oz, all reckoned per unit depth 
of the fluid parallel to .s', it will be found that 

P = pny^dxdy, Q==-p!!^^dxdy,]^ 

N = -^p !! + y^) ^dxdy. j 

For instance, in the case of a single vortex-pair, the strengths of the two 
vortices being ± /c, and their distance apart c, the impulse is p/cc, in a line 
bisecting c at right angles. 

The constancy of the impulse gives 

X/cx = const., X/cy = const., 

X/c {ap -1- 2/0 = const. 

It may also be shewn that the energy of the motion in the present case is 
given by 

2^ = - ip Smdxdy = - (3) 

When Xx is not zero, the energy and the moment of the impulse are both 
infinite, as may be easily verified in the case of a single rectilinear vortex. 



The theory of a system of isolated rectilinear vortices has been put in a very elegant 
form by Kirchhofft. 

Denoting the positions of the centres of the respective vortices by (•^ 2 ) ^ 2 )? ••• 

and their strengths by ki, K 25 •••} it is evident from Art. 154 that we may write 


dxi 

dW 

dyi d W 



dt ’ 

dx2 

dW 

dy2 9 IV 


9^2’ 

dt ~ 'bx2 ’ 


(4) 


where 


F’=^2Ki*:2logri2, . 


.(5) 


if 7*12 denote the distance between the vortices /ci, < 2 - 


Since W depends only on the relative configuration of the vortices, its value is unaltered 
when ^ 1 , ^ 2 ? ••• increased' by the same amount, whence 2 d TF/9^i = 0, and, in the same 
way, 2 0^73^1=0. This gives the first two of equations (2), but the proof is not now 
limited to the case of 2/c = 0. The argument is in fact substantially the same as in 
Art. 154. Again, we obtain from (4) 


2k 


dx 



* This is stated without proof by K4rm4n. 
t Mechanik, c. xx. 
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or if we introduce polar co-ordinates (r2, ^2)7 ••• for the several vortices, 


Since W is unaltered by a rotation of the axes of co-ordinates in their own plane about the 
origin, we have S0 b70^==O, whence 

SKr2= const., ^7^ 

which agrees with the third of equations (2), but is free from the restriction there implied. 
An additional integral of (4) is obtained as follows. We have 


2k 


dy 


dx\ 

di) 


= 2 



or 


2Kr 


,d& dW 

-a =z.yr 

dt dr 


(8) 


If every r be increased in the ratio 1+e, where e is infinitesimal, the increment of W is 
equal to Ser . 0 WJdr, But since the new configuration of the vortex-system is geometrically 
similar to the former one, the mutual distances ri^ are altered in the same ratio l-J-e, and 
therefore, from (5), the increment of W is .2kik^. Hence (8) may be written in the 
form 


2/C7-2 


dQ 1 ^ 


(9) 


158. The preceding results are independent of the form of the sections of 
the vortices, so long as the dimensions of these sections are small compared 
with the mutual distances of the vortices themselves. The simplest case is 
when the sections are circular, and it is of interest to inquire whether this 
form is stable. This question has been examined by Kelvin^. 

When the disturbance is in two dimensions only, the calculations are very simple. Let 
us suppose, as in Art. 27, that the space within a circle having the centre as origin, 
is occupied by fiuid having a uniform vorticity ca, and that this is surrounded by fluid 
moving irrotationallj. If the motion be continnous at this circle we have, for r 


( 1 ) 

while for r > a, log a/r (2) 


To examine the effect of a slight irrotational disturbance, we assume, for r < a, 

~ Joj ((35,2 — r^) 4- A ^ cos — 

“ I (3) 

(X, of 1 

and, forr>a, log --f A -cos (sd-crOj 

where s is integral, and tr is to be determined. The constant A must have the same 
value in these two expressions, since the radial component of the velocity, -0vf^/'r3d, must 
be continuous at the boundary of the vortex, for which approximately. Assuming 
for the equation to this boundary 

re=a4-acos (sd-or^), (4) 

we have still to express that the transverse component (0\|r/0r) of the velocity is continuous. 
This gives 

S — COS (sd - ot) S — cos (sd - (ft). 

Substituting from (4), and neglecting the square of a, we find 

coa== ~2sA/a (5) 

* Sir W. Thomson, ‘‘On the Vibrations of a Columnar Vortex,” PHZ. Mag, (5), x. 155 (1880) 
[Papers, iv, 162]. 
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So far the work is purely kinematical ; the dynamical theorem that the vortex-lines 
move with the fluid shews that the normal velocity of a particle on the boundary must he 
equal to that of the boundary itself. This condition gives 

dy/r dr 

where r has the value (4), or 



Eliminating the ratio A /« between (5) and (6) we find 

cr=^(s-l)o) (7) 

Hence the disturbance represented by the plane harmonics in (3) consists of a system 
of corrugations travelling round the circumference of the vortex with an angular velocity 

crls=(s-l)/s.^a> ( 8 ) 

This is the angular velocity in space j relative to the rotating fluid the angular velocity is 

(rls-^a>= (9) 

the direction being opposite to that of the rotation. 

When s=2, the disturbed section is an ellipse which rotates about its centre with 
angular velocity 

The transverse and longitudinal oscillations of an isolated rectilinear vortex-filament 
have also been discussed by Kelvin in the paper cited. 


159. The particular case of an elliptic disturbance can be solved without 
approximation as follows^. 

Let us suppose that the space within the ellipse 

^2 y2 

(1) 

is occupied by liquid having a uniform voiiiicity <0, whilst the surrounding fluid is moving 
irrotationally. It will appear that the conditions of the problem can all be satisfied if we 
imagine the elliptic boundary to rotate, without change of shape, with a constant angular 
velocity (n, say), to be determined. 

The formula for the external space can be at once written down from Art. 72, 4° ; viz. 
we have 

(a+hy co&2r]+^coah^, (2) 

where t] now denote the elliptic co-ordinates of Art. 71, 3°, and the cyclic constant k has 
been put = irahco. 

The value of ^|x for the internal space has to satisfy 



with the boundary-condition ^ • p (4) 

These conditions are both fulfilled by 

(5) 

provided 1+^=1, Aa^-Bb^=~ (a^ -62) ^^0) 

It remains to express that there is no tangential slipping at the boundary of the 
vortex; i.e. that the values of d^jz/di obtained from (2) and (5) there coincide. Putting 

* Kirehhoff, Mechanik^ c. xx.; Basset, Hydrodynamics, ii. 41. 
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cosb. £ COS 77 j sinli ^ sin 77, where c=sJ(a^~-¥), differentiating, and equating coeffi- 

cients of cos 277, we obtain the additional condition 

— \n{a-\- by e (J - B) cosh g sinh 

where ^ is the parameter of the ellipse (1). This is equivalent to 




ab 

since, at points of the ellipse, cosh ^—ajc, sinh 

ah 


Combined with (6) this gives 


and 


Aa—Bb— 

ab 


a+5’ 


''{a-^bf 


.(7) 

.( 8 ) 

.( 9 ) 


When <x=6, this agrees with our former approximate result. 

The component velocities^ x^y oi a particle of the vortex relative to the principal axes 
of the ellipse are given by 


dx// 


whence we find 


X y 

a h ’ 


. d\U 

!=«-• 
0 a 


.( 10 ) 

.( 11 ) 


.( 12 ) 


Integrating, we find x^ha cos + e), y—Jcbmii{nt~\-e\ 

where € are arbitrary constants, so that the rdatwe paths of the particles are ellipses 
similar to the boundary of the vortex, described according to the harmonic law. If x\ y' 
be the co-ordinates relative to axes fixed in space, we find 

a?'=.'rcos nt-yAnnt^\h (a-^b) cos (a-b) cos 6,| 

y=.rsin nt+y cos nt^^k (a+b) sin {2nt-\-€)-^k (a-b) sin e.J 
The absolute paths are therefore circles described with angular velocity 

159 a. The motion of a solid in a liquid endowed with vorticity is a problem 
of considerable interest, but is unfortunately not very tractable. The only 
exception is when the motion is two-dimensional, and the vorticity uniform. 

Let Xq, yo co-ordinates, relative to fixed axes, of a point C of the (cylindrical) 

solid ; let x^ y be the co-ordinates of any point of the fluid relative to parallel axes through 
<7, and let (w, v) be the velocity relative to (7. We have then 


du .. dv ^ 1 8« 

dv du ^ > 1 

9^+yo+«^+®^+f^=--3^;j 


•( 1 ) 


cf. Arts. 12 (3) and 146 (5). Since 




_ 


.( 2 ) 


and C is constant, it appears that dujct and dv/dt are the derivatives with respect to x and 
y, respectively, of a certain function of x, y, t. Denoting this function by —d(p/dt^ we have 

dx \dt J dt 0y \ 9^ / ’ dy\dt) dt 9a? \ J ’ 
which are the conditions that ^ 


.(3) 


dV 


* For further researches in this connection see Hill, *'On the Motion of Fluid part of which 
is moving rotationally and part irrotatiomlly,’’ BhiL Trans, 1884; Love, “On the Stability of 
certain Vortex Motions,’* Proc. Lond. Math. Soc. xxv. 18 (1898). 
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should be a function of the complex variable x+iy. This consideration determines d(j>ldt 


when the form of is known 
The equations (1) now give 

W 

where (^) 


We proceed to apply these results to some cases of motion of a circular cylinder. The 
point C is naturally taken on its axis. 

Let us suppose in the first instance that the undisturbed motion of the fluid consists 
of a uniform rotation co about the origin, so that f=2<». The stream-function for the 
motion relative to a moving point (%, y^) is then 

= 4 ® {(^ 0 + ^ ) ^ + ( j / o + y ) ^} + ^0 y “ ^0 ^ 

= + cor {xq cos 6 +yQ sin B) -f ^(o {x^ +yo^) + ^ '(^o sin ^ cos ^), (6) 

where we have introduced polar co-ordinates relative to <7. The relative stream-function 
for the disturbed motion will be 

(^0 ^ +3/0 d" 4® (^0^ +3/0^) “h ■” sin 6 —^0 cos B). 

^ 0 ) 

For this satisfies ; it makes i/^=const. for r=a; and it agrees with (6) for r=oo . 

Hence ^-hyosin (i^o sin d-^o^os ^), (8) 

and therefore 

(xosmB-yQGOsB)-^(r+^^ (xq cos B+yo sin B), (9) 

terms independent of r and B being omitted. Again we have, for r=a, 

^=0, ^=oa+2co (xo cos B +yo sin B) + 2 (xq sin B-yo cos B), 
and therefore 

\<^^2c£p‘a (^0 cos ^4-yo sin B)+2(oa {xq sin d -^0 cos B) -hetc., (10) 

where terms are omitted which will contribute nothing to the resultant force on the 
cylinder. Substituting in (4) we find, for r— a, 


a (i?o cos 6 +yo sin B) - 4:coa (xq sin B-yo cos B) — 2co^a (^0 cos B+yo sin B) + etc. ...(11) 
The component forces on the cylinder, due to fluid pressure, are therefore f 


— I ^ ^ cos B adB== —M' (.i^o 4- 4G>yo ~ 2oo^^o), 


[277 

■Jo^ 

"io ^ 


.( 12 ) 


p sin BadB^ -M' (yQ — 4a>Xo - 2co^yo), 

where if'—Trpa^ Hence if M be the mass per unit length of the cylinder itself, the 
equations of motion are 

fxx + 4a>y-2(o^x=^/ir,) 
fxy - 4(ox - 2(X)^y — F/if J 


.(13) 


* Cf. Proudman, ‘‘On the Motion of Solids in a Liquid possessing Vorticity,” Proc, B. S. 
xcii. 408 (1916). 

t Cf. G-. I. Taylor, “ Motion of Solids in Fluids when the Flow is not Irrotational,” Free. 
B. S, xciii. 99 (1916). 
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where ji — l+MjM', and the zero sufBxes have been omitted as no longer necessary. ] 
write 0 =^+%^, these equations are equivalent to 

/x2 — — 2cio % — {X 4“ i Y) / M'. ( 

To ascertain the free motion, when jr= 0 , 1^=0, we assume that za: and fine 

ptm^ — 4m4-2=0 ( 

If /X < 2, f.e. if the mass of the cylinder is less than that of the fluid which it displaces 
values of m are real, and the solution has the form 

( 

where are positive. This represents motion in a ‘direct’ epicyehc. As sj 

cases circular paths are possible, and are stable. If on the other hand /x > 2 , the vah 
m are complex, and the solution takes the form 

( 

the ultimate path being an equiangular spiral. If ft =2, we have (m — 1)^=0, and 

z^(^A-\-Bt)e^^^, ( 

Hence, although it is possible as we should expect for a cylinder having the same 
density as the fluid to revolve with the latter in a circular path, this motion is unsta 

If there is a radial force whose direction revolves with the fluid, say 

{ 

the equation (14) is satisfied, when jLt = 2, by 



provided ^ — i RjM' - 

The cylinder can therefore move, relatively to the rotating fluid, along a radius*, bi 
motion, again, must be classed as unstable t- 

Let us next suppose that the fluid when undisturbed is in laminar motion para 
OdCj with constant vorticity 2 o), the stream-function being 

= 0, (yQ -hy)^ = ^<or^ (1 — cos 2 ^) 4 - 2 £«jyo ^ sin 0 + coyo^. 

In the disturbed motion relative to the cylinder 

yj,=^a>r^-^a> COS 25 +2a>3^o(»-- 7 ) sin e + a>yo^+(r-j'j (i;o sin 5-^o cos 


Hence ^ = 2a>^(, (r - j'j sin 5 + (?• - 7 ) {^o sin 6 -yo cos 6), 

the terms independent of r and 6 being omitted. We write therefore 

^=2<Byo (’'+ 7 ) cos 5 + (aio cos 5+yo sin 6) 

For r=a we have from (23) 

£^1=0, St=-<oa+4<oa sin® 5 + iavo sin 5 + 2 (:ko sin 5 - cos 5), 

r dd or 

and therefore 

^^ 2 = — 4£D%yo siin B — 2a)a (i?o sin B cos B) 4- sin^ B 

+Sa>ayo (^o sin^ B-yo sin^ B cos B) 4- etc., , 


* Of. Taylor, Z.c. 

t Some cases of motion of a sphere in rotating fluid have been studied by Proudm 
S. F. Grace, Proc. JR. S. cii. 89 (1922); and Taylor, Proc. P. S, eii. 180 (1922). 
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those terms only being retained which will contrihnte to the resultant force on the cylinder. 
Substituting in (4) we find, for r—a^ 


-= a (.Ijo cos Q - 1-^0 sin &) + (sin <9-4 sin^ 6) + (cos ^ + 4 sin^ 6 cos B) 

4- 4a)%^Vo (sin B-4, sin^ 6) 4- etc. 

f^TT 


Hence"^ 


-f. 

■f. 


p cos B adB — —M' (i?o4-4ci>yo)j 


— J ^ p sin B adB= —M' (po — 4co^^o — Sfjo^yo). J 
The equations of motion of the cylinder are therefore, omitting the suffixes, 


...(28) 

.,.(29) 


/X.V 4- 4cop = XIM\ 

/xj/ ' 4cox - YjM'. 

We notice that the cylinder can remain at relative rest subject to a force 

r= - Scorn' y - 4coM' U^2 kpU, (31) 

where U (= -2ci>y) is the velocity of the undisturbed stream at the level of the centre, and 
K ( = ^Tra^co) is the circulation immediately round the cylinder. This result may be con- 
trasted with Art. 69 (6). 

It is easily found from (30) that, if /x<2, the path when there are no extraneous 
forces is a trochoid whose general direction of advance is parallel to the stream. 



160. It was pointed out in Art. 80 that the motion of an incompressible 
fluid in a curved stratum of small and uniform thickness is completely defined 
by a stream-function so that any kinematical problem of this kind may be 
transformed by projection into one relating to a plane stratum. If, further, 
the projection be 'orthomorphic/ the kinetic energy of corresponding portions 
of liquid, and the circulations in corresponding circuits, are the same in the 
two motions. The latter statement shews that vortices transform into vortices 
of equal strengths. It follows at once from Art. 145 that in the case of a closed 
simply-connected surface the algebraic sum of the strengths of all the vortices 
present is zero. 

We may apply this to motion in a spherical stratum. The simplest case is that of a 
pair of isolated vortices situate at antipodal points; the stream-lines are then parallel 
small circles, the velocity varying inversely as the radius of the circle. For a vortex-pair 
situate at any two points A, j 5, the stream-lines are coaxal circles as in Art. 80. It is 
easily found by the method of stereographic projection that the velocity at any point P is 
the resultant of two velocities Kj^Tra . cot^Bi ^ud K/^rra . cot ^B^i perpendicular respectively 
to the great-circle arcs AP, BP, where Bi, B 2 denote the lengths of these arcs, a the radius 
of the sphere, and ±k the strengths of the vortices. The centre t (see Art. 154) of either 
vortex moves perpendicular to AB with a velocity K/^Tra . cot ^AB. The two vortices 
therefore describe parallel and equal small circles, remaining at a constant distance from 
each other. 


Circular Vortices, 

161. Let us next take the case where all the vortices present in the liquid 
(supposed unlimited as before) are circular, having the axis of a? as a common 
axis. Let w denote the distance of any point P from this axis, v the velocity 
* Of. Taylor, lx. ante p. 216. 

t To prevent possible misconception it may be remarked that the centres of corresponding 
vortices are not necessarily corresponding points. The paths of these centres are therefore not 
in general projective. 
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in the direction of iir, and the resultant vorticity at P. It is evident that 
iL, V, 0) are functions of x, tsr only. 

Under these circumstances there exists a stream-function defined as in 
Art. 94; viz. we have 

.......( 1 ) 

tET dts- 'UT ox 


whence 


dv du ^1 1 3'\|r\ 

dx d'ST -ST \ dx^ 'sr BstJ * 


It is easily seen from the expressions (7) of Art. 148 that the vector 
(P; ff; IT) will under the present conditions be everywhere pexpendicixlar to 
the axis of x and the radius ixr. If we denote its magnitude by S, the flux 
through the circle (x, ot) will be 27r'Bj/S, whence 

— -CTiS. (3) 

To find the value of 'ifr at (x, 'w) due to a single vortex-filament of circulation 
a:, whose co-ordinates are x\ ts-', we note that that element which makes an 
angle 6 with the direction of 8 may be denoted by txt'ZO, and therefore by 


Art. 149 (1) 

, o AJ'CT'Or' [2^ cos 0 

•x|r = -'SJ/S = ] dd, (4) 

^ 477 Jo r 

where r = [{x — x'y + 4 - 'cj'® — cos 0}^. (5) 

If we denote by the least and greatest distances, respectively, of the 
point P from the vortex, viz. 

= {x — xy -h (tJT — — xy + ('sr -f- (6) 

we have r® = Vi cos^ I ^ 4'srtEr' cos 6 — r^ ri — 2r^, (7) 


and therefore 




Stt 




dO 


0 cos^ 1 0 + ^2® sin^ I (9) 

— 2 f a/(^i® cos^ 1 0 + ri sin^ | cZi9 
Jo 


.( 8 ) 


The integrals are of the types met with in the theory of the ‘arithmetico- 
geometrical mean.'* In the ordinary, less symmetrical, notation of ^ complete ' 
elliptic integrals we have 


^ = - £(W)i {(I - k) F, (k) - 1 E, ( 4 , 


provided 


277 ' 


4'ST'ST^ 


(x — xy -f (isr + * 


...(9) 

.(10) 


The value of at any assigned point can therefore be computed with the 
help of Legendre’s tables. 

* See Cayley, Ellijptic Functions, Cambridge, 1876, c. xiii. 
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A neater expression may be obtained by means of ‘ Landen’s trans- 
formation’*; thus 

^ - A (n -p r,) \F, (A) - E, (A)}, (11) 

provided A = (1^) 

To verify this, let AB be a straight line divided at P into two segments PI, PB of 
lengths n? ^2 5 respectively ; and describe the circle on as diameter, G being the centre, 
and Q any point on the circumference, let the angles QGA , QP A be denoted by respec- 
tively ; and draw ON perpendicular to QP. If P§=r, we have 

rB^=OQdO. cos GQF^QMS (13) 

AT /77> 

j^lso GP . = — “ cos GQjy — 5 

r r ^ r GQ 

and therefore 

oos&d6 FQS» QA^BS , FMS / 

CQ-^^-QN Cq ^ OQ ■ ^ 1 | ., 

Hence t 

ih-n) 

since FFd^—CF J" cos5d5=0. 

Now §iV'=V(C'§"-^-P^sm2 5)=*(n-t-r2)V(l-A2sin2 5), (15) 

.« N GP fiO\ 

^~Cq~ri+r^ ^ ^ 

The formula (14) may therefore be written 

Jl ^c^d=2{J’i(X)-Ai(\)}, (17) 

which brings (4) into the required form (11). 

The forms of the stream-lines corresponding to equidistant values of \j/ are shewn on 
the next page. They are traced by a method devised by Maxwell, to whom the formula (11) 
is also duet. 

Expressions for the velocity-potential and the stream -function can also be obtained in 
the form of definite integrals involving Bessels Functions. 

Thus, supposing the vortex to occupy the position of the circle it is evident 

that the portions of the positive side of the plane ^=0 which lie within and without this 
circle constitute two distinct equipotential surfaces. Hence, assuming that we have <p=^K 
for .r=0, w <a^ and <^=0 for ^=0, zer > a, we obtain from Art, 102 (2) 

<l)=^Ka e'~^^Jf^{hw)Ji{ha)dk^ (18) 

and therefore, in accordance with Art. 100 (5), 

—^Ka'uj (hw) Jl (ha) dh (19) 

These formulae relate of course to the region ii;>0 

It was shewn in Art. 150 that the value of is that due to a system of double sources 
distributed with uniform density k over the interior of the circle. The values of <jb and yjr 
* See Cayley, l.c. 

t Electricity and Magnetism, Arts. 704, 705. See also Minchin, Phil. Mag. (5), xxxv. (1893) ; 
Nagaoka, Phil. Mag. (6), vi. (1903). 

X The formula for ^ occurs in Basset, Hydrodynamics, ii. 93. See also Nagaoka, l.c. 
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for a uniform distribution of simple sources over the same area have been given in Art. 102 
(11). The above formulae (18) and (19) can thence be derived by differentiating mth 
respect to and adjusting the constant factor^. 


* Other expressions for 4> and ^ can be obtained in terms of zonal spherical harmonics. 
Thus the value of 0 is given in Thomson and Tait, Art. 546; and that of can be deduced by 
the formulae (11), (12) of Art. 95 ante. The elliptic-integral forms are however the most useful 
for purposes of interpretation. 
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162. The energy of any system of circular vortices having the axis of x as 
a common axis, is 

T = TTp dxd'ST 0^^ dxd^ 

= — TTp IJ 'yjrcodxd'ST = - TT/jS/C'v//', (1) 

by a partial integration, the integrated terms vanishing at the limits. We have 
here used /c to denote the strength co^xSm of an elementary vortex-filament. 

Again the formula (7) of Art. 153 becomes^ 

T—^TTp ^^{'UTU — xv) 'UTcodxdy = 27rp2«'5y — ^v) (2) 

The impulse of the system obviously reduces to a force along Ox, By 
Art. 152 (6), 

P = ^p jj(y^ — zrj)dxdydz — irp = nrp^ic'Gs^ (3) 

If we introduce the symbols x^, defined by the equations 

^tc'GT^x - ..V 

’--TT 

these determine a circle whose position evidently depends on the strengths 
and the configuration of the vortices, and not on the position of the origin on 
the axis of symmetry. It may be called the 'circular axis’ of the whole system 
of vortex-rings. 

Since k is constant for each vortex, the constancy of the impulse shews, 
by (3) and (4), that the circular axis remains constant in radius. To find its 
motion parallel to we have, from (4), 

%K . ^ -p 2^Kiirx ^ = S/c-cr -f- ^Xv) (5) 

With the help of (2) this can be put in the form 

2 ^ ~ 

where the added term vanishes, since S/c-gti; = 0 on account of the constancy 
of the mean radius ('gto). 


163. Let us now consider, in particular, the case of an isolated vortex-ring 
the dimensions of whose cross-section are small compared with the radius (tzro). 
It has been shewn that 


//l^> (^:)} 


•( 1 ) 


where are defimed by Art. 161 (6). For points (a?, ts-) in or near the 

substance of the vortex, the ratio r.Jr^ is small, and the modulus (X) of the 


* At any point in the plane ;s = 0 we have ^ = Z(r, |= 0 , 97=0, v = v; the rest follows by 

symmetry. 
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elliptic integrals is accordingly nearly equal to unity. We then have 

= EfX) = l (2) 

approximately^, where V denotes the complementary modulus, viz. 

(n + r-a)^’ ^ 

or = 4ri/r2, nearly. 

Hence at points within the substance of the vortex the value of is of 
the order log (^Co/e), where e is a small linear magnitude comparable with 
the dimensions of the section. The velocities at such points, depending 
(Art. 94) on the differential coefficients of i/r, will be of the order /c/e. 

We can now estimate the magnitude of the velocity dxQjdt of translation 
of the vortex-ring. By Art. 162 (1), T is of the order p/c^-sro log and v is, 
as we have seen, of the order /c/e; whilst x — Wq is of course of the order e. 
Hence the second term on the right-hand side of the formula (6) of the 
preceding Art. is, in the present case, small compared with the first, and the 
velocity of translation of the ring is of the order /c/’cio . log ('STofe), and approxi- 
mately constant. 

An isolated vortex-ring moves then, without sensible change of size, parallel 
to its rectilinear axis with nearly constant velocity. This velocity is small 
compared with that of the fluid in the immediate neighbourhood of the circular 
axis, but may be greater or less than ^k/'utq, the velocity of the fluid at the 
centre of the ring, with which it agrees in direction. 

For the case of a ciTcular section more definite results can be obtained as follows. If 
we neglect the variations of 'us and © over the section, the formulae (1) and (2) give 

^0 j I (^log^-2^ dx'd'i^', 

or, if we introduce polar co-ordinates ( 5 , x) the plane of the section, 



where a is the radius of the section. Now 

logridx = log{s^+/^-2ss'GOs(x~x')}^dx, 

and this definite integral is known to be equal to 27rlog5', or 27rlog5, according as s'^s. 
Hence, for points within the section, 

i//- = - co'uTo ^log ~ 2^ s'ds' — ©-STo 

= |log^-|-|^2| (5) 

The only variable part of this is the term ttis shews that to our order of approad- 

mation the stream-lines within the section are concentric circles, the velocity at a distance 
s from the centre being 

* See Cayley, Elliptic Functions, Arts. 72, 77; and Maxwell, l.c. 
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Substituting in Art. 162 (1) we find 
T /‘Sir 

The last term in Art. 162 (6) is equivalent to 

fiVocoSK (d?— ^’o)2. 


4:7T 




.(«) 


In our present notation, where k denotes the strength of the whole vortex, this is equal to 
Hence the formula for the velocity of translation of the vortex becomes^ 


dsc^ 

dt 





The vortex-ring carries with it a certain body of irrotationally moving fluid in its 
career; cf. Art. 155, 2°. According to the formula (7) the velocity of translation of the 
vortex will be equal to the velocity of the fluid at its centre when about. The 

accompanying mass will be ring-shaped or not, according as wja exceeds or falls short of 
this critical value. 


The ratio of the fluid velocity at the periphery of the vortex to the velocity at the centre 
of the ring is ^coaTujK^ or 'uTQjTra. For this is equal to 32, about. 


164 . If we have any number of circular vortex-rings, coaxal or not, the 
motion of any one of these may be conceived as made up of two parts, one 
due to the ring itself, the other due to the influence of the remaining rings. 
The preceding considerations shew that the second part is insignificant com- 
pared with the. first, except when two or more rings approach within a very 
small distance of one another. Hence each ring will move, without sensible 
change of shape or size, with nearly uniform velocity in the direction of its 
rectilinear axis, until it passes within a short distance of a second ring. 

A general notion of the result of the encounter of two rings may, in par- 
ticular cases, be gathered from the result given in Art. 149 (3). Thus, let us 
suppose that we have two circular vortices having the same rectilinear axis. 
If the sense of ' the rotation be the same for both, the two rings will advance, 
on the whole, in the same direction. One effect of their mutual influence will 
be to increase the radius of the one in front, and to contract the radius of the 
one in the rear. If the radius of the one in front become larger than that of 
the one in the rear, the motion of the former ring will be retarded, and that 
of the latter accelerated. Hence if the conditions as to relative size and 
strength of the two rings be favourable, it may happen that the second ring 
will overtake and pass through the first. The parts played by the two rings 
will then be reversed ; the one which is now in the rear will in turn overtake 
and pass through the other, and so on, the rings alternately passing one through 
the otherf. 

* This result was given without proof by Sir W. Thomson in an appendix to a translation of 
Helmholtz’ paper, Phil. Mag. (4), xxxiii. 511 (1867) [Papers, iv. 67]. It was verified by Hichs, 
Phil Trans. A, clxxvi. 756 (1885); see also Gray, “Notes on Hydrodynamics,” Phil Mag. (6)' 
xxviii. 13 (1914). 

t Cf. Hicks, “On the Mutual Threading of Vortex Bings,” Froc. Roy. Soc. A, cii. Ill (1922). 
The corresponding case in two dimensions was worked out and illustrated graphically by Grobli, 
l.c* ante p. 207 ; see also Love, “On the Motion of Paired Vortices with a Common Axis,” Froc 
Land. Math. Soc. xxv. 185 (1894), and Hicks, l.c. 
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If the rotations he opposite, and such that the rings approach one another, 
the mutual influence will be to enlarge the radius of each. If the two rings 
he moreover equal in size and strength, the velocity of approach will continually 
diminish. In this case the motion at all points of the plane which is parallel 
to the two rings, and half-way between them, is tangential to this plane. We 
may therefore, if we please, regard the plane as a fixed boundary to the fluid 
on either side, and so obtain the case of a single vortex-ring moving directly 
towards a fixed rigid wall. 

The foregoing remarks are taken from Helmholtz' paper. He adds, in 
conclusion, that the mutual influence of vortex-rings may easily be studied 
experimentally in the case of the (roughly) semicircular rings produced by 
drawing rapidly the point of a spoon for a short space through the surface of 
a liquid, the spots where the vortex-filaments meet the surface being marked 
by dimples. (Of Art. 27.) The method of experimental illustration by means 
of smoke-rings^ is too well-known to need description here. A beautiful 
variation of the experiment consists in forming the rings in water, the sub- 
stance of the vortices being coloured t- 

The motion of a vortex-ring in a fluid limited (whether internally or externally) by a 
fixed spherical surface, in the case where the rectilinear axis of the ring passes through 
the centre of the sphere, has been investigated by Lewis by the method <;f images.’ 
The following simplified proof is due to Larmor§. The vortex-ring is equivalent (Art. 150) 
to a spherical sheet of double-sources of uniform density, concentric with the fixed sphere. 
The ‘ image ’ of this sheet will, by Art. 96, he another uniform concentric double-sheet, 
which is, again, equivalent to a vortex-ring coaxal with the first. It easily follows from 
the Aj^t. last cited that the strengths (k, k) and the radii (ts* * * § , w') of the vortex-ring and 
its image are connected by the relation 

+ ( 1 ) 

The argument obviously applies to the case of a re-entrant vortex of any form, provided 
it lie on a sphere concentric with the boundary. 


• The Conditions for Steady Motion. 


165. 


In steady motion, i.e. when 


du 

Jt 


= 0 , 




the equations (2) of Art, 6 may be written 


du dv dw . 


dx dx 


dx 


Wtj) = - 


m 

dx 


1 ^ 

p dx' 


(1) 


* Kensch, *‘TJeber Bingbildung der Miissigheiten,” Pogg. Ann. cx, (I860); Tait, JRece?it 
Advances in Physical Science, London, 1876, c. xii. 

t Eeynolds, “On the Eesistance encountered by Vortex Rings &c.,’’ Brit. Ass. Rej>. 1876; 
Nature^ xiv. 477. 

t “On the Images of Vortices in a Spherical Vessel,” Quart. Journ. Math. xvi. 3B8 (1879). 

§ “Electro-magnetic and other Images in Spheres and Planes,” Quart. Joum. Math, xxiii. 
94 (1889). 


L. H. 


15 
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Hence, if as in Art. 14f6 we put 

X=Jy + if + ^’ 


we have 
It follows that 


9^27 oy oz 


..( 2 ) 

..(• 3 ) 


SO that each of the surfaces x — const, contains both stream-lines and vortex- 
lines. If further Sn denote an element of the normal at any point of such a 
surface, we have 


dn 


= qo) sin 


( 4 ) 


w^here q is the current- velocity, co the vorticity, and /3 the angle between the 
stream-line and the vortex-line at that point. 

Hence the conditions that a given state of motion of a fluid may be a 
possible state of steady motion are as follows. It must be possible to draw in 
the fluid an infinite system of surfaces each of which is covered by a network 
of stream-lines and vortex-lines, and the product qw sin /3 hn must be constant 
over each such surface, hi denoting the length of the normal drawn to a con- 
secutive surface of the system^. 

These conditions may also be deduced from the considerations that the 
stream-lines are, in steady motion, the actual paths of the particles, that the 
product of the angular velocity into the cross-section is the same at all points 
of a vortex, and that this product is, for the same vortex, constant with regard 
to the time. 


The theorem that the function defined by (2), is constant over each 
surface of the above kind is an extension of that of Art. 21, where it was shewn 
that X is constant along a stream-line. 

The above conditions are satisfied identically in all cases of irrotational 
motion, provided of course the boundary-conditions be such as are consistent 
with the steady motion. 

In the motion of a liquid in two dimensions {xy) the product qhn is con- 
stant along a stream-line ; the conditions in question then reduce to this, that 
the vorticity ^ must be constant along each stream-line, or, by Art, 59 (5), 


where is an arbitrary function of 


.( 5 ) 


* See a paper the Conditions for Steady Motion of a Fluid,” Froe, Land. Math. Soc. ix. 
91 (1878). 

t CL Lagrange, Nouv. Mem. de VAead. de Berlin, 1781 {Oeuvres, iv. 720]; and Stokes, ‘‘On 
the Steady Motion of Incompressible Fluids,” Camb. Trans, vii. (1842) {Papers, i. 15]. 
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This conditioa is satisfied in all cases of motion in concentric circles about the origin. 
Another obvious solution of (5) is 

( 6 ) 

in which case the stream-lines are similar and coaxal conics. The angular velocity at any 
point is ^ (A + C\ and is therefore uniform. 

Again, if we put /(\//')— where ir is a constant, and transform to polar co-ordinates 

r, $, ’we get 

^ f7) 

0^2 y. 0J, y.2 0^2 r 5 W 

which is satisfied (Art. 101) by '^ — CJ^iJcr) s6 (8) 

This gives various solutions consistent with a fixed circular boundary of radius a, the 
admissible values of k being determined by 

Js{ka)^0 (9) 

Suppose, for example, that in an unlimited mass of fluid the stream-function is 

\Ia~OJi(It) sin^, (10) 

within the circle 7'= a, whilst outside this circle we have 

^ = U'^r-yjsinS ( 11 ) 

These two values of agree for r = a, provided Ji (ka)—0. Moreover, the tangential velocity 
at this circle will be continuous, provided the two values ofdsj/ldr are equal, if 

^9.^ 

^~'kJ{{ka)~ kJ^ika) ^ ^ 

If we now impress on everything a velocity U parallel to we get a species of cylindrical 
vortex travelling with velocity U through a liquid which is at rest at infinity. The smallest 
of the possible values of k is given by ^a/7r = l'2197; the relative stream-lines mdde the 
vortex are then given by the lower diagram on p. 268, provided the dotted circle be taken 
as the boundary (r—a). It is easily proved, by Art. 157 (1), that the ‘impulse’ of the vortex 
is represented by ^rrpa^U. 

Iq the case of motion symmetrical about an axis {to), we have g. 27r‘crS?i 
constant along a stream-line, tir denoting as in Art. 94 the distance of any 
point from the axis of symmetry. The condition for steady motion then is 
that the ratio co/tir must be constant along any stream-line. Hence, if be 
the stream-function, we must have, by Art. 161 (2), 



where /(-lie) denotes an arbitrary function of n/r*. 

An interesting example is furnished by Hill's ‘Spherical Yortext.’ If we assume 

(14) 

where for all points within the sphere T=a, the formula (2) of Art. 161 makes 

00= - -|Aot, 

so that the condition of steady motion is satisfied. Again it is evident, on reference to 
Arts. 96, 97, that the irrotational flow of a stream with the general velocity - U parallel to 
the axis, past a fixed spherical surface r=a, is given by 

,|,=iJ7t^2(l-^) (15) 

* This result is due to Stokes, Z.c. 

t “On a Spherical Vortex,” Fhil. Trans, A, clxxxv. (1894). 


15—2 



228 


Vortex Motion 


[chap. VII 

The two values of ^ agi*ee when ; this makes the normal velocity zero on both sides. 
In order that the tangential velocity may be continuous, the values of dyjr/d?^ must also 
agree. Bemembering that iir=?’sin this gives A= —^Uja^ and therefore 

(16) 

The sum of the strengths of the vortex -filaments composing the spherical vortex is 6 La, 
The figure shews the stream-lines, both inside and outside the vortex ; they are drawn, 
as usual, for equidistant values of yfr. 



If we impress on everything a velocity W parallel to we get a spherical vortex 
advancing with constant velocity U through a liquid which is at rest at infinity. 

By the formulae of Art. 162, we readily find that the square of the ^mean-radius^ of the 
vortex is the ‘impulse’ is ^irpa^U^ and the energy is 

As explained in Art. 146, it is quite unnecessary to calculate formulae for the pressure, 
in order to assure ourselves that this is continuous at the surface of the vortex. The con- 
tinuity of the pressure is already secured by the continuity of the velocity, and the constancy 
of the circulation in any moving circuit. 

166. As already stated, the theory of vortex motion was originated by 
Helmholtz in 1858. It acquired additional interest when, in 1867, Kelvin 
suggested* the theory of vortex atoms. As a physical theory, this has long 
been abandoned, but it has given rise to a great number of interesting investi- 
gations, to which some reference should be made. We may mention the 
investigations as to the stability and the periods of vibration of rectilinear f 
and annularl vortices; the similar investigations relating to hollow vortices 
(where the rotationally moving core is replaced by a vacuum §) ; and the cal- 
culations of the forms of boundary of a hollow vortex which are consistent 
with steady motionjj. A summary of some of the leading results has been 
given by Lovell. 

lx, ante p. 205. 

f Sir W. Thomson, lx. ante p. 213. 

t J. J. Thomson, lx, ante p. 199 ; Dyson, Phil, Trans. A, clxxxiv. 1041 (1893). 

§ Sir W. Thomson, l.c.; Hicks, “On the Steady Motion and the Small Vibrations of a 
Hollow Vortex,” Phil. Trans. 1884; Pocklington, “The Complete System of the Periods of a 
Hollow Vortex Bing,” Phil Trans, A, clxxxvi. 603 (1895); Carslaw, “The Fluted Vibrations of 
a Circular Vortex-Ring with a Hollow Core,” Proc. Lond. Math. Soc. xxviii. 97 (1896). 

|{ Hicks, l.c. ; Pocklington, “Hollow Straight Vortices,” Camh, Proc, viii. 178 (1894). 

IF l.c. ante p. 175. 
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ClebscKs Transfoi'mation, 

167. Another matter of some interest, which can however only be briefly 
touched upon, is Olebsch’s transformation of the hj^drodynamical equations^. 

It is easily seen that the component velocities at any one instant can be expressed in 
the forms 

v,= -^+X^, (1) 

OX Ox ’ oycy csoz ^ ^ 

where X, fx are functions of x, y, z, provided the component rotations can be put in the 
forms 

aox 

3(y,2)’ d(z,x)’ ^ 3(.®,y) 

Now if the differential equations of the vortex-lines, viz. 

r * * 

be supposed integrated in the form 

a — const., ^ = const., (4) 

where a, jS are functions of x, y, z, we must have 

^=p?(2l^) (5) 

oiy,z)’ 3(z,a;)’ c(x,yy '' 

where P is some funotiou of a;, y, zf. Substituting these expressions in the identity 



which shews that P is of the form / (a, jS). If X, fi be any two functions of a, j3, we have 
and the equations (5) will therefore reduce to the form (2), provided X, /x be chosen so that 

.r/, ON /r-\ 



which can obviously be satisfied in an infinity of ways. 


It is evident from (2) that the intersections of the surfaces X= const., ft = const, are the 
vortex-lines. This suggests that the functions X, ft which occur in (1) may be supposed to 
vary continuously with t in such a way that the surfaces in question move with the fluid f. 
Yarious analytical proofs of the possibility of this have been given ; the simplest, perhaps, 
is by means of the equations (2) of Art. 15, which give (as in Art. 17) 


udx+vdy-i-wdz—UQda-{-VQdb+WQdc — dx (8) 

It has been proved that we may assume, initially, 

UQda'^VQdh-{-WQdc= —d(j)Q-t\dp, (9) 

Hence, considering space- variations at time if, we shall have 

udx+vdy-{-wdz^ —d<l>+Xdp.j (10) 


* “Ueber eine allgemeine Transformation d. hydrodynamischen Gleichungen,” Crelle^ liv. 
(1857) and Ivi. (1859). See also Hill, Quart. Joum. Math. xvii. (1881), and Caml). Trans, xiv, 
(1883). 

t Of. Forsyth, Differential Equations, Art. 174, 

X It must not he overlooked that on account of the insufficient determinaoy of X, ft these 
functions may vary continuously with t without relating always to the same particles of fluid. 
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where <^=<^o+Xj have the same values as in (9), hut are now exj)ressed in terms 

of 2 r, 1 Since, in the ^ Lagrangian ’ method, the independent space- variables relate to 
the individual particles, this proves the theorem. 

On this understanding the equations of motion can be integrated, provided the extraneous 
forces have a potential, and that p is a function of p only. We have 

o > Cl cu fdk c\ 8X\ 0p / 0p 0p\ d\ 

ct ^ ‘ ct \ cx oy Gz J cx 


dfJL 0p 0p\ 0X 


cij^ Dtdx Dt dx ' 


and therefore, on the present assumption that DXIDt—0, JDfilDt^O, 




by Art. 146 (5), (6). An arbitrary function of i is here supj)osed incorporated in dcj^/dt. 
If the above condition be not imposed on X, p, we have, writing 


r= j 


DXCjLi D/idX__ cH jDX 0p DfxdX_^ 'bH 

Dt cx Dt cx ox ’ Dt cy Dt 'by by ^ 

Hence 

o{x,y,z) 

shewing that j8" is of the form/(X, p, t) ; and 

DX _ cH DfjL _ cH^ 
Dt cp ’ Dt^bX 


"bt^^Tt^ 

bS DX 0p Djx 0X 


by ’ Dt cz Dt bz bz * 


* The author is informed that these equations were given in a Fellowship dissertation 
(Dublin) by Mr T. Stuart (1900). 



CHAPTER VIII 


TIDAL WAVES 

168. One of the most interesting and successful applications of hydro- 
dynamical theory is to the small oscillations, under gravity, of a liquid having 
a free surface. In certain cases, which are somewhat special as regards the 
theory, but very important from a practical point of view, these oscillations 
may combine to form progressive waves travelling with (to a first approxi- 
mation) no change of form over the surface. 

The term ' tidal,’ as applied to waves, has been used in various senses, but 
it seems most natural to confine it to gravitational oscillations possessing the 
characteristic feature of the oceanic tides produced by the action of the sun 
and moon. We have therefore ventured to place it at the head of this Chapter, 
as descriptive of waves in which the motion of the fluid is mainly horizontal, 
and therefore (as will appear) sensibly the same for all particles in a vertical 
line. This latter circumstance greatly simplifies the theory. 

It will be convenient to recapitulate, in the first place, some points in the 
general theory of small oscillations which will receive constant exemplification 
in the investigations which follow^. The theory has reference in the first 
instance to a system of finite freedom, but the results, when properly inter- 
preted, hold good without this restriction f. 

Let ^ 1 , ^ 2 ? ••• ^ generalized co-ordinates serving to specify the con- 

figuration of a dynamical system, and let them be so chosen as to vanish in 
the configuration of equilibrium. The kinetic energy Twill be a homogeneous 


quadratic function of the generalized velocities gi, ^ 2 ? say 

2T = Ojji g2^ + + . • • + 2ai2gig2 "h • • • 3 (f ) 

where the coefficients are in general functions of the co-ordinates gi, g 23 - <1%, 


but may in the application to small motions be supposed constant, and to have 
the values corresponding to gi, ... — 0. Again, if (as we shall suppose) 

the system is ' conservative,’ the potential energy F of a small displacement is 
a homogeneous quadratic function of the component displacements gj, g., ••• Ti; 
with (on the same understanding) constant coefficients, say 

2F=Cngi2 + C22g2^ + ... -f-2ci2gig2 + .... (2) 

* For a fuller account of the general theory see Thomson and Tait, Arts. 337,...; Bayleigh, 
Theory of Sound, c. iv. ; Eouth, Elementary Rigid Dynamics {6th ed.), London, 1897, c. ix.; 
Whittaker, Analytical Dynamics, c. yii. ; Lamb, Higher Mechanics, Cambridge, 1920. 

t The steps by which a rigorous transition can be made to the case of infinite freedom have 
been investigated by Hilbert, Gott. Nachr. 1904, 
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By a real^ linear transformation of the co-ordinates 52 ^ ... it is 
possible to reduce T and Y simultaneously to sums of squares; the new 
variables thus introduced are called the 'normal co-ordinates' of the system. 
In terms of these we have 


2 T= ^252“+ ••• "b ( 3 ) 

2 v= Ciq-C -j- C2^2' + * • ‘ + (4) 

The coefficients a., ... an are called the ‘principal coefficients of inertia'; 
they are necessarily positive. The coefficients Ci, Cg, ... Cn may he called the 


‘principal coefficients of stability'; they are all positive when the undisturbed 
configuration is stable. 


When given extraneous forces act on the system, the work done by these 
during an arbitrary infinitesimal displacement Agi, ... Aqn may be ex- 
pressed in the form 

QiAqi -h ••• -\-QnAqn (5) 

The coefficients ... Qn are then called the ‘normal components of 

disturbing force.' 


In the application to infinitely small motions Lagrange's equations 

d dT dT r 1 1 

[r = l,2,...n] ...(6) 


take the form 

ajr'qi + aar§2 + ... + +... = $, 

or, in the case of normal co-ordinates, 


.( 7 ) 


ar'qr + Crqr = Qr (8) 

It is easily seen from this that the dynamical characteristics of the normal 
co-ordinates are (1°) that an impulse of any normal type produces an ini t.ia.1 
motion of that type only, and (2°) that a steady disturbing force of any type 
maintains a displacement of that type only. 


To obtain the free motions of the system we put = 0. Solving (8), we 


find 

qr = Ar cos {a-rt + er), (9) 

where o-r = {crla,f, (10) 


and Ar, e,. are arbitrary constants f. Hence a mode of free motion is possible 
in which any normal co-ordinate qr varies alone, and the motion of any particle 
of the system, since it depends linearly on qr, will be simple-harmonic, of 
period 27rja-r ; moreover the particles will keep step with one another, passing 
simultaneously through their equilibrium positions. The several modes of 
this character are called the ‘normal modes’ of vibration of the system ; their 

* The algebraic proof of this involves the assumption that one at least of the functions T, V 
is essentially positive. In the present case T of course fulfils this condition. 

t The ratio <r/27r measures the ‘frequency’ of the oscillation. It is convenient to have a 
name for the quantity cr itself; the term ‘speed’ has been used in this sense by Kelvin and 
Gr, H. Darwin in their researches on the Tides. 
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number is equal to that of the degrees of freedom, and any free motion what- 
ever of the system may be obtained from them by superposition, with a proper 
choice of the 'amplitudes (^r) Q^nd 'epochs’ (e,.). It is seen from (10) that in 
any normal mode the mean values (with respect to time) of the kinetic and 
potential energies are equal. 

In certain cases, viz. when two or more of the free periods (^irjcr) of the 
system are equal, the normal co-ordinates are to a certain extent indeterminate, 
i.e. they can be chosen in an infinite number of ways. By compounding the 
corresponding modes, with arbitrary amplitudes and epochs, we obtain a small 
oscillation in which the motion of each particle is the resultant of simple- 
harmonic vibrations in different directions, and is therefore, in general, elliptic- 
harmonic, with the same period. This is exemplified in the spherical pendulum; 
an important instance in our own subject is that of progressive waves in deep 
water (Chapter IX.). 

If any of the coefficients of stability (c^) be negative, the value of <Tr is a pure 
imaginary. The circular function in (9) is then replaced by real exponentials, 
and an arbitrary displacement will in general increase until the assumptions 
on which the approximate equation (8) is based become untenable. The 
undisturbed configuration is then reckoned as unstable. The necessary and 
sufficient condition of stability (in the present sense) is that the potential 
energy V should be a minimum in the configuration of equilibrium. 

To find the effect of disturbing forces, it is sufficient to consider the case 
where Qr varies as a simple-harmonic function of the time, say 

Q,.= C,cos(cr^-h 6), (11) 

where the value of a is now prescribed. Not only is this the most interesting 
case in itself, but we know from Fourier’s Theorem that, whatever the law of 
variation of Qr with the time, it can be expressed by a series of terms such as 
(11). A particular integral of (8) is then 

{at + e) (12) 

This represents the ‘forced oscillation’ due to the periodic force Qr- In it the 
motion of every particle is simple-harmonic, of the prescribed period Stt/ct, 
and the extreme displacements coincide in time with the maxima and minima 
of the force. 

A constant force equal to the instantaneous value of the actual force (11) 
would maintain a displacement 

G 

= — cos (o-t + e), (13) 

Or 

the same, of course, as if the inertia-coefficient ay were null. Hence (1 2) may 
be written 

1 

T 

1 - cr-/^r 


( 14 ) 
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where cr^. has the value (10). This very useful formula enables us to write 
down the effect of a periodic force when we know that of a steady force of the 
same type. It is to be noticed that qr and Qr have the same or opposite phases 
according as cr $ cr^, that is, according as the period of the disturbing force is 
greater or less than the free period. A simple example of this is furnished by 
a simple pendulum acted on by a periodic horizontal force. Other important 
illustrations will present themselves in the theory of the tides 

When a is very great in comparison with cr^, the formula (12) becomes 

G 

== ^ cos (cri + e); (15) 

the displacement is now always in the opposite phase to the force, and depends 
only on the inertia of the system. 

If the period of the impressed force be nearly equal to that of the normal 
mode of order r, the amplitude of the forced oscillation, as given by (14), is 
very great compared with q^. In the case of exact equality, the solution (12) 
fails, and must be replaced by 

S''" ^sm((Ti + 6) (16) 

This gives an oscillation of continually increasing amplitude, and can therefore 
only be accepted as a representation of the initial stages of the disturbance. 

Another very important property of the normal modes may be noticed. If by the 
introduction of frictionless constraints the system be compelled to oscillate in any other 
prescribed manner, the configuration at any instant can be specified by one variable, 
which we will denote by B. In terms of this we shall have 

qr^BrB, 

where the quantities By are certain constants. This makes 

(17) 

2 d- ... 6"^ (18) 

If ^ 3C cos (<ri-f-e), the constancy of the energy {T-^ T") requires 

B^di + B^d^ -f- . . . q- B^ 

Hence cr^ is intermediate in value between the greatest and least of the quantities ; 
in other words, the frequency of the constrained oscillation is intermediate between the 
greatest and least frequencies corresponding to the normal modes of the system. In par- 
ticular, when a system is modified by the introduction of a constraint, the frequency of 
the slowest natural oscillation is increased. Moreover, if the constrained type differ but 
slightly from a normal type (r), will differ from c,./®,. by a small quantity of the second 
order. This gives a method of estimating approximately the frequency in cases where the 
normal types cannot be accurately determined t. Examples will be found in Arts. 191, 259. 

Cf. T. Young, “A Theory of Tides,” NichohorCs Journal, xxxv. (1813) {Miscellaneous 
Works, London, 18*54, ii. 262]. 

t Eayleigh, “Some General Theorems relating to Vibrations,” Froc. Lond. Math. Soc. iv. 
357 (1874) {Papers, i. 170], and Theory of Sound, c. iv. The method was elaborated by Bitz* 
Joum. fur Math, cxxxv. 1 (1908), and Ann. der Physik, xxviii. (1909) [Gesammelte Werke, Paris 
1911, pp. 192, 265]. 
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It may further be shewn that in the case of a partial constraint, which merely reduces 
the degree of freedom from nton^l^ the periods of the modified system separate those of 
the original one^. 

It had been already remarked by Lagrange t that if in the equations of type (7), where 
the co-ordinates are not assumed to be normal, we put §,.==0, and assume 

qr—ArQOS>{ort-\-€\ ( 20 ) 

the resulting equations are identical with those which determine the stationary values of 
the expression 

2_Cii ... -f + ••• _ I (-d, d.) 

Cfcll d-i^-}- tt22d.2^+ ... +26Ji2dlld.2“i“ ^ A)’ 

say. Since T(Aj A) is essentially positive the denominator cannot vanish, and the 
expression has therefore a minimum value. It is moreover possible, starting from this 
property, to construct a proof that the n values of are all realj. They are obviously all 
positive if F be essentially positive. 

Eayleigh’s theorem is also closely related to the Hamiltonian formula (3) of Art. 135, 
as we may see by assuming 

$^,.=:A,.sintr?, (22) 

and taking ^o=0, ti — ^TTjor. Cf. Art. 205 a. 

The modifications which are introduced into the theory of small oscillations 
by the consideration of viscous forces will be noticed in Chapter xi. 


Long Waves in Canals. 

169 . Proceeding now to the special problem of this Chapter, let ns begin 
with the case of waves travelling along a straight canal, with horizontal bed, 
and parallel vertical sides. Let the axis of x be parallel to the length of the 
canal, that of y vertical and upwards, and let us suppose that the motion 
takes place in these two dimensions x, y. Let the ordinate of the free surface, 
corresponding to the abscissa at time t, be denoted by y^ + rj, where y^ is 
the ordinate in the undisturbed state. 

As already indicated, we shall assume in all the investigations of this 
Chapter that the vertical acceleration of the fluid particles may be neglected, 
or, more precisely, that the pressure at any point {x, y) is sensibly equal to 
the statical pressure due to the depth below the free surface, viz. 

p-po=9p(t/o+v-yl O 

where is the (uniform) external pressure. 


Hence 


dp dr) 


( 2 ) 


This is independent of y, so that the horizontal acceleration is the same for 
all particles in a plane perpendicular to x. It follows that all particles which 
once lie in such a plane always do so ; in other words, the horizontal velocity 
is a function of x and t only. 


* Routh, Elementary Migid Eynamies, Art, 67; Rayleigh, Theory of Sound (2nded.), Art. 92 a; 
Whittaker, Analytical Dynamics, Art. 81. 

t Mecanique Analytique (Bertrand’s ed.), i. 331 ; Oeuvres, xi. 380. 

X See Poincar^, fourn, de Math, (5), ii. 83 (1896) ; Lamb, Higher Mechanics, Art 93. 
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The equation of horizontal motion, viz. 

du du ^ Idp 

dt~^^dx p dx^ 

is further simplified in the case of infinitely small motions by the omission of 
the term tiditlox, which is of the second order, so that 


du __ drj 


(3) 


Kow let ^ = ^iLdt\ 

i.e. ^ is the time-integral of the displacement past the plane x, up to the 
time t In the case of small motions this will, to the first order of small 
quantities, be equal to the displacement of the particles which originally 
occupied that plane, or again to that of the particles which actually occupy it 
at time t. The equation (3) may now be written 


dP 



(4) 


The equation of continuity ma}^ be found by calculating the volume of 
fluid which has, up to time t, entered the space bounded by the planes x and 
x + dx; thus, if h be the depth and b the breadth of the canal, 

-^(^hh)Sx=r)hBcc, 

» I--*! (5) 


The same result comes from the ordinary form of the equation of continuity, viz. 

+ ( 6 ) 

cx cy ^ ' 

(7) 

if the origin be (for the moment) taken in the bottom of the canal. This formula is of 
interest as shewing, as a consequence of our primary assumption, that the vertical 
velocity of any particle is simply proportional to its height above the bottom. At the free 
surface we have y==A-f j?, v=drj/ct, whence (neglecting a product of small quantities) 

dr) , 

(8) 

From this (5) follows by integration with respect to L 
Eliminating rj between (4) and (5), we obtain 

w 

The elimination of f gives an equation of the same form, viz. 

d’-r) - d^r, 

(“) 

The above investigation can readily be extended to the case of a uniform 
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canal of any form of section*. If the sectional area of the undisturbed fluid 
be S, and the breadth at the free surface 6, the equation of continuity is 

~ ^ = T/i Sa;, (11) 

alienee n=-h^l, (12) 

as before, provided h = Sjh, i.e. h now denotes the mean depth of the 
The dynamical equation (4) is of course unaltered. 


170 . The equation (9) is of a well-known type which occurs in several 
physical problems, e.^. the transverse vibrations of strings, and the motion of 
sound-waves in one dimension. 


To integrate it, let us write, for shortness, 

G = ^f{gh), (13) 

and x—ct=a;i, x + ct = X 2 . 

In terms of Xj and x^ as independent variables, the equation takes the form 

-^-0. 

doSidx2 

The complete solution is therefore 

f(cc -f ct), (14) 

where F, f are arbitrary functions. 


The corresponding values of the particle-velocityand of the surface-elevation 
are given by 


l = -F'{x-ct)^f{x + ct\ 
0 

l = -F'ix-ct)-f{x + ct). 


.(15) 


The interpretation of these results is simple. Take first the motion repre- 
sented by the first term in (14), alone. Since F(x — ct) is unaltered when t 
and X are increased by r and ct, respectively, it is plain that the disturbance 
which existed at the point x at time t has been transferred at time ^ -f r to 
the point x + cr. Hence the disturbance advances unchanged with a constant 
velocity c in space. In other words we have a 'progressive wave' travelling 
with velocity c in the direction of ic-positive. In the same way the second 
term of (14) represents a progressive wave travelling with velocity c in the 
direction of ^-negative. And it appears, since (14) is the complete solution 
of (9), that any motion whatever of the fluid, which is subject to the conditions 
laid down in the preceding Art., may be regarded as made up of waves of these 
two kinds. 


KeUand, Tram, i?. S, Edin, siv. (1839). 
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The velocity (c) of propagation is, by (13), that ‘ due to ’ half the depth of 
the undisturbed fluid 

The following table, giving in round numbers the velocity of wave-propagation for 
various depths, will be of interest later in connection with the theory of the tides. 

The last column gives the time a wave would take to travel over a distance equal to 
the earth's circumference (27ra). In order that a ‘ long ’ wave should traverse this distance 
in 24 hours, the depth would have to be about 14 miles. It must be borne in mind that 
these numerical results are only applicable to waves satisfying the conditions above 
postulated. The meaning of these conditions will be examined more particularly in 
Art. 172. 


h 

(feet) 

c 

(feet per sec.) 

c 

(sea-miles per bour) 

2xa/c 

(hours) 

312i 

100 

60 

360 

1250 

200 

120 

180 

5000 

400 

240 

90 

n250t 

^ 600 

360 

60 

20000 

i 

800 

480 

45 


171. To trace the effect of aii arbitrary initial disturbance, let us suppose 
that when = 0 we have 

| = | = (16) 

The functions F', f which occur in (15) are then given by 
F' («) = - ^ {<f, (x) + f («!)},[ 

f'(x)= ^ 

Hence if we draw the curves y == %, y = where 

% = iA{i|r(a;) + ^(a;)j,] 

Vi=hf>,{^jr(x}-<f>(x)],\ ^ 

the form of the wave-profile at any subsequent instant t is found by displacing 
these curves parallel to x, through spaces + ct, respectively, and adding (alge- 
braically) the ordinates. If, for example, the original disturbance be confined 
to a length I of the axis of x, then after a time ^/2c it will have broken up into 
two progressive waves of length I, travelling in opposite directions. 

In the particular case where in the initial state | = 0, and therefore <j>(x)=0, 
we have tj, = the elevation in each of the derived waves is then exactly half 
what it was, at corresponding points, in the original disturbance. 

It appears from (16) and (17) that if the initial disturbance be such that 
I = + t}lh . c, the motion will consist of a wave system travelling in one 
direction only, since one or other of the functions F' axxdf' is then zero. 

* Lagrange, Nouv. mem. de I’ Acad, de Berlin, 1781 [Oeuvres, 1 747]. 

+ This is probably comparable in order of magnitude with the mean depth of the ocean. 
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It is easy to trace the motion of a surface-particle as a progressive wave of 
either kind passes it. Suppose, for example, that 


^ = F(a)-ct), ( 19 ) 

and therefore * 


The particle is at rest until it is reached by the wave; it then moves forward 
with a velocity proportional at each instant to the elevation above the mean 
level, the velocity being in fact less than the wave- velocity c, in the ratio of 
the surface-elevation to the depth of the water. The total displacement at 
any time is given by 

i = lfvcdt. 

This integral measures the volume, per unit breadth of the canal, of the 
portion of the wave which has up to the instant in question passed the 
particle. Finally, when the wave has passed away, the particle is left at rest 
in advance of its original position at a distance equal to the total volume of 
the elevated water divided by the sectional area of the canal. 

172. We can now examine under what circumstances the solution expressed 
by (14) will be consistent with the assumptions made provisionally in Art. 169. 

The exact equation of vertical motion, viz. 

Iv dp 

gives, on integration with respect to y, 

r o+v J)y 

^dy (21) 

This may be replaced by the approximate equation (1), provided ^hhe small 
compared with gi], where /3 denotes the maximum vertical acceleration. Now 
in a progressive wave, if X denote the distance between two consecutive 
nodes {i.e, points at which the wave-profile meets the undisturbed level), the 
time which the corresponding portion of the wave takes to pass a particle is 
X/c, and therefore, provided the gradient dr}jdx is everywhere small, the vertical 
velocity will be of the order 7]cj\*, and the vertical acceleration of the order 
7)c^lX^j where tj is the maximum elevation (or depression). Hence will be 
small compared with gi], provided h^jX^ is a small quantity. 

Waves whose slope is gradual, and whose length X is large compared with 
the depth h of the fluid, are called ‘ long ' waves. 

Again, the restriction to infinitely small motions, made in equation (3), 
consisted in neglecting udujdx in comparison with dujdt. In a progressive 

* Hence, comparing with (20), we see that the ratio of the maximum vertical to the maximum 
horizontal velocity is of the order /i/X. 
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wave we have diijdt= ± cdii/dx ; so that u must be small compared with c, and 
therefore, by (20), v must be small compared with h. It is to be observed 
that this condition is altogether distinct from the former one, which may be 
legitimate in cases where the motion cannot be regarded as infinitely small. 
See Art. 187. 

The preceding conditions will of course be satisfied in the general case 
represented by equation (14), provided they are satisfied for each of the two 
progressive waves into which the disturbance can be analysed. 

173. There is another, although on the whole a less convenient, method 
of investigating the motion of ‘ long ’ waves, in which the Lagrangian plan is 
adopted of making the co-ordinates refer to the individual particles of the 
fluid. For simplicity, we will consider only the case of a canal of rectangular 
section*. The fundamental assumption that the vertical acceleration may be 
neglected implies as before that the horizontal motion of all particles in a plane 
perpendicular to the length of the canal will be the same. We therefore denote 
by a; 4- ^ the abscissa at time t of the plane of particles whose undisturbed 
abscissa is x. If rj denote the elevation of the free surface, in this plane, the 
equation of motion of unit breadth of a stratum whose thickness (in the un- 
disturbed state) is Bx will be 

p/i8a-||=-|&(/i + ^). 


where the factor (dp/dai).Bx represents the pressure-difference for any two 
opposite particles x and ^ on the two faces of the stratum, while the 
factor A + represents the area of the stratum. Since we assume that the 
pressure about any particle depends only on its depth below the free surface 
we may write 

dp dr) 


so that our djmamical equation is 


dP 


^kjdx 


( 1 ) 


The equation of continuity is obtained by equating the volumes of a stratum, 
consisting of the same particles, in the disturbed and undisturbed conditions 
respectively, viz. 

^ (A 4- = hdx, 



* Airy, Encye. Metrop. Tides and Waves,” Art. 192 (1845) ; see also Stokes, ‘‘On Waves,” 
Camh. and Dub. Math. Journ. iv. (1849) [Papers^ ii. 222]. The ease of a canal with sloping 
sides has been treated by McGowan, “On the Theory of Long Waves...,” Phil. Mag. (5), xxxv. 
250 (1892). 
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Between equations (1) and (2) we may eliminate either t] ov the result in 
terms of ^ is the simpler, being 



This is the general equation of ‘ long ’ waves in a uniform canal with vertical 
sides 


So far the only assumption in the present investigation is that the vertical 
acceleration of the particles may be neglected in calculating the pressure. If 
we now assume, in addition, that 'qjh is a small quantity, the equations (2) 
and (3) reduce to 


’■-‘a- 




and 


?!l 


■gh 




The elevation 97 now satisfies an equation of the same form, viz. 

d^7] d^rj 




( 5 ) 

( 6 ) 


These are in conformity with our previous results ; for the smallness of 
d^jdco means that the I'elative displacement of any two particles is never more 
than a minute fraction of the distance between them, so that (to a first ap- 
proximation) it is now immaterial whether the variable x be supposed to refer 
to a plane fixed in space, or to one moving with the fluid. 

174. The potential energy of a wave, or system of waves, due to the 
elevation or depression of the fluid above or below the mean level is, per unit 
breadth, gp Jfydccdy, where the integration with respect to y is to be taken 
between the limits 0 and 97, and that with respect to x over the whole length 
of the waves. Effecting the former integration, we get 


....( 1 ) 

The kinetic energy is \phj^'^dx. (2) 


In a system of waves travelling in one direction only we have 



so that the expressions (1) and (2) are equal ; or the total energy is half 
potential, and half kinetic. 

This result may be obtained in a more general manner, as follows f. Any 
progressive wave may be conceived as having been originated by the splitting 


L. H. 


* Airy, l.c, 

t Eayleigh, ‘‘On Waves,” PUL Mag. (5), i. 257 (1876) [Pampers, i. 251]. 


16 
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up, into two waves travelling in opposite directions, of an initial disturbance 
in which the particle-velocity was everywhere zero, and the energy therefore 
wholly potential. It appears from Art. 1*71 that the two derived waves are 
symmetrical in every respect, so that each must contain half the original store 
of energy. Since, however, the elevation at corresponding points is for each 
derived wave exactly half that of the original disturbance, the potential energy 
of each will by (1) be one-fourth of the original store. The remaining (kinetic) 
part of the energy of each derived wave must therefore also be one-fourth of 
the original quantity. 

175. If in any case of waves travelling in one direction only, without 
change of form, we impress on the whole mass a velocity equal and opposite 
to that of propagation, the motion becomes steady, whilst the forces acting on 
any particle remain the same as before. With the help of this artifice, the laws 
of wave-propagation can be investigated with great ease*. Thus, in the present 
case we shall have, by Art. 22 (4), at the free surface, 

= const. -g{h + v)-it> ( 1 ) 

P 

where q is the velocity. If the slope of the wave-profile be everywhere gradual, 
and the depth h small compared with the length of a wave, the horizontal 
velocity may be taken to be uniform throughout the depth, and approximately 
equal to q. Hence the equation of continuity is 

q(k + v)=^ch, (2) 

c being the velocity, in the steady motion, at places where the depth of the 
stream is uniform and equal to A. Substituting for g in (1), we have 

^ = const. - 5 ^A ^1 (^1 -h|j (3) 

Hence if 7]/k be small, the condition for a free surface, viz. p = const., is 
satisfied approximately, provided 

c^=gk (4) 

which agrees with our former result. 

The present method also accounts very simply for the relation between 
particle-velocity and surface-elevation already found in Art. I7l. From (2) we 
have, approximately, 

^ “ I) 

Hence in the wave-motion the particle-velocity relative to the undisturbed 
water is CT/fk in the direction of propagation. 

When the elevation t], though small compared with the wave-length, is not 


Bayleigh, Z.c. 
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regarded as infinitely small, a closer approximation to the wave-velocity is 
secured if in (4) we replace hhj 7)+ h. This gives a wave-velocity 



approximately, where = \/{gh), relative to the fluid in the immediate neigh- 
bourhood. Since this fluid has itself a velocity Ca7]/h, the velocity of propagation 
in space is approximately 

® 

a result due substantially to Airy^. It follows that a wave of the type now 
under consideration cannot be propagated entirely without change of profile, 
since the speed varies with the height. Another proof of (6) will be given 
presently when we come to consider specially the theory of waves of finite 
amplitude (Art. 187). 

176, It appears fi:om the linearity of the approximate equations that, in 
the case of sufficiently low waves, any number of independent solutions may 
be superposed. For example, having given a wave of any form travelling in 
one direction, if we superpose its image in the plane ^ = 0, travelling in the 
opposite direction, it is obvious that in the resulting motion the horizontal 
velocity will vanish at the origin, and the circumstances are therefore the 
same as if there were a fixed barrier at this point. We can thus understand 
the reflection of a wave at a barrier; the elevations and depressions are 
reflected unchanged, whilst the horizontal velocity is reversed. The same 
results follow from the formula 


^ —F {ct-- x) — F{ct+ x), ( 1 ) 

which is evidently the most general value of ^ subject to the condition that 
^ = 0 for ^ = 0. 


We can further investigate without much difficulty the partial reflection of a wave at a 
point where there is an abrupt change in the section of the canal. Taking the origin at 
the point ih question, we may write, for the negative side, 


p) 

and for the positive side 

= (i-^ , (3) 

where the fimction F represents the original wave, and /, (j> the reflected and transmitted 
portions respectively. The constancy of mass requires that at the point a;=0 we should 
have = 52^2^2 5 where bi, are the breadths at the smface, and hi, are the mean 

depths. We must also have at the same point on account of the continuity of 

pressure f. These conditions give 


Cj 02 


* “Tides and Waves,” Art. 208. 

t It will be understood that the problem admits only of an approximate treatment, on account 
of the rapid change in the character of the motion near the point of discontinuity. The nature 

16—2 
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We thence find that the ratios of the elevations in corresponding parts of the reflected and 
incident waves, and of the transmitted and incident waves, are 

/ == ^ ^ ^^1^1 /4\ 

jP hiCi-^'b^Co' F biCi-^-h^c^^ 

respectively. The reader may easily verify that the energy contained in the reflected and 
transmitted waves is equal to that of the original incident wave. 


177. Our investigations, so far, relate to cases of free waves. When, in 
addition to gravity, small disturbing forces X, Y act on the fluid, the equation 
of motion is obtained as follows. 

We assume that within distances comparable with the depth h these forces 
vary only by a small fraction of their total value. On this understanding we 
have, in place of Art. 169 ( 1 ), 


'L-^=.^g-Y){y, + -n~y\ (l) 

and therefore J | “ 2 /) • 

We assume that Y is small compared with and (for the reason just stated) 
that hdY/da} is small compared with X. Hence, with sufiScient approximation, 
the equation of horizontal motion, viz. 


reduces to the form 


= . X 

dt^ pdx'^ ^ 




df 




( 3 ) 


where, moreover, X may be regarded as a function of and t only. The equation 
of continuity is the same as in Art. 169, viz. 


Hence, on elimination of 77 , 


rjz=z — h 


dj 

dx' 


df 


.(4) 


.(5) 


178. The oscillations of water in a canal of uniform section, closed at both 
ends, may, as in the corresponding problem of Acoustics, be obtained by super- 
position of progressive waves travelling in opposite directions. It is more 
instructive, however, with a view to subsequent more difficult investigations, 
to treat the problem as an example of the general theory sketched in Art. 168. 

of the approximation implied in the above assumptions will become more evident if we suppose 
the suffixes to refer to two sections Si and S^., one on each side of the origin 0, at distances from 
0 which, though very small compared with the wave-length, are yet moderate multiples of the 
transverse dimensions of the canal. The motion of the fluid will be sensibly uniform over each 
of these sections, and parallel to the length. The condition in the text then expresses that there 
is no sensible change of level between Si and jS^ 2 * 
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We have to determine ^ so as to satisfy 


together with the terminal conditions that f = 0 for ^ = 0 and say. 

To find the free oscillations we put X = 0, and assume that 

^ oc cos {at + e), 

where a is to he found. On substitution we obtain 

|l + ^{.0. (: 

oaf' c- 


whence, omitting the time-factor, 

.. ax j. ax 

f = -4 Sin {- ^ COS — . 

^ c c 

The terminal conditions give B—0, and 

aljc — rir, (3) 

where r is integral. Hence the normal mode of order r is given by 

^ = Ar sin ^ cos + Sr) (4) 


where the amplitude Ar and epoch are arbitrary. 

In the slowest oscillation (r = 1), the water sways to and fro, heaping 
itself up alternately at the two ends, and there is a node at the middle 
{x^liy The period (2Z/c) is equal to the time a progressive wave would 
take to traverse twice the length of the canal. 

The periods of the higher modes are respectively J, ... of this, but 
it must be remembered, in this and in other similar problems, that our theory 
ceases to be applicable when the length l/r of a semi-undulation becomes 
comparable with the depth h. 

On comparison with the general theory of Art. 168, it appears that the 
normal co-ordinates of the present system are quantities qi, 52? ••• such 
that when the system is displaced according to any one of them, say gr, 
have 

^ . TTrx 


and we infer that the most general displacement of which the system is 
capable (subject to the conditions presupposed) is given by 


^ = %qr sin 


rrrx 

T’ 


,( 5 ) 


where qi, ^2 » • • * b,tq arbitrary. This is in accordance with Fourier s 
Theorem. 
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When expressed in terms of the normal velocities and the normal co-ordi- 
nates, the expressions for F and V must reduce to suras of squares. This is 
easily verified, in the present case, from the formula (5). Thus if S denote the 


sectional area of the canal, we find 

2T = pSj v^dx = 'lcrqr“, (6) 

where ar^lpSl, Cr= h‘>^TT^gphS/l (T) 


It is to be noted that, on the present reckoning, the coefficients of stability 
(Cr) increase with the depth. 

Conversely, if we assume from Fourier’s Theorem that (5) is a sufficiently 
general expression for the value of ^ at any instant, the calculation just 
indicated shews that the coefficients qr are the normal co-ordinates ; and the 
frequencies can then be found from the general formula (10) of Art. 168; viz. 
we have 

ar=^(Crlar)^ = r7r(gk)^ll, '. ( 8 ) 

in agreement with (3). 


179. As an example of forced waves we take the case of a uniform hori- 
zontal force 

X = /cos (cr;^ + e) (9) 

This will illustrate, to a certain extent, the generation of tides in a land- 
locked sea of small dimensions. 


Assuming that ^ varies as cos (at + e), and omitting the time-factor, the 


equation (1) becomes 

da^ 


the solution of which is 



r=- 

f , Ti • ax- tt 0 -^ 

“ + D sm h cos — 

cr- C C 

(10) 

The terminal conditions give 


cr- 

. al /- al\ f 

i) sin — = 1 — cos — — „ 

0 \ cja^ 

(11) 


Hence, unless sin crZ/c = 0, we have D =//a^ tan cr^/2c, so that 

2 / 




. ax . a(l — x) 

■ sm — ^ — 


and 




<7^ cos 2^ ~Yc~ ■ 

hf 


Sin * 


. cos (at + e). 


.( 12 ) 


aC COB {ialjc)^ 0 V • / J 

If the period of the disturbing force be large compared with that of the 
slowest free mode, all2G will be small, and the formula for the elevation 
becomes 


f 

^ = C0S((7t-f-6), 

y 


.( 18 ) 
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approximately, exactly as if the water were devoid of inertia. The horizontal 
displacement of the water is always in the same phase with the force, so long 
as the period is greater than that of the slowest free mode, or aljo < tt. If the 
period be diminished until it is less than the above value, the phase is 
reversed. 

When the period is exactly equal to that of a free mode of odd order 
(r — 1, 3, 5, ...), the above expressions for ^ and 77 become infinite, and the 
solution fails. As pointed out in Art. 168, the interpretation of this is that, 
in the absence of dissipative forces, the amplitude of the motion becomes so 
great fchat our fundamental approximations are no longer justified. 

If, on the other hand, the period coincide with that of a free mode of even 
order (r = 2, 4, 6, ...), we have sin al/c — O, coscri/c = l, and the terminal 
conditions are satisfied independently of the value of D. The forced motion 
may then be represented by* 

^ - ^sin2 1? cos (cr^ -h e) (14) 

This example illustrates the fact that the effect of a disturbing force may 
sometimes be conveniently calculated without resolving the force into its 
' normal components.’ 

Another very simple case of forced oscillations, of some interest in connection 
with tidal theory, is that of a canal closed at one end and communicating at 
the other with an open sea in which a periodic oscillation 

77 = a cos {at + e) (15) 

is maintained. If the origin be taken at the closed end, the solution is 
obviously 

cos (axle) / , X 

V = ^ T • cos (o-jJ + e), (16) 

cos (al/c) 

I denoting the length. If <r^/c be small the tide has sensibly the same amplitude 
at all points of the canal. For particular values of I (determined by cos al/c = 0) 
the solution fails through the amplitude becoming infinite. 

Canal Theory of the Tides, 

180. The theory of forced oscillations in canals, or on open sheets of water, 
owes most of its interest to its bearing on the phenomena of the tides. The 
‘ canal theory,’ in particular, has been treated very fully by Airyf. We will 
consider a few of the more interesting problems. 

* In the language of the general theory, the impressed force has here no component of the 
particular type with which it synchronizes, so that a vibration of this type is not excited at all. 
In the same way a periodic pressure applied at any point of a stretched string wiU not excite any 
fundamental mode which has a node there, even though it synchronize with it. 

t EncycL Metrop, “Tides and Waves,” Section vi. (1845). Several of the leading features of 
the theory had been made out, by very simple methods, by Young, in 1813 and 1823 [Works, ii. 
262, 291]. 
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The calculation of the disturbing effect of a distant body on the waters of 
the ocean is placed for convenience in an Appendix at the end of this Chapter. 
It appears that the disturbing effect of the moon, for example, at a point P 
of the earth surface, may be represented by a potential whose approximate 
value is 

= 

where M denotes the mass of the moon, D its distance from the earth s centre, 
a the earth’s radius, 7 the ‘constant of gravitation,’ and ^ the moon’s zenith 
distance at the place P. This gives a horizontal acceleration dd/ad^, or 

/sin 2^, (2) 

towards the point of the earth’s surface which is vertically beneath the moon, 
where 

/-S^ (3) 

If E be the earth's mass, we may write g = yEja-j whence 

/^3 :¥ /aV 

g^2'E'[Dj ' 

Putting M/E = -^j, this gives //^ = 8*67 x 10“®. When the sun is 

the disturbing body, the correspondiDg result is fjg-=Z'^% x 10”'l 

It is convenient, for some purposes, to introduce a linear magnitude J?, 
defined by 

H^aflg (4) 

If we put a = 21 x 10® feet, this gives, for the lunar tide, fi^=l*80ft., and 
for the solar tide 5^= *79 ft. It is shewn in the Appendix that H measures 
the maximum range of the tide, from high water to low water, on the ^equi- 
librium theory.' 

181. Take now the case of a uniform canal coincident with the earth s 
equator, and let us suppose for simplicity that the moon describes a circular 
orbit in the same plane. Let ^ be the displacement, relative to the earth's 
surface, of a particle of water whose mean position is in longitude <f), measured 
eastwards from some fixed meridian. If co be the angular velocity of the 
earth's rotation, the actual displacement of the particle at time t will be 
f + acdt, so that the tangential acceleration will be If we suppose the 

‘ centrifugal force ' to be as usual allowed for in the value of g, the processes 
of Arts. 169, 177 will apply without further alteration. 

If n denote the angular velocity of the moon westward, relative to the fixed 
meridian^, we may write in Art. 180 (2) 

^ 5= qitf 'j- (j) 6 f 

* That is, ?z=sct^-Wi, if ni be the angular velocity of the moon in her orbit. 
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so that the equation of motion is 

+ ^ + ") ( 1 ) 

T^h.efree oscillations are determined by the consideration that ^ is necessarily 
a periodic function of (jb, its value recurring whenever increases by 27 r. It 
may therefore be expressed, by Fourier’s Theorem, in the form 


^ = S (P^ cos + Qr sin r<f>) (2) 

Substituting in (1), with the last term omitted, it is found that P^ and Qr 
must satisfy the equation 

df 

The motion, in any normal mode, is therefore simple-harmonic, of period 
2’TTalrG. 

For the forced waves, or tides, we find 

sin 2 (lit + <f> + e), (4) 


whence 


V = i 


c^H 


cos + e). 


(5) 


The tide is therefore semi-diurnal (the lunar day being of course understood), 
and is ‘direct’ or ‘inverted,’ i,e, there is high or low water beneath the moon, 
according as c^na, in other words according as the velocity, relative to the 
earth’s surface, of a point which moves so as to be always vertically beneath 
the moon, is less or greater than that of a free wave. In the actual case of 
the earth we have 

n-a^ a a' 

so that unless the depth of the canal were to greatly exceed such depths as 
actually occur in the ocean, the tides would be inverted. 

This result, which is sometimes felt as a paradox, comes under a general 
principle referred to in Art. 168. It is a consequence of the comparative 
slowness of the free oscillations in an equatorial canal of moderate depth. 
It appears from the rough numerical table on p, 238 that with a depth 
of 11250 feet a free wave would take about 30 hours to describe the earth’s 
semi-circumference, whereas the period of the tidal disturbing force is only a 
little over 12 hours. 


The formula (5) is, in fact, a particular case of Art. 168 (14), for it may 
be written 

1 


^ = : 


where ^ is the elevation given by the ‘equilibrium theory,’ viz. 

^ cos 2 (??^ + < 3 S> 4- e), 

and a = 2n, ctq = 2c/ a. 


.( 6 ) 


0 ) 
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For such moderate depths as 10000 feet and under, is large compared 
with gh] the amplitude of the horizontal motion, as given by (4), is then 
or ^/4E-cfc . H, nearly, being approximately independent of the depth. 
In the case of the lunar tide this amplitude is about 140 feet. The maximum 
elevation is obtained by multiplying by 2A/u; this gives, for a depth of 
10000 feet, a height of only T33 of a foot. 

For greater depths the tides would be higher, but still inverted, until we 
reach the critical depth n-a-jg, which is about 13 miles. For depths beyond 
this limit, the tides become direct, and approximate more and more to the 
value given by the equilibrium theory*. 


182. The case of a circular canal parallel to the equator can be worked 
out in a similar manner. If the moon’s orbit be still supposed to lie in the 


plane of the equator, we find by spherical trigonometry 

cos ^ = sin ^ cos {nt+ (j> + e), (1) 

where 6 is the co-latitude, and (fy the longitude. The disturbing force in 
longitude is therefore 

/i Hi : == ““ 6 Qin2 (lit + <j> + €) (2) 

asin6'd<^ - v t' / \ / 

This leads to 9; = | c JT sin ^ cos 2 (wt + 6 + e) (3) 

^ cr- sm® 6 \ 'r ^ \ ^ 


Hence if na > c the tide will be direct or inverted according as sin 6 g c/na. 
If the depth be so great that c > 7ia, the tides will be direct for all values of 0. 

If the moon be not in the plane of the equator, but have a co-declination 
A, the formula (1) is replaced by 

cos ^ = cos 0 cos A + sin 0 sin A cos a, (4) 

where a is the hour-angle of the moon from the meridian of P, For simplicity, 
we will neglect the moon s motion in declination in comparison with the earth’s 
angular velocity of rotation; thus we put 

a = Tit (j> + €, 

and treat A as constant. The resulting expression for the disturbing force 
along the parallel is found to be 


We thence obtain 


ao 

a sin 3 


= —/cos 0 sin 2A sin (Tit ^ -i- e) 
—/sin 0 sin^ A sin. 2 (nt + <}y + e). 


V = i 


c^JH 


gjj^2 g 

(^H 

sin® 0 


sin 20 sin 2 A cos (nt + ^ 4* e) 
sin® 0 sin® A cos 2 (Tit + 4- e). 


( 5 ) 

( 6 ) 


^ Of. Young, Z.C, ante p. 234. 
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The first term gives a ‘diurnar tide of period 27 rM; this vanishes and 
changes sign when the moon crosses the equator, i,e. twice a month. The 
second term represents a semi-diurnal tide of period tt/??, whose amplitude is 
now less than before in the ratio of sin^ A to 1. 

183 . In the case of a canal coincident with a meridian we should have 
to take account of the fact that the undisturbed figure of the free surface is 
one of relative equilibrium under gravity and centrifugal force, and is therefore 
not exactly circular. We shall have occasion later on to treat the question of 
displacements relative to a rotating globe somewhat carefully; for the present 
we will assume by anticipation that in a narrow canal the disturbances are 
sensibly the same as if the earth were at rest, and the disturbing body were 
to revolve round it with the proper relative motion. 

If the moon be supposed to move in the plane of the equator, the hour- 
angle from the meridian of the canal may be denoted by nt 4* e, and if 9 be 
the co-latitude of any point P on the canal, 'we find 

cos ^ = sin ^ . cos {nt -P e) (1) 

The equation of motion is therefore 

^ a^dd^ ~ ^ ~ i/sin 20 . {1 + cos 2 (nt + e)] (2) 

Solving, we find 

/T 

^ — Iff cos 26 — ^2^os 25. cos 2 (nt -P e). (3) 

C“ — 7V“ a“ 

The first term represents a permanent change of mean level to the extent 

97 = — Jff cos 2^. (4) 

The fluctuations above and below the disturbed mean level are given by the 
second term in (3). This represents a semi-diurnal tide; and we notice that if, 
as in the actual case of the earth, c be less than na, there will be high water 
in latitudes above 45°, and low water in latitudes below 45°, when the moon 
is in the meridian of the canal, and vice versa when the moon is 90° from that 
meridian. These circumstances would be all reversed if c were greater than na. 

When the moon is not on the equator, but has a given declination, the 
mean level, as indicated by the term corresponding to (4), has a coefficient 
depending on the declination, and the consequent variations in it indicate a 
fortnightly (or, in the case of the sun, a semi-annual) tide. There is also 
introduced a diurnal tide whose sign depends on the declination. The reader 
will have no difficulty in examining these points, by means of the general 
value of XI given in the Appendix. 

184 . In the case of a uniform canal encircling the globe (Arts. 181, 182) 
there is necessarily everywhere exact agreement (or exact opposition) of phase 
between the tidal elevation and the forces which generate it. This no longer 
holds, however, in the case of a canal or ocean of limited extent. 
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Let us take for instance the case of an equatorial canal of finite length. 
Neglecting the moon’s declination we have, if the origin of time be suitably- 
chosen, 

05 f- 05 f*5 

.( 1 ) 




with the condition that ^ = 0 at the ends, where ^ = ± a, say. 

If we neglect the inertia of the water the term d^^/dt^ is to be omitted, 


and we find 


f-t-® 

^ ^ c- 


sin 2nt cos 2a + — cos 2nt sin 2a — sin 2 (nt + (f) 


.( 2 ) 

.(3) 


Tx ^ 3? i rr f . sin 2a ^ J 

Hence ^ ~ a ^ ^ ^ ^ ^ 2^^^^ ’ 

where H = Cbfjg, as in Art. 180. This is the elevation on the (corrected) 
‘ equilibrium ' theory referred to in the Appendix to this Chapter. At the 
centre {(j> = 0) of the canal we have 

sin 2a\ 


V=:iHoos2nt 


.(4) 


If a be small the range is here very small, but there is not a node in the absolute 
sense of the term. The times of high water coincide with the transits of 
moon and 'anti-moon/^ At the ends ^ = ± a we have 

sin4a\ o/ a . x-l-cos4a. , xl 

7] j / 1 4 ^ ) ^ ± «) + sm 2 {nt ± a) - 

= cos 2 {nt ± a + €oX 


if 


i?o cos 26 o == 1 


sin 4a 


i?o sin 2eo = — 


1 — cos 4a 


.(5) 

.( 6 ) 


4a ’ 4a 

Here eo denotes the hour-angle of the moon W. of the meridian when there is 
high water at the eastern end of the canal, or E. of the meridian when there 
is high water at the western end. When a is small we have 

i2o = 2a, 6o = ~j7r + fa, (7) 

approximately. 

When the inertia of the water is taken into account we have 




fa- 


{m--l)(^ 


1 


sin 2 {nt + - {sin 2 {nt -f a) sin 2m {cf) + a) 


— sin 2 (nt — a) sin 2m — a)} 


where m = na/c. Hence j” 
E 


.( 8 ) 


97 =:-|- 


m- 


cos 2 {nt + cf>) — {sin 2 (nt + a) cos 2m (<^ + a) 


.(9) 


- sin 2 {nt - a) cos 2m - a)} 

* This term is explained in the Appendix to this Chapter, 
t Cf. Airy, “Tides and Waves,” Art. 301. The discussion in the text is from a paper in the 
FhiL Mag. (6), xxix. 737 (1915). 
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If we imagine m to tend to the limit 0 we obtain the formula (3) of the 
equilibrium theory. It may be noticed that the expressions do not become 
infinite for m 1 as they do in the case of an endless canal. In all cases 
which are at all comparable with oceanic conditions m is, however, considerably 
greater than unity. 

At the centre of the canal we have 






-cos 


2ni (l - 


m sin 2a\ 
sin ImaJ ' 


.( 10 ) 


•Tfl? — 1 

As in the equilibrium theory, the range is very small if a. he small, but there 
is not a true node. At the ends ^Ye find 




H 


m- 


fm sin 4a , \ 

1 


if 


, m (cos 4ma - cos 4a) . , J 

+ / sm 2 (nt + a) [ 

sin47?2a ^ 

= cos 2 (n^ ± a + eq), (11) 


cos 2ei : 


m sin 4a — sin 4ma 


(m^ — 1) sin 4ma 
When a is small we have 


^ m (cos 4ma — cos 4a) 

Eq Sin 2ei = — Tr - T-- -, (12) 

{m- — 1) sin 4ma ^ ^ 


Ei = 2a, ei=“|7r + |a, (13) 

approximately, as in the case of the equilibrium theory. 

The value of iJq becomes infinite when sin 4771a = 0. This determines the 
critical lengths of the canal for which there is a free period equal to 7 r/n, 
or half a lunar day. The limiting value of Cq in such a case is given by 
tan 2ei = — cot 2a, or = tan 2a, 
according as 4?7za is an odd or even multiple of tt. 



Corrected Equilibrium Theory 

Dynamical Theory 

2a 

2aa 

Eange at 

Eange at 


Eange at 

Eange at 

^1 

(degrees) 

(miles) 

centre 

ends 

(degrees) 

centre 

ends 

(degrees) 

0 

0 

0 

0 

-45 

0 

0 

-45 

9 

540 

•004 

•157 

-42 

-004 

•165 

-kV9 

18 

1080 

•016 

•311 

-39 

•018 

•396 

-38'5 

27 

1620 

•037 

•460 

-36 

-044 

•941 

-33‘9 

31 ‘5 

1890 

•050 

•531 

— Sk'5 

■063 

1-945 

-SO ’9 

86 

2160 

•065 

•601 

-33 

•089 

X 

/ —27 

kO'B 

2430 

•081 

•668 

-3V6 

•125 

1-956 

" +68‘2 

JfB 

2700 j 

•100 

•733 

-SO'l 

•174 

•987 1 

+ 75‘7 

5k 

3240 

•142 

•853 

- 21 '2 

•354 

•660 ^ 

~83‘5 

63 

3780 1 

•190 1 

*959 

-U'k 

•918 

1-141 

-65’1 

72 

4320 

•243 

1-051 

-21'6 

00 

X 

r-54 

\^36 

81 

4860 ; 

•301 

1*127 

-IS‘9 

1-459 

1*112 

1 

90 

5400 

i 

•363 

1-185 

- 16'2 

•864 

•513 

; 

1 
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The table illustrates the case of »i=2-5. If jr/w=12 lunar hours this implies a depth 
of 10820 ft., which is of the same order of magnitude as the mean depth of the ocean. 
The corresponding wave-velocity is about 360 sea-miles per hour. The first critical 
length is 2160 miles (^i— The unit in terms of which the range is expressed is the 
quantity H, whose value for the lunar tide is about 1-80 ft. The hour-angles and ei 
are adjusted so as to lie always between ±90°, and the positive sign indicates position W. 
of the meridian in the case of the eastern end of the canal, and E. of the meridian for the 
western end. 


Wave-Motion in a Canal of Variable Section. 

185. When the section (S, say) of the canal is not uniform, but varies 
gradually from point to point, the equation of continuity is, by Art. 169 (11), 

w 

where b denotes the breadth at the surface. If h denote the mean depth 
over the width b, we have S = bhj and therefore 

— FSW ® 

ivhere A, b are now functions of cc. 

The dynamical equation has the same form as before, viz. 

S— <^> 

Between (2) and (3) we may eliminate either tj ov the equation in tj is 

^-iKhhh] 

The laws of propagation of waves in a canal of gradually varying rect- 
angular section were investigated by Green His results, freed from the 
restriction to the special form of section, may be obtained as follows. 

If we introduce a variable r defined by 

(^) 

in place of x, the equation (4) transforms into 



where the accents denote difterentiations with respect to r. If & and h were constants, the 
equation would be satisfied by i]=F{r~t), a& in Art. 170 ; in the present case we assume, 
for trial, 

n=e . F{T-t), (>7) 

where 8 is a function of r only. Substituting in (6), we find 



* ‘'On the Motion of Waves in a Variable Canal of small depth and width,” Oamh. Trans, vi. 
(1837) [Tapers, p. 225] j see also Airy, “Tides and Waves, Art. 260. 
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The terms of this which involve F will cancel provided 


+ + 


or e = Gb~^h~i, (9) 

G being a constant. Hence, provided the remaining terms in (8) may he neglected, the 
equation (4) will be satisfied. 

The above approximation is justified, provided we can neglect 0'7©' and O'/© in com- 
parison with F'fF. As regards ©7 b, it appears from (9) and (7) that this is equivalent to 
neglecting . dhldx and , dhjdx in com^^arison with 7?“^ . crjjcx. If, now, X denote a 
wave-length, in the general sense of Ai*t. 172, cjjjdx is of the order 77/X, so that the assump- 
tion in question is that Xdbjdx and Xdkjdx are small compared with h and A, respectively. 
In other words, it is assumed that the transverse dimensions of the canal vary only by 
small fractions of themselves within the limits of a wave-length. It is easily seen, in like 
manner, that the neglect of O"/©' in comparison with ^ similar limitation to 

the rates of change of dhjdx and dkjdx. 

Since the equation (4) is unaltered when we reverse the sign of the complete solution, 
subject to the above restrictions, is 

r^=h-ih-i {Fir-t)+f{T+% (10) 

where F and / are arbitrary functions. 

The first term in this represents a wave travelling in the direction of a;-positive ; the 
velocity of propagation past any point is determined by the consideration that any particular 
phase is recovered when Br and Bt have equal values, and is therefore equal to J{gh), by 
(5), as we should expect from the case of a uniform section. In like manner the second 
term in (10) represents a wave travelling in the direction of ^’-negative. In each case the 
elevation of any particular part of the wave alters, as it proceeds, according to the law 


The reflection of a progressive wave at a point where the section of a 
canal suddenly changes has been considered in Art. 176. The formulae there 
given shew, as we should expect, that the smaller the change in the 
dimensions of the section, the smaller will be the amplitude of the reflected 
wave. The case where the change from one section to the other is con- 
tinuous, instead of abrupt, has been investigated by Rayleigh for a special 
law of transition*. It appears that if the space within which the transition 
is completed be a moderate multiple of a wave-length there is practically no 
reflection; whilst in the opposite extreme the results agree with those of 
Art. 176. 

If we assume, on the basis of these results, that when the change of 
section within a wave-length may be neglected a progressive wave suffers 
no appreciable disintegration by reflection, the law of amplitude easily follows 
from the principle of energy •!•. It appears from Art. 174 that the energy of 
the wave varies as the length, the breadth, and the square of the height, and 
it is easily seen that the length of the wave, in different parts of the canal, 

* “ On Eeflection of Vibrations at the Confines of two Media between which the Transition is 
gradual,” Proc. Lond. Math, Soc, xi. 51 (1880) IPapers, i. 460]; Theory of Sound, 2nd ed., 
London, 1894, Art. 1486. 
t Kayleigh, Z.c. ante p. 241. 
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varies as the corresponding velocity of propagation, and therefore as the square 
root of the mean depth. Hence, in the above notation, is constant, or 

which is Green’s law above found. 

186 . In the case of simple harmonic motion, where i? oc cos (<rt + e), the 
equation (I?) of the preceding Art. becomes 

® 

Some particular cases of considerable interest can be solved with ease. 

1“. For example, let ns take the case of a canal whose breadth varies as the distance 
from the end ^=0, the depth being uniform ; and let us suppose that at its mouth {so— a) 
the canal communicates with an open sea in which a tidal oscillation 

i7 = {7cos (cr^+e) (2) 

is maintained. Putting A = const., h cc a*, in (1), we find 



provided = a^jgh (4) 

Hence (^) 

The curve W Is figured on p. 266; it indicates how the amplitude of the forced 
oscillation increases, whilst the wave-length is practically constant, as we proceed up the 
canal from the mouth. 

2°. Let us suppose that the variation is in the depth only, and that this increases 
uniformly from the end .:r=0 of the canal to the mouth, the remaining circumstances, 
being as before. If, in (1), we put h^hQ^ja, K — cr^a/gkoj we obtain 



The solution of this which is finite for ^=0 is 

’-'‘('-s+kI--) <’) 

or 7) = AJo{2k^ (8). 

whence finally, restoring the time-factor and determining the constant, 

yy (/q (2k^ 0!^) . . 

^ ^ -1 i; cos (o-^ + e) (9), 

t/Q ( 2 k - cc -^) 
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The annexed diagram of the curve y= Jo (V^), where, for clearness, the scale adopted 
for y is 200 times that of ir, shews how the amplitude continually increases, and the 
wave-length diminishes, as we travel up the canal. 

These examples may serve to illustrate the exaggeration of oceanic tides which takes 
place in shallow seas and in estuaries. 

3°. If the breadth and depth both vary as the distance from the end .^=0, we have, 
writing h^hoxlaj 

dh] Or) 

(^ 0 ) 

where K-a-^^algk^ as before. Hence 

<“> 

The series is equal to and the constant A is determined by com- 

parison with (2). The present assumption gives a fair representation of the case of the 
Bristol Channel, and the tides observed at various stations are found to be in good agree- 
ment with the formula*. 

We add one or two simple problems of free oscillations. 

4°. Let us take the case of a canal of uniform breadth, of length 2a, whose bed slopes 
uniformly from either end to the middle. If we take the origin at one end, the motion in 
the first half of the canal will be determined, as above, by 

7? = jle7o(2<c^^^), (12) 

where K—cr^algkQ^ 7io denoting the depth at the middle. 

It is evident that the normal modes will fall into two classes. In the first of these t) 
will have opposite values at corresponding points of the two halves of the canal, and will 
therefore vanish at the. centre {x=a). The values of cr are then determined by 

Jo(2Kiat = 0, (13) 

viz. K being any root of this, we have 

<r = ^.(-ca)i (U) 

In the second class, the value of rj is symmetrical with respect to the centre, so that 
dr]ldx=0 at the middle. This gives 

Jo'{2Kia^)=0. (16) 

It appears that the slowest oscillation is of the asymmetrical class, and corresponds to 
the smallest root of (13), which is 2K^a^=*76557r, whence 

!!:=l-306x-i^^. 

5°. Again, let us suppose that the depth of the canal varies according to the law 

A=Ao(l-^j, (16) 

where x now denotes the distance from the middle. Substituting in (1), with 5= const., 
we find 

!■’> 

If we put 0*2=71 (18) 

this is of the same form as the general equation of zonal harmonics, Art. 84 (1). 


L. H. 


G. I. Taylor, Garrib. Proc» xx. 320 (1921). 


17 
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In the present problem n is determined by the condition that r} must be finite for 
xja= +1. This requires (Art. 85) that n should be integral; the normal modes are 

therefore of the type 

r, = CP^(^.cos{c-t + €), ( 19 ) 

where is a zonal harmonic, the value of o" being determined by (18). 

In the slowest oscillation (%=1), the profile of the free surface is a straight line. For a 
canal of uniform depth and of the same length (2a), the corresponding value of o- 

would be TTcj^a, where c=^{gh)i. Hence in the present case the frequency is less, in the 
ratio 2^/277, or *9CM}3*. 

The forced oscillations due to a uniform disturbing force 

X =/cos (crif + f) (20) 

can be obtained by the rule of Art. 168 (14). The equilibrium form of the free surface is 
evidently 

^—'~xcos(iTt+e\ (21) 

and, since the given force is of the normal type n=l, we have 



where = ^gkf a\ 


Waves of Finite Amplitude. 

187. When the elevation t? is not small compared with the mean depth 
h, waves, even in an uniform canal of rectangular section, are no longer 
propagated without change of type. The question was first investigated by 
Airyf, by methods of successive approximation. He found that in a pro- 
gressive wave different parts will travel with different velocities, the wave- 
velocity corresponding to an elevation ?? being given approximately by Art. 
175 (6). 


A more complete view of the matter can be obtained by a method similar 
to that adopted by Riemann in treating the analogous problem in Acoustics. 
(See Art. 282.) 

The sole assumption on which we are now proceeding is that the vertical 
acceleration may be neglected. It follows, as explained in Art. 168, that the 
horizontal velocity may be taken to be uniform over any section of the canal. 
The dynamical equation is 

du du dri 

5+“a;— ''a 


■d) 


as before, and the equation of continuity, in the case of a rectangular section, 
is easily seen to be 






( 2 ) 


* For extensions, and applications to tbe theory of ‘seiches’ in lochs, see Chrystal, “Some 
Besults in the Mathematical Theory of Seiches,” Proc, R. S. Edin. xxv. 328 (1904), and Trans. 
R, S, Edin. xli. 599 (1905). For more recent investigations see Proudman, Proc. Land. Math. 
8oc. (2) xiv. 240 (1914), and Doodson, Trans. R. S. Edin. Hi. 629 (192Q). 
f Le. ante p. 243. 
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Waves of Finite Amplitude 


where h is the depth. This may he written 


.S’? /r X 


Multiplying this equation by f' if]) ^ where /{rj) is a function to be deter- 
mined, and adding to (1), we have 



— (^ +■>?)/' (j?)^ {/(’?)+«}, ... 

(4) 

provided 

(^ + ■'7) {/(’?)}’=£'. 


This is satisfied by 

/(^) = 2c„|(l + |)*-l| 

(5) 

where Co = ^Jigh). Hence, writing 


we have 

P =/(’?) + M. <3 =/(’?) -U, 

(6) 


dP . fP ^ 

_ + („ + „)_ = 0, 

(7) 

and, by similar steps, 

dQ^, fQ - 



(8) 

where 

v = (A + ’?)/(’?) = c„(l + |)* 

(9) 


It appears, therefore, that P is constant for a geometrical point moving in 
the positive direction of x with the velocity 

C„ (l + 1)^ + u, (10) 

whilst Q is constant for a point moving in the negative direction with the 
velocity 

C„(l+|)^-M (11) 

Hence any given value of P travels forwards, and any given value of Q travels 
backwards, with the velocities given by (10) and (11) respectively. The 
values of P and Q are determined by those of tj and w, and conversely. 

As an example, let us suppose that the initial disturbance is confined to 
the space for which a <x<b, so that P and Q are initially zero for x< a and 
x>b. The region within which P differs from zero therefore advances, whilst 
that within which Q differs from zero recedes, so that after a time these 
regions separate, and leave between them a space within which P = 0, Q = 0, 
and the fluid is therefore at rest. The original disturbance has now been 
resolved into two progressive waves travelling in opposite directions. 

In the advancing wave we have 

Q = 0, ^P = «=2c„|(l + |)^-l|, (12) 


17—2 
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so that the elevation and the particle-velocity are connected by a definite 
relation (ef. Art. 171). The wave-velocity is given by (10) and (12), viz. it is 



To the first order of jh, this is in agreement with Airy’s result quoted on p. 243. 

Similar conclusions can be drawn in regard to the receding wave*. 

Since the wave-velocity increases with the elevation, it appears that in 
a progressive wave-system the slopes will become continually steeper in front, 
and more gradual behind, until at length a state of things is reached in which 
we are no longer justified in neglecting the vertical acceleration. As to what 
happens after this point we have at present no guide firom theory ; observa- 
tion shews, however, that the crests tend ultimately to curl over and breah. 


The ease of a ‘bore,’ where there is a transition from one uniform level to another, 
may be investigated by the artifice of steady motion (Art. 175). If Q denote the volume 
per unit breadth, which crosses each section in unit time we have 

“Mj — ..••.....••*.••••••••*••••••(14) 

where the suffixes refer to the two uniform states, hi and denoting the depths. Con- 
sidering the mass of fluid which is at a given instant contained between two cross-sections, 
one on each side of the transition, we see that in unit time it gains momentum to the 
amount pQ{u^-Ui\ the second section being supposed to lie to the right of the first. 
Since the mean pressures over the sections are ^phi and \gph<i^ we have 

Q, {hi — h^ * (Ih) 

Hence, and from (14), .. 



If we impress on everything a velocity — Wi we get the case of a wave invading still water 
with a velocity of propagation 

<“> 


in the negative direction. The particle-velocity in the advancing wave is ui-u^ in tiie 
direction of propagation. This is positive or negative according as ^2 < according 

as the wave is one of elevation or depression. 


The equation of energy is however violated, unless the diiference of level be regarded 
as infinitesimal. If, in the steady motion, we consider a particle moving along the surface 
stream-line, its loss of energy in passing the place of transition is 

ip {hi - (18) 

per unit volume. In virtue of (14) and (16) this takes the form 

gpih-kif 

4^1 ^2 


Hence, so far as this investigation goes, a bore of elevation (A 2 > h) can be propagated 
unchang^ on the assumption that dissipation of energy takes place to a suitable extent 
at the transition. If however ^2 < expression (19) is negative, and a supply of 

energy would be necessary. It follows that a negative bore of finite height cannot in 
any case travel unchanged t. 


* The above results can also be deduced from the equation (3) of Art. 173, by a method due 
to Tlarnshaw ; see Art. 283. 

t Eayleigh, “On the Theory of Long Waves and Bores,” Froc. Boy. Soe. A, xc. 324 (1914) 
[Fapm, vi. 250], 
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188. In the detailed application of the equations (1) and (3) to tidal 
phenomena, it is usual to follow the method of successive approximation. 
As an example, we will tate the case of a canal communicating at one end 
{x = 0) with an open sea, where the elevation is given by 

7 } = a cos at (20) 


For a first approximation we have 


du ct) 

= 


dTj__ ^du 
ct cx 


.(21) 


the solution of which, consistent with (20), is 


Ti)—acos(j ?i=~ coso- (22) 

For a second approximation we substitute these values of 77 and \i in (1) and ( 3 ), and 
obtain 


'hii ^ 

dt ^ dx 


dj] g^o-a- 
”1^ 


sin2o- 


H)- 


...(23) 

Ct cx v C/ 


Integrating these by the usual methods, we find, as the solution consistent with (20), 


77 = a cos CT 


=f °OScr(i-0-J^cos2^(i-2)-i^:^'^sm2cr(i-j).J 


,(24) 


The annexed figure shews, with, of course, exaggerated amplitude, the profile of the 
waves in a particular case, as determined by the first of these equations. It is to be noted 
that if we fix our attention on a particular point of 'the canal, the rise and fall of the 
water do not take place symmetrically, the fall occupying a longer time than the rise. 



The occurrence of the factor x outside trigonometrical terms in ( 24 ) shews that thereus 
a limit beyond which the approximation breaks down. The condition for the success of 
the approximation is evidently that gcraxl(? should be small. Putting <P‘—gh^ X= 27 rc/a-, 
this fraction becomes equal to 27 r {a\h ) . (^/X). Hence however small the ratio of the 
original elevation (a) to the depth, the fraction ceases to be small when ^ is a sufficient 
multiple of the wave-length (X). 

It is to be noticed that the limit here indicated is already being overstepped in the 
right-hand portions of the figure ; and that the peculiar features which are beginning 
to shew themselves on the rear slope are an indication rather of the imperfections 
of the analysis than of any actual property of the waves. If we were , to trace the 
curve further, we should find a secondary maximum and minimum of elevation developing 
themselves on the rear slope. In this way Airy attempted to explain the phenomenon 
of a double high-water which is observed in some rivers ; but, for the reason given, the 
argument cannot be sustained^. * . 

The same difficulty does not necessarily present itself in the ease of a canal closed by a 
fixed barrier at a distance from the mouth, or, again, in the case of the forced waves due to 
a periodic horizontal force in a canal closed at both ends (Art. 179 ). Enough has, however, 


McGowan, lx. ante p. 240 . 
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been given to shew the general character of the results to be expected in such cases. For 
further details we must refer to Airy’s treatise^. 

When analysed, as in (24), into a series of simple-harmonic functions of the time, the 
expression for the elevation of the water at any pai-ticular place {oo) consists of two terms, 
of which the second represents an ‘over-tide,’ or ‘tide of the second order,’ being propor- 
tional to a- ; its frequency is double that of the primary disturbance (20). If we were to 
continue the approximation we should obtain tides of higher orders, whose frequencies are 
3, 4, ... times that of the primary. 

If, in place of (20), the disturbance at the mouth of the canal were given by 
f = a cos a-t + a' cos {cr't 4- e), 

it is easily seen that in the second approximation we should in like manner obtain tides of 
periods 27r/(o*4-cr') and 27r/(cr- o*') ; these are called ‘compound tides.’ They are analogous 
to the ‘combination-tones’ in Acoustics which were first investigated by Helmholtz t. 


Propagation in Two Dimensions. 

189. Let us suppose, in the first instance, that we have a plane sheet 
of water of uniform depth Ti. If the vertical acceleration be neglected, the 
horizontal motion will as before be the same for all particles in the same 
vertical line. The axes of x, y being horizontal, let u, v be the component 
horizontal velocities at the point {x, y), and let ^ be the corresponding elevation 
of the free surface above the undisturbed level. The equation of continuity 
may be obtained by calculating the flux of matter into the columnar space 
which stands on the elementary rectangle txhy\ thus we have, neglecting 
terms of the second order, 


^ (mA%) ^ {vUx) % = - i {(^ + h) BxZy], 


whence 


. dv 


dt 


$x dy. 


.( 1 ) 


The dynamical equations are, in the absence of disturbing forces, 

^ 3?; _ dp 


where we may write 


P dt dx’ P dt dy’ 
I>-Po = 9p{zo+^-z), 


if denote the ordinate of the firee surface in the 
thus obtain 

dt ^ dx" dt ^ dy* 

If we eliminate u and v, we find 

dt^ Kda^^dyV" 

where c^ — ghsj& before. 


undisturbed state. We 
( 2 ) 

( 3 ) 


* “Tides and Waves,” Arts. 198, ... and 308. See also G. H. Darwin, “Tides,” Encyc. 
Briiann. (9tb ed.) xxiii. 362, 363 (1888). 

t “Ueber Combinatlonstone,” BerL Monatsher. May 22, 1856 AlTi. i. 256]; and 

“Tbeorie der Duftscbwmgnngen in Eohren mit offenen Enden,” Crelle, Ivii. 14 (1859) 
Adk.i.318]. 
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Waves on an Open Sheet of Water 


In the application to simple-harmonic motion, the equations are shortened 
if we assume a complex time-factor and reject, in the end, the 

imaginary parts of our expressions. This is legitimate so long as we have 
to deal solely with linear equations. We have then, from (2), 


whilst (3) becomes 


where 

The condition to be satisfied at a vertical bounding wall is obtained at 
once fi'om (4), viz. it is 

1-^’ 

if hn denote an element of the normal to the boundary. 

When the fluid is subject to small disturbing forces whose variation 
within the limits of the depth may be neglected, the equations (2) are 
replaced by 

3a dv _ 


a dx^ cr 'by ^ 

(4) 

dm?^df-^^ 

(S> 

= cr^/c" 

(6) 


du 


aa 


dt ^ dx dx' dt ^ dy dy ’ 


.( 8 ) 


where £1 is the potential of these forces. 

If we put f ~ (9) 

so that f denotes the equilibrium-elevation corresponding to the potential O, 
these may be written 


du S /c, ^ f^\ 

dt~ 


.( 10 ) 


In the case of simple-harmonic motion, these take the forms 



whence, substituting in the equation of continuity (1), we obtain 

(V,= + A:=)r=V,f, 

0== 


if 


V a = — + - . , 

dm? dy^ ' 


.( 12 ) 

.(13) 


and T?= ( 7 ^ jgh, as before. The condition to be satisfied at a vertical boundary 
is now 


dn 


(?-r)=o. 


.(14) 


190. The equation (3) of Art. 189 is identical in form with that which 
presents itself in the theory of the transverse vibrations of a uniformly 
stretched membrane. A still closer analogy, when regard is had to the 
boundary-conditions, is furnished by the theory of cylindrical waves of 
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sound*. Indeed many of the results obtained in this latter theory can be 
at once transferred to our present subject. 

Thus, to find the free oscillations of a sheet of water hounded by vertical 
walls, we reqiure a solution of 

+ ( 1 ) 

subject to the boundary-condition 

1 ^ = 0 ( 2 ) 

on 

Just as in Art. 178 it will be found that such a solution is possible only for 
certain values of i-, which accordingly determine the periods (27r/*c) of the 
various normal modes. 

Thus, in the case of a rectangular boundary, if we take the origin at one 
comer, and the axes of cc, y along two of the sides, the boundary-conditions 
are that dl;jdx = 0 for a; = 0 and x = a, and dtjdy = 0 for y = 0 and y = b, 
w^here a, h are the lengths of the edges parallel to x, y respectively. The 
general value of ^ subject to these conditions is given by the double Fourier’s 
series 




m, n 


mirx mry 

cos cos , 

a 0 


(3) 


where the summations include all integral values of m, n from 0 to oo . 
Substituting in (1) we find 





(4) 


li a>b, the component oscillation of longest period is got by making m = 1, 
n = 0, whence ka = tt. The motion is then everywhere parallel to the longer 
side of the rectangle. Of. Art. 178. 


191. In the case of a circular sheet of water, it is convenient to take the 
origin at the centre, and to transform to polar co-ordinates, writing 

x — r cos 9, y = r sin 0. 

The equation (1) of the preceding Art. becomes 


0r^ rdr r^dd^ ^ 


.( 1 ) 


This might of course have been established independently. 

As regards dependence on 6, the value of f may, by Fourier s Theorem, 
be supposed expanded in a series of cosines and sines of multiples of ^ ; we 
thus obtain a series of terms of the form 


fir) 


cos] 

sin] 


s0. 


( 2 ) 


Kajleigh, Theory of Sound, Art. 
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It is found on substitution in (1) that each of these terms must satisfy the 
equation independently, and that 


r ir) + \f (T) + {k^ - ^ f{r) = 0 (3) 


This is of the same form as Art. 101 (14). Since ^ must be finite for r = 0, 
the various normal modes are given by 

^ = As Js {kr) . cos (cr^ + e), (4) 

where 5 may have any of the values 0, 1, 2, 3, and As is an arbitrary 
constant. The admissible values of k are determined by the condition that 
d^/dr = 0 at the boundary r = a, say, or 


JJ (ka) — 0 (5) 

The corresponding ‘speeds’ (V) of the oscillations are then given by a^kc, 
where c — \/{gh). 

In the case 5 = 0, the motion is symmetrical about the origin, so that the 
waves have annular ridges and furrows. The lowest roots of 


Jo^(Z?a) = 0, or Ji{ka) = 0, (6) 

are given by 

A-u/tt = 1*2197, 2*2330, 3*2383, (7) 


these numbers tending ultimately to the form ka/'7r = m+ I, where m is 
integral *. Hence 


a-a/c = 3*832, 7*016, 10*173, (7a) 

In the with mode of the symmetrical class there are m nodal circles whose 
radii are given by f = 0 or 

/o(A^^) = 0 (8) 

The roots of this aref , 


AT/7r = *7655, T7571, 2*7546, (9) 

For example, in the first symmetrical mode there is one nodal circle r = •628 a. 
The form of the section of the fi:ee surface by a plane through the axis of 
in any of these modes, will be understood from the drawing of the curve 
y = Jo (^), which is given on the next page. 


When 5 > 0 there are s equidistant nodal diameters, in addition to the 
nodal circles 

Jsikr)^0 ( 10 ) 

It is to be noticed that, owing to the equality of the frequencies of the two 
modes represented by (4), the normal modes are now to a certain extent 


^ Stokes, “On the Numerical Calculation of a class of Definite Integrals and Infinite Series,” 
Camh, Trans, ix. (1850) [Papers, ii. 355]. 

It is to be noticed that kafT is e<iual to where r is the actual period, and Tq is the time 

a progressive wave would take to travel with the velocity sl{9^ over a space eq[ual to the 
diameter 2a. 
t Stokes, l.c. 
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indeterminate; viz. in place of cos 50 or sin 50 we might substitute cos5(0— 
where is arbitrary. The nodal diameters are then given by 


0 - Ofs 


2m 4* 1 
25 


( 11 ) 


where m = 0, 1, 2, 5 — 1. The indeterminateness disappears, and the 

frequencies become unequal, if the boundary deviate, however slightly, from 
the circular form. 


In the case of the circular boundary, we obtain by superposition of two 
fundamental modes of the same period, in different phases, a solution 

^ ~ Ogtl s (JcT^ . COS (^crt "{■ 50 -j- e). (1^) 

This represents a system of waves travelling unchanged round the origin 
with an angular velocity a-js in the positive or negative direction of 0. The 
motion of the individual particles is easily seen from Art. 189 (4) to be 
elliptic-harmonic, one principal axis of each elliptic orbit being along the 
radius vector. All this is in accordance with the general theory recapitulated 
in Art. 168. 

The most interesting modes of the unsymmetrical class are those corre- 


sponding to 5 = 1, e.g. 

^ — All (kr) cos 0 . cos (crJ + e), (13) 

where k is determined by 

J{ (ka) = 0 (14) 

The roots of this are* 

kal7r = '586, T697, 2*7l7, ..., (15) 

whence (ra/c = 1-841, 5-332, 8-536, (15 a) 


We have now one nodal diameter (0 = ^ whose position is, however, in- 
determinate, since the origin of 0 is arbitrary. In the corresponding modes 
for an elliptic boundary, the nodal diameter would be fixed, viz. it would 
coincide with either the major or the minor axis, and the frequencies would 
be unequal. 

The diagrams on the next page shew the contour-lines of the free 
surface in the first two modes of the present species. These lines meet the 
boundary at right angles, in conformity with the general boundary-condition 
(Art. 190 (2)). The simple-harmonic vibrations of the individual particles 
take place in straight lines perpendicular to the contour-lines, by Art. 189 (4). 
The form of the sections of the free surface by planes through the axis of ^ is 
given by the curve y = Jj (x) on the opposite page. 

The first of the two modes here figured has the longest period of all the 
normal types. In it, the water sways from side to side, much as in the slowest 
mode of a canal closed at both ends (Art. 178). In the second mode there 


* See Eayleigh’s treatise, Art. 339. A general formula for calculating the roots of J/ (ka) = 0, 
due to Prof. J. McMahon, is given in the special treatises. 
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is a nodal circle, whose radius is given by the lowest root of {hr) = 0 ; this 
makes r = *7l9 


A comparison of the preceding investigation with the general theory of small oscilla- 
tions leferred to in Art. 168 leads to several important properties of BesseFs Punctions. 

In the first place, since the total mass of water is unaltered, we must have 


f f fl6) 

J 0 J 0 

where C has any one of the forms given by (4). For 5 > 0 this is satisfied in virtue of t] 
trigonometrical factor cos sd or sin sd j in the symmetrical case it gives 

f Jo{h-)rdr=0 ( 17 ) 


Again, since the most general free motion of the system can be obtained by super- 
position of the normal modes, each with an arbitrary amplitude and epoch, it follows 
that any value whatever of f, which is subject to the condition (16), can be expanded in a 
series of the form 

f =22 (JgCOS5^-t-^g sinsd) Js{hr\ (18) 

where the summations embrace all integral values of s (including 0) and, for each value of 
s, all the roots h of (5). If the coefi&cients BghQ regarded as functions of t, the equa- 
tion (18) may be regarded as giving the value of the surface-elevation at any instant. The 
quantities are then the normal co-ordinates of the present system (Art. 168) ; and in 

terms of them the formulae for the kinetic and potential energies must reduce to sums of 
squares. Taking, for example, the potential energy 


this requires that 


(19) 

f%ir fa 

J J WiW20'd3dr=iO, (20) 


where %, are any two terms of the expansion (18). If Wi, involve cosines or sines of 
different multiples of this is verified at once by integration with respect to 6 ; but if 
we take 

Wi oc /g (^^r) cos sd, oc Jg {Jcot) cos s6, 


where hi, h^ are any two distinct roots of (5), we get 



Js{h2T)TdT — 0, 




The general results, of which (1*7) and (21) are particular cases, are 

Jo (hr) rdr=-j Jq (ha) (22) 

(cf. Art. 102 (10)), and 

fa X 

/ Ja (^1^) Js (^2^’) rdr—T~2 — jnih^^s (^2«*) J® (hic£)—hiaJ^ (hi<^)^s • -.(23) 
J 0 “ ^2 


The oscillations of a liquid in a circular basin of any uniform depth were discussed by 
Poisson, “Sur lea petites oscillations de Feau contenue dans un cylindre,” Ann, de Gergonne, 
xix. 225 (1828-9) ; the theory of BesseFs Functions had not at that date been worked out, and 
the results were consequently not interpreted. The full solution of the problem, with numerical 
details, was given independently by Rayleigh, Phil. Mag. (5), i. 257 (1876) [Papers, i. 25]. 

The investigation in the text is limited, of course, to the case of a depth small in comparison 
with the radius a. Poisson’s and Rayleigh’s solution for the case of finite depth will be noticed 
in Chapter ix. 
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In the case of the latter expression becomes indeterminate ; the evaluation in the 

usual manner gives 

£ (J, 

Por tlie analytical proofs of these formulae we refer to the treatises cited on p. 127. 

The small oscillations of an annular sheet of water bounded by concentric 
circles are easily treated, theoretically, with the help of Bessel’s Functions 'of 
the second kind/ The only case of any special interest, however, is when the 
two radii are nearly equal ; we then have practically a re-entrant canal, and 
the solution follows more simply by the method of Art. 178. 

The analysis can also be applied to the case of a circular sector of any 
angle or to a sheet of water bounded by two concentric circular arcs and 
two radii. 

The solution of the corresponding problem for an elliptic basin would be difficult, but 
an approximation to tbe freq^uency of the slowest mode having a piincipal axis as nodal 
line can be obtained by Rayleigh’s method, referred to in Art. 168. 

The equation of the boundary being 

^.^'^ 1^0 

+ 

let us assume, for the component displacements, 


.(25) 




' or 

where the constants have been adjusted so as to make 


.(26) 


!+?5 = 0 


.(27) 


at tbe boundarj' (25). Tbe time-factor cos at is understood. Tbe corresponding surface- 
elevation is 

f— 

The assumption (26) is however too general for the present purpose, since it includes 
circulatory motions. The condition of zero vorticity requires 

(29) 

W'e find from (26) 

2,T=ph JJ (^“ 4 ’ 7 ^) dxdy=’^npQJbha^ •••(^ 9 ) 


2V—gp jjp dx dy = ^irdbgh? . 




.(31) 


Expressing that the mean value of T— V is zero, and introducing the relation (29), we find 

18^±^ ^ 

SoS+ajs • a2> 

where <P‘^gh, 

If we put 5= a, this makes crcK/c= 1*852, the true value for the circular basin being 
1’84L The approximate estimate is in excess, in accordance with a general principle 
(Art. 168). 

The formula (32) cannot be expected to give a good result except for moderate values 
of the eccentricity. It fails altogether for 5/{x= co . 

* See Rayleigh, Theory of Sound, Art. 339. 
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192. As an example of forced oscillations in a circular basin, let us suppose 
that the disturbing forces are such that the equilibrium elevation would be 




cos s6 . cos {at 4- e). 


.(33) 


This makes so that the equation (12) of Art. 189 reduces to the 

form (1), above, and the solution is 

^ = A Jg {h') cos sd . cos {at + 6), (34) 

where A is an arbitrary constant. The boundary-condition (Art. 189 (14)) 
gives 

Aka J s' {ka) = sG, 

whence ^=G cos . cos (<7^ + e) (35) 

The case 5 = 1 is interesting as corresponding to a uniform horizontal 
force ; and the result may be compared with that of Art. 179. 

From the case 5 = 2 we could obtain a rough representation of the semi- 
diurnal tide in a polar basin bounded by a small circle of latitude, except that 
the rotation of the earth is not as yet taken into account. 

We notice that the expression for the amplitude of oscillation becomes 
infinite when {ka) = 0. This is in accordance with a general principle, of 
which we have already had several examples ; the period of the disturbing 
force being now equal to that of one of the free modes investigated in the 
preceding Art. 

193^. When the sheet of water is of variable depth, the calculation at 
the beginning of Art. 189 gives, as the equation of continuity, 

d{hu)^d{hv) 
dt dco dy 

The dynamical equations (Art. 189 (2)) are of course unaltered. Hence, 
eliminating f, we find, for the free oscillations, 


d^_ 

df 


'■9 




•(2) 


If the time-factor be we obtain 


a 


3 

-1 1 


dx ' 

\ dx) 

ay 

\ dyj 


9 


When A. is a function of r, the distance from the origin, only, this may be 
written 

.(4) 




dr dr g 

As a simple example we may take the case of a circular basin which shelves gradually 
from the centre to the edge, according to the law 


*-*.( 1 - 5 ). 


■W 


* This formed Art. 189 of the 2iid ed. of this work (1895). A similar investigation was given 
by Poincar4, Legons de m^canique celeste, iii. (Paris, 1910). 
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Introducing polar co-ordinates, and assuming that ^ varies as oos sB or sin sd, the equation 

(4) takes the form 

A _ + - 1-^ - ^ ^ 0 

That integral of this equation which is finite at the origin is easily found in the form 
of an ascending series. Thus, assuming 

f=2j„. g)”, (■) 

where the trigonometrical factors are omitted, for shortness, the relation between conseou- 
five coefficients is found to he ^ 

(»i2 _ A „.= |)n (m - 2) - A _ 2 , 

or, if we write = ?i (w — 2) - (®) 

where 71 is not as yet assumed to be integi*al, 

A,,^={7n-7i) (m+/i--2) W 

The equation is therefore satisfied by a series of the form (7), beginning with the term 
A^{rja)\ the succeeding coefficients being determined by putting =5 + 2, 5+4, ... in (9). 
We thus find 

. (?i-5~2)(7t+5) , (yfc- 5-4) (?e,-5-2) (?^ + 5) (^1+5 + 2) 

2(25 + 2) 2. 4 (25+2) (25 + 4) ‘"J ' 

or in the usual notation of hypergeometric series 

<“> 

where a=^ 7 i+^s, ^=1 + ^5 'y=5 + l. 

Since these make -y-a-jS^O, the series is not convergent for imless it terminate. 
This can only happen when 71 is integral, of the form s + 2j. The corresponding \ alues of 
<7 are then given by (8). 

In the symmetrical modes (5=0) we have 

A L 1 ( i-n)y(i- i)(i-i) 1 (12) 

12.22 •‘■J’ ^ 

where j may be any integer greater than unity. It may be shewn that this expression 
vanishes for y - 1 values of r between 0 and a, indicating the existence of j - 1 nodal circles. 
The value of o- is given by 

= ( 13 ) 

whence cra/^%Ao)= 2-828, 4*899, 6*928, (13 a) 

The gravest symmetrical mode (j~2) has a nodal circle of radius ’707a-. 

Of the unsymmetrical modes, the slowest, for any given value of 5, is that for which 
^2; =5 +2, in which case we have 

r* 

f = jd g — cos cos (a-t + e)> 

the value of a being given by 0-^= 25 . ^ . (14) 

In the case 5=1 the various frequencies are given by 

<r^=(4/-2)^», 

craA%A)) = l*414, 3*742, 5*831, 


whence 


.(15) 

.(16) 
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'zr6 


In the slowest of these modes, corresponding to s—l, n = d, the free surface is always 
plane. It appears from Art. 191 (15 a) that the frequency is *768 of that of the corre- 
sponding mode in a circular basin of uniform depth and of the same radius. 

As in Art. 192 w^e could at once write down the formula for the tidal motion produced 
by a uniform horizontal periodic force ; or, more generally, for the case w^here the disturbing 
potential is of the type 

Q oc ?-8 cos s6 cos {at + €). 


194. We may conclude this discussion of ‘long’ waves on plane sheets of 
water by an examination of the mode of propagation of disturbances from 
a centre in an unlimited sheet of uniform depth. For simplicity, we will 
consider only the case of symmetry, where the elevation ^ is a function of 
the distance r from the origin of disturbance. This will introduce us to some 
peculiar and rather important features which attend wave-propagation in two 
dimensions. 


The investigation of a periodic disturbance involves the use of a Bessel’s 
Function (of zero order) ‘ of the second kind/ as to \vhich some preliminary 
notes may be useful. 

To solve the equation 'h 7 ^ + ^=0 (1) 


by definite integrals, we assume* 

where 2^ is a function of the complex variable i, and the limits of integration are constants 
as yet unspecified. This makes 




by a partial integi-ation. The equation (1) is accordingly satisfied by 

f dt 



provided the expression \/( 1 + ^ ~ 


.(3) 


vanishes at each limit of integration. Hence, on the supposition that z is real and positive, 
or at all events has its real part positive, the integral in (3) may be taken along a path 
joining any two of the points 7, -i, +qo in the plane of the variable but two distinct 
paths joining the same points will not necessarily give the same result if the}^ include 
between them one of the branch -points +7) of the function under the integral sign. 


Thus, for example, we have the solution 





where the path is the portion of the imaginary axis which lies between the limits, and that 
value of the radical is taken which becomes =1 for jf=0. If we write we obtain 


6^ = / P ~J~ ^=:2i P COS(2COS fTTe/oC^), (4) 

j-iv(l-W) Jo 

which is the solution already met with (Art. 100). 

An inde|)endent solution is obtained if we take the integral (3) along the axis of rj from 


* Forsyth, Bif'erential Equations, c. vii. The systematic application of this method to the 
theory of BesseFs Functions is due to Hankel, “Die Cyiinderfunktionen erster u. zweiter Art,” 
Math. Ann. i. 467 (1869). 


L. H. 
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the poiBt (0, t) to the origin, and thence along the axis of ^ to the point (co , 0). 
gives, with the same determination of the radical. 


/•o e-'^d{in) r _ r e-=^d^ . 

J i 


This 

.( 5 ) 


By adopting other pairs of limits, and other paths, we can obtain other forms of but 
these must all be equivalent to 4 >i or <^2, or to linear combinations of these. In particular, 
some other forms of <j>2 are important. It is known that the value of the integral ( 3 ) taken 
round any closed contour which excludes the branch- 
points {t= ±1) is zero. Let us first take as our contour ^ 
a rectangle, two of whose sides coincide with the positive 
portions of the axes of g and 77, except for a small semi- 
circular indentation about the point ^==2, whilst the 
remaining sides are at infinity. It is easily seen that 
the parts of the integral due to the infinitely distant 

sides will vanish, either through the vanishing of the i 

factor e''^^ when ^ is infinite, or through the infinitely 
rapid fluctuation of the function e when 77 is in- 

finite. Hence for the path which gave us ( 5 ) we may 

substitute that which extends along the axis of 77 from t 

the point ( 0 , t) to ( 0 , too ), provided the continuity of O 
the radical be attended to. Now as the variable t 

travels counter-clockwise round the small semicircle, the radical changes continuously 
from - 772) to ^ - !)• therefore 

^ ^ r ( 6 ) 

It will appear that this solution is the one which is specially appropriate to the case of 
diverging waves. Another method of obtaining it will be given in Chapter x. 


If we equate the imaginary parts of ( 5 ) and (6) we obtain 

2 I® 

I sin cosh tc) .. 
TT J 0 

a form due to MeHer^. 


.( 7 ) 


On account of the physical importance of the solution (6) it is convenient to have a 


special notation for it. We write t 

J)o(z)=^- r ( 8 ) 

TV J Q 

This is equivalent to Do (5) — - Tq (2) - iJq (2), ( 9 ) 

2 r® 

where t Fq (^) = - - I cos (z cosh u)du (10) 

TT J Q 

Equating the real parts of ( 5 ) and (6) we have, also, 

Fo(s)=—- f f“ sinizcosS) d^. (11) 

'IT J 0 TT y 0 


^ Math. Ann. v. ( 1872 ). 

t The use of a simple notation to meet the case of diverging waves seems justifiable. Our 
Dq (s) is equivalent to - (s) in Nielsen’s notation, as slightly modified by Watson. 

X This Ls the notation definitely recommended by Watson. The reader should be warned, 
however, that the same symbol has been employed by other writers in different senses. From 
a purely mathematical point of view the choice of a standard solution ‘of the second kind’ is 
largely a matter of convention, since the differential equation (1) is still satisfied if we add any 
constant multiple of Jq{z}. Tables of the function Fq {z) are given in Watson’s treatise. 
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For a like reason, the path adopted for <p 2 niaj be replaced by the line drawn from the 
point (0, i) parallel to the axis of ^ (viz. the dotted line in the figure). To secure the con- 
tinuity of J{1 we note that as t describes the lower quadrant of the small semicircle, 
the value of the radical changes from v(l to approximately. Hence along 

the dotted line we have, putting t — 

where that value of the radical is to be chosen which is real and positive when ^ is infini- 
tesimal. Thus 

(12) 


e 

f 0 


Ji Jo 

If we expand the binomial, and integrate term by term, we find 

"*'’{'+r!(B)+T?(i)’+-}. 




ttzJ 

where use has been made of the formulae 


-Z^ t-h 




_ n ( — 4) _ •nr 






( 14 ) 


._n(m-|)_ 1.3...(2m-l) 

If we separate the real and imaginary parts of (13) we have, on comparison with (9), 
e7{)(^) = ^— sin — /S^cos (^-P jTTj}, (IS) 

To (s) = - ^ cos ( 2 + Jtr) + .S’ sin (s + |-7r )}, (16) 


where 


o , 12.32 12.32.52.72 

. /o "v. + - 


/S"= 


2!(8s)2^ 41(85)^ 

12 12.32.52 

~ h • • 


1 !( 82 ) 31(82)3 


.(17) 


The seines in (13) and (17) are of the kind knowm as ‘semi-convergent,’ or ‘asymptotic^’ 
expansions ; z.e. although for sufficiently large values of z the successive terms may for a 
while diminish, they ultimately increase again indefinitely, but if we stop at a small term 
we get an approximately correct result This may be established by au examination of 
the remainder after m terms in the process of evaluation of (12). 

It follows from (15) that the large roots of the equation ( 2)=0 approximate to those of 

sin ( 2 + ^7r)=0 (18) 


The series in (13) gives ample information as to the demeanour of the function jDq ( 2 ) 
when 2 is large. When 2 is small, Bq ( 2 ) is very great, as appears from (8). An approxi- 
mate formula for this case can be obtained as follows. Referring to (11), we have 




dv 


Jin w I ^4iP^2!V4W J 


dw. 


.(19) 


* Of. Whittaker and Watson, Modem Analysis, c. viii. ; Bromwich, Theory of Infinite Series, 
London, 1908, e. xi. ; Watson, c. vii.; Gray and Mathews (2nd ed.), c. v. The semi-convergent 
expansion of Iq[z) is due to Poisson, Journ. de VEcole Polyt. cah. 19, p. 349 (1823) ; a rigorous 
investigation of this and other analogous expansions was given by Stokes, Z.c. ante p. 265. The 
‘ remainder’ was examined by Lipschitz, Crelle, Ivi. 189 (1859). Of. Hankel, Z.c. ante p. 273. 
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The first term gives ^ 


I div— -y — log^z-{-,.,, 

Jkz w 

and the remaining ones are small in comparison. Hence, by (9) and (11), 


It follows that 


Do (s) (log ^2 4"y 4- ^iir - 


lim.sZ)o^ (s) = 


The formula (21) is sufficient for our purposes, but the complete expression can now be 
obtained by comparison with the general solution of (1) in terms of ascending series, Anz.J 


, .11 1 

where 5,H=l4'^4g4-... + ~ . 

In order to identify this with (21), for small values of we must make 

2 2 

B= , ^ = (log Jz+y-h J^tt) 


A (-)= - ^ (log +y+i^V) ^0 (2) - ^ (I2 ■ 

TT TT 




195. We can now proceed to the wave-problem stated at the beginning 
of Art. 194. For definiteness we will imagine the disturbance to be caused 
by a variable pressure applied to the surface. On this supposition the 
dynamical equations near the beginning of Art. 189 are replaced by 

1^12 '^^Po n\ 


dt ^ dx p dx' dt pdy p dy 


whilst 

as before. 


fdib dv\ 
V9a? dy) ' 


If we introduce the velocity-potential in (1), we have, on integration, 



We may suppose that pQ refers to the change of pressure, and that the arbi- 
trary function of t which has been incorporated in (j> is chosen so that d(p/dt = 0 
in the regions not affected by the disturbance. Eliminating ^ by means of 
(2), we have 


d^4> 

W 




(4) 


When <f> has been determined, the value of ^ is given by (3). 


* De Morgan, Differential and Integral Calculus^ London, 1842, p. 653. 
t The Bessel’s Functions of the second kind were first thoroughly investigated and made 
available for the solution of physical problems in an arithmetically intelligible form by Stokes, 
in a series of papers published in the Camh, Tram. With the help of the modern Theory of 
Functions, some of the processes have been simplified by Lipschitz and others, and (especially 
from the physical point of view) by Eayleigh. These later methods have been used in the text. 
t Forsyth, Differential Equations, c. vi. note 1 ; Watson, Bessel FunctionSy pp. 59, 60. 
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We will now assume that po is sensible only over a small"* area about the 
origin. If we multiply both sides of (4) by hxhy, and integrate over the area 
in question, the term on the left-hand side may be neglected (relatively), and 
we find 



where §5 is an element of the boundary of the area, and hi refers to the hori- 
zontal normal to drawn outwards. Hence the origin may be regarded as 
a two-dimensional source, of strength 

w 

where Pq is the total disturbing force. 


Turning to polar co-ordinates, we have to satisfy 

dt^ ^ r 

where c^^gh, subject to the condition 

lim(-2,r.r^^)=/(i) 

where /(t) is the strength of the source, as above defined. 


a.) 


( 8 ) 


In the case of a simple-harmonic source the equation (7) takes the 
form 

It + + = : (9) 

9r- r or ^ 


where k = a jc, and a solution is 

<l> = ll),{k7^)e^, ( 10 ) 

where the constant factor has been determined by Art. 194(22). Taking the 
real part we have 

(j> = i l^o (^'0 sin <rt — Fo {kr) cos <r^}, (11) 

corresponding to f (t) = cos at. 


For large values of kr the result (10) takes the form 

^ ^ • •• 


(12) 


The combination t —rjc indicates that we have, in fact, obtained the solution 
appropriate to the representation of diverging waves. 

It appears that the amplitude of the annular waves ultimately varies 
inversely as the square root of the distance from the origin. 


* That is, the dimensions of the area are small compared with the ‘length’ of the waves 
generated, this term being understood in the general sense of Art. 172. On the other hand, the 
dimensions must he supposed large in comparison with h. 
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196. The solution we have obtained for the case of a simple-harmonic 
source may be written 






-oc iff ( cosh wj 


du. 


.(13) 


This suggests generalization by Fourier’s Theorem; thus the formula 
^TTcj} = J f(t - ~ cosh dw (14) 

should represent the disturbance due to a source f (t) at the origin*. It is 
implied that the form of f(t) must be such that the integral is convergent : 
this condition vull as a matter of course be fulfilled whenever the source has 
been in action only for a finite time. A more complete formula, embracing 
both converging and diverging waves, is 

2Tr^=l' /^t- ^coshujdt6+ f F + ^ cosh uj du (15) 

The solution (15) may he verified, subject to certain conditions, by substitution in the 
differential equation (7). Taking the first term alone, we find 

= J jsinh- 2 C ,f' (t - - cosh ^ cosh ic .f cosh du 

This obviously vanishes whenever /(if) =0 for negative values of i exceeding a certain 
limit t. 


j cosh u (t—- cosh u^ du 
cr cj 0 \ e J 

= ^ J (sinh 2 ^+e ~ f (t--^ cosh 


u ) du 


Again, 


= -[/(^-rcosh «) |%-V'(^--;cosh «) du 

+c-/o «) 

under the same condition. The limiting value of this when r-^0 is / {t) ,* and the state- 
ment made above as to the strength of the source in (14) is accordingly verified. 

A similar process will apply to the second term of (15) provided Fit) vanishes for 
positive values of t exceeding a certain limit. 


197. We may apply (14) to trace the effect of a temporary source varying 
according to some simple prescribed law. 

If we suppose that everything is quiescent until the instant ^ = 0, so that 

* The substance of Arts. 196, 197 is adapted from a paper “On Wave-Propagation in Two 
Dimensions,” Proc. Lond. Math. Soc. (1), xxxv. 141 (1902). A result equivalent to (14) was obtained 
(in a different manner) by Levi-Civita, Nttoiw Cimento (4), vi, (1897). 
t The verification is very similar to that given by Levi-Civita. 
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f (t) vanishes for negative values of % we see from (14) or from the equivalent 
form 


J Kt— — 




.(16) 


that ^ will be zero everywhere so long as tKrjc. If, moreover, the source 
acts only for a finite time t, so that /(^) = 0 for t>T, we have, for ^ > t -f r/c, 


■lo Iff- - ' 


.(17)* 


{{t-ey-r-ic-f 

This expression does not as a rule vanish ; the wave accordingly is not sharply 
defined in the rear, as it is in front, but has, on the contrary, a sort of ‘ tail ’4 
whose form, when t — ric is large compared with r, is determined by 

2'7r(j} ■ 


1 rr/{e)d0 

(^2 _ . 0 

(18) 

b is given by (3), viz. 


^ ffdt 

(19) 

f"” tcft = 0, 

J — 00 

(20) 


It follows that 


provided the initial and final values of (f> vanish. It may be shewn that this 
will be the case when /(^) is finite and the integral 


f{t) dt . 

J —00 


.( 21 ) 


is convergent. The meaning of these conditions appears from (6). It follows 
that even when dFojdt is always positive, so that the flux of liquid in the 
neighbourhood of the origin is altogether outwards, the wave which passes 
any point does not consist solely of an elevation (as it would in the corre- 
sponding one-dimensional problem) but, in the simplest case, of an elevation 
followed by a depression. 

To trace in detail the progress of a solitary wave in a particular case we may assume 




which makes Pq increase from one constant value to another according to the law 

, t 


.( 22 ) 




.m 


* Analytically, it may be noticed that the equation (4), whenpo=0, may be written 

ay d'^ -A 

dx^'^ dip d{icty^^ ^ 

and that (17) consists of an aggregate of solutions of the known type 

{x-'j-y^ + {ict)^ 

t The existence of the ‘tail’ in the case of cylindrical electric waves was noted by Heaviside, 
Phil. Mag. (5), xxvi. (1888) [Electrical Papers, ii-]. 
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The disturbing pressure has now no definite epoch of beginning or ending, but the range 
of time within which it is sensible can be made as small as we please by diminishing r. 
For purposes of calculation it is convenient to assume 

/(«) = , (24) 

z — It 

in place of (22;, and to retain in the end only the initiginary part. We have then 

r _* 2 , (2j) 

I ? — - cosh ~ fr I f 

-■ 0 c 2 0 c \ c / 

where c=tanh We now write 


t 


^ /• 


where we may suppose that b are positive, and that the angles a, /3 lie between 0 and 


-hr-, 


tan 2a ~ ~~ , tan 2)3 = , 
ct-r ct+r’ 


it appears that a acconliiig ixs ^ < 0, and that a> ^ always. With this notation, we find 

n 7 if 4.R) 2 + 

2.^=2 r ( 28 ) 

2:--r 


To interpret the logarithms, let us mark, in the plane of a comple.v variable 2 , the points 
/= + i, 

Since the integral in the second member of (28) is to be taken along the path 0/, the proper 
value of the third member is 



a 


where re£il logarithms and positive values of the angles are to be understood, 
rejecting all but the imaginary part, we find 


_sin (a-h/S) 




cos (a-h)3) 


as the solution corresponding to a source of the type (22). Here 


IP _( a--^Jlah cos (g -f/3 ) -h b^\k . p rn _ ~ 

/(^”W^^--2a6cos(a“--^)4-6V ’ tan i , 


and the values of a, 5, a, ^ in terms of r and t are to be found from (27). 


Hence, 

,.(29) 

,.(30) 



197 - 198 ] Solitanj Wave 281 

It will be sufficient to trace tbe effect of the most important pai't of the wave as it 
passes a point whose distance r from the origin is large compared with cr. If we confine 
ourselves to times at which t - rjc is small compared with rjc, a will he small compared 
ith 6, PIQ will be a small angle, and IPjlQ will =1, nearly. If we put 


- H-rtan?;, (31) 

we shall have 

a = ^77 - ct = sec ri\ ^ = jcr/r, h = (2r/c)- , (32) 

approximately ; and the formula (29) will reduce to 

TT TT f CT^\ ^ 

( r j ‘''°® v) (-^'1) 



The elevation ^ is then given by 

2-5'^= 2-1? = 4-;^ (?) ' (i- - V, (34) 

approximately. The diagi’am shews the relation between ( and t, as given by this 
formula*. 

198. We proceed to consider the case of a spherical sheet, or ocean, of 
water, covering a solid globe. We will suppose for the present that the globe 
does not rotate, and we will also in the first instance neglect the mutual 
attraction of the particles of the water. The mathematical conditions of the 
question are then exactly the same as in the acoustical problem of the 
vibrations of spherical layers of airf. 

Let a be the radius of the globe, h the depth of the fluid; we assume 
that h is small compared with a, but not (as yet) that it is uniform. The 
position of any point on the sheet being specified by the angular co-ordinates 
6, (f), let u be the component velocity of the fluid at this point along the 
meridian, in the direction of d increasing, and v the component along the 
parallel of latitude, in the direction of cf) increasing. Also let f denote the 
elevation of the free surface above the undisturbed level. The horizontal 


* The points marked -1, 0, +1 correspond to the times r/c-r, rJc, r/c-fr, respectively, 
t Discussed in Eayleigh’s Theory of Sounds c. xviii. 
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motion being assumed, for the reasons explained in Art. 172, to be the same 
at all points in a vertical line, the condition of continuity is 

^ (uha sin ^ {vhaB0) = - a sin . aS6> . , 

where the left-hand side measures the flux out of the columnar space 
standing on the element of area a sin 6S(f>.a SB, whilst the right-hand member 
expresses the rate of diminution of the volume of the contained fluid, owing 
to fall of the surface. Hence 


1 j 9(A2^s ini9) qx 

dt ~ a sin | dO ] 

If we neglect terms of the second order in ii, Vj the dynamical equations 
are, on the same principles as in Arts. 169, 189, 

dll ^ ^ 

'oWB ” aW ' dt'^ ^ ami 9 d^ a sin 0 9<^ ' ' ‘ ' 

where H denotes the potential of the extraneous forces. 

If we put — 

these may he written 

Ft~ adB^^ dt asmedcj>^^ ’ 

Between (1) and (4) we can eliminate ii, v, and so obtain an equation in ^ 
only. 

In the case of simple-harmonic motion, the time-factor being the 

equations take the forms 

y p {hu sin 9) ^ d (hv) ] 

^ ”” era sin ^ I d9 d(f) } ' 

u = = 1(^-5 (6) 

act d9 era sin 9 dep 


199. We will now consider more particularl}^ the case of uniform depth. 
To find the free oscillations we put ^=0; the equations (5) and (6) of the 
preceding Art. then lead to 


sin 9 W 


sin^l) 


1 

sin- 9 defy^ 


gh 


?=0. 


■( 1 ) 


This is identical in form with the general equation of spherical surface - 
harmonics (Art. 83 (2)). Hence, if we put 


gh 


= n{n + 1), 


( 2 ) 


a solution of (1) will be •••(S) 

w^here Sn is the general surface-harmonic of order n. 

It was pointed out in Art. 86 that Sn will not be finite over the whole 
sphere unless n be integral. Hence, for an ocean covering the whole globe, 
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the form of the free surface at any instant is, in any fundamental mode, that 
of a ' harmonic spheroid’ 

r = a + A. + >S„cos (o-^ + e), (4 | 

and the speed of the oscillation is given by 


cr 


[n {n -f 1)}'^ 


a 


,(ol 


the value of n being integral. 

The characters of the various normal modes are best gathered from a 
study of the nodal lines {8^ = 0) of the free surface. Thus, it is shewn in 
treatises on Spherical Harmonics^ that the zonal harmonic Pn{f^) vanishes 
for n real and distinct values of fx lying bet'ween + 1, so that in this case 
we have n nodal circles of latitude. When n is odd one of these coincides 
with the equator. In the case of the tesseral harmonic 


as d^Pn ifj) cos] 

the second factor vanishes for n—s values of (x, and the trigonometrical 
factor for 2^ equidistant values of The nodal lines therefore consist of 
n — s parallels of latitude and 2^ meridians. Similarly the sectorial harmonic 



has as nodal lines 2n meridians. 

These are, however, merely special cases, for since there are 2n + 1 inde- 
pendent surface-harmonics of any integral order n, and since the frequency, 
determined by (5), is the same for each of these, there is a corresponding 
degree of indeterminateness in the normal modes, and in the configuration of 
the nodal lines. 

We can also, by superposition, build up various types of progressive 
waves ; e.g. taking a sectorial harmonic we get a solution in which 

^ X (1 — cos (n<^ — crt~\-e)l (6) 

this gives a series of meridianal ridges and furrows travelling round the 
globe, the velocity of propagation, as measured at the equator, being 

m 

n \ n j ^ ' 

It is easily verified, on examination, that the orbits of the particles are now 
ellipses having their principal axes in the directions of the meridians and 
parallels, respectively. At the equator these ellipses reduce to straight lines. 

In the case n = l, the harmonic is always of the zonal type. The 
harmonic spheroid (4) is then, to our order of approximation, a sphere 
excentric to the globe. It is important to remark, however, that this case 

* For references see p. 102. 
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is, strictly speaking, not included in our dynamical investigation, unless we 
imagine a constraint applied to the globe to keep it at rest; for the de- 
formation ill question of the free surface would involve a displacement of 
the centre of mass of the ocean, and a consequent reaction on the globe. 
A corrected theory for the case where the globe is free could easily be 
investigated, but the matter is hardly important, first because in such a 
case as that of the earth the inertia of the solid globe is so enormous 
compared with that of the ocean, and secondly because disturbing forces 
which can give rise to a deformation of the type in question do not as a 
rule present themselves in nature. It appears, for example, that the first 
term in the expression for the tide-generating potential of the sun or moon 
is a spherical harmonic of the second order (see the Appendix to this 
Chapter). 

When n = 2, the free surface at any instant is approximately ellipsoidal. 
The corresponding period, as found from (5), is then *816 of that belonging 
to the analogous mode in an equatorial canal (Art. 181). 

For large values of n the distance from one nodal line to another is 
small compared with the radius of the globe, and the oscillations then take 
place much as on a plane sheet of water. For example, the velocity of 
propagation, at the equator, of the sectorial waves represented by (6) tends 
with increasing n to the value {gh)^, in agreement with Art. 170. 

From a comparison of the foregoing investigation with the general theory of Art. 168 
we are led to infer, on physical grounds alone, the possibility of the expansion of any 
arbitrary value of f in a series of siu'face-harmonics, thus 

0 

the coefficients of the various independent harmonics being the normal co-ordinates of the 
system. Again, since the products of these coefficients must disappear from the expressions 
for the kinetic and potential energies, we are led to the ^conjugate' properties of spherical 
harmonics quoted in Art. 87. The actual calculation of the energies will be given in the 
next Chapter, in connection with an independent treatment of the same problem. 

The efl:ect of a simple-harmonic disturbing force can be written down at 
once from the formula (14) of Art. 168. If the surface value of O be 
expanded in the form 

0 = ( 8 ) 

where n„ is a surface-harmonic of integral order n, the various terms are 
normal components of force, in the generalized sense of Art. 135 ; and the 
equilibrium value of ^ corresponding to any one term is 

?■» = - n„/gr (9) 

Hence, for the forced oscillation due to this term, we have 

1 H-n 

l-0-Ycr„2 g ’ 


r«=- 


( 10 ) 
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where a measures the ' speed ’ of the disturbing force, and that of the 
corresponding free oscillation, as given by (5). There is no difficulty, of 
course, in deducing (10) directly from the equations of the preceding Art. 

200. We have up to this point neglected the mutual attraction of the 
parts of the liquid. In the case of an ocean covering the globe, and with 
such relations of density as we meet with in the actual earth and ocean, this 
is nob insensible. To investigate its effect in the case of the free oscillations, 
we have only to substitute for in the last formula, the gravitation- 
potential of the displaced water. If the density of this be denoted by p, 
whilst po represents the mean density of the globe and liquid combined, we 
have * 


^ ^irypa ^ 

(11) 



9 = ^y'n'ap<i, 

7 denoting the gravitation-constant, whence 

(12) 

+ 

(K:!) 

Substituting in (10) we find 


= e] 

CTn'^ V 2n 4- 1 Po' ’ 

(14) 


where cr^ is now used to denote the actual speed of the oscillation, and cr,/ 
the speed calculated on the former hypothesis of no mutual attraction. 
Hence the corrected speed is given by 

( 15 )-- 

For an ellipsoidal oscillation {n — 2), and for p/po = T8 (as in the case of 
the Earth), we find from (14) that the effect of the mutual attraction is to 
lower the frequency in the ratio of *94 to 1. 

The slowest oscillation would correspond to = 1, but, as already indicated, 
it would be necessary, in this mode, to imagine a constraint applied to the 
globe to keep it at rest. This being premised, it appears from (15) that if 
p > Po the value of is negative. The circular function of t is then replaced 
by real exponentials ; this shews that the configuration in which the surface 
of the sea is a sphere concentric with the globe is one of unstable equilibrium. 
Since the introduction of a constraint tends in the direction of stability, we 
infer that when p > po the equilibrium is a fortiori unstable when the globe 
is free. In the extreme case where the globe itself is supposed to have no 

* See, for example, Eouth, Analytical Statics, 2iid ed., Cambridge, 1902, ii 146-7. 
t This result was given by Laplace, M^canique Gileste, Livre 1®**, Art. 1 (1799). The free and 
the forced oscillations of the type 71 =2 had been previously investigated in his “Becherches sur 
quelques points dn syst^me du monde,” Metn. de VAcad* Toy. des Sciences, 1775 [1778] 
Completes, ix. 109, ...]. 
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gravitative power at all, it is obvious that the water, if disturbed, would tend 
ultimately, under the influence of dissipative forces, to collect itself into 
a spherical mass, the nucleus being expelled. 

It is obvious from Art. 168, or it may easily be verified independently, 
that the forced vibrations due to a given periodic disturbing force, when the 
gravitation of the water is taken into account, will be given by the formula 
(10), provided now denote the potential of the extraneous forces only, and 
have the value given by (15). 


201. The oscillations of a sea bounded by meridians, or parallels of 
latitude, or both, can also be treated by the same method^. The spherical 
harmonics involved are however, as a rule, no longer of integral order, and it 
is accordingly difficult to deduce numerical results. 

In the case of a zonal sea bounded by two parallels of latitude, we assume 

( 1 ) 


where /x=cos^, and jo (//.), q {p) are the two functions of fjL^ containing (1 — as a factor, 
which are given by the formula (2) of Art. 86. It will be noticed that p (/x) is an even^ and 
q (fi) an odd function of fi. 

If we distinguish, the limiting parallels by suffixes, the boundary conditions are that 
H=0 for /x=/xi and /x=/x 2 - For the free oscillations this gives, by Art. 198 (6), 

^p' (/*!) + -fi?' W = 0. ips) + M (2) 

|y(w), 

I p' W, ?' (ih) 

which is the equation to determine the admissible values of ti, the order of the harmonics. 
The speeds (o*) coiTesponding to the various roots are given as before by Art. 199 (5). 


whence 


= 0 , 


,.(3) 


If the two boundaries are equidistant from the equator, we have fi 2 ~ —jii. The above 
solutions then break up into two groups ; viz. for one of these we have 

^=0, p'{fii) = 0, (4) 

and for the other A =0, q' (jii)=0 (5) 


In the former case C has the same value at two points symmetrically situated on opposite 
sides of the equator ; in the latter the values at these points are numerically equal, but 
opposite in sign. 


If we imagine one of the boundaries to be contracted to a point (say /X 2 =l), we pass to 
the ease of a circular basin. The values of (1) and (1) are infinite, but their ratio can 
be evaluated by means of formulae given in Art. 84. This gives, by the second of equations 
(2), the ratio A : and substituting in the first we get the equation to determine n. 
A simpler method of treating this case consists, however, in starting with a solution 
which is known to be finite, whatever the value of '/i, at the pole /x=l. This involves 
a change of variable, as to which there is some latitude of choice. We might take, for 
instance, the expression for P/ (cos 6) in Art. 86 (6), and seek to determine n from the 
condition that 


de 


Pn^ (cos =0 


,( 6 ) 


for ^==^ 1 +. By making the radius of the sphere infinite, we can pass to the plane pi’oblem 
of Art. 191 f. The steps of the transition will be understood from Art. 100. 


* Cl Eayleigh, lx. ante p. 281. 

t This question has been discussed by Macdonald, Proc. Land. Math. Soc. xxxi. 264 (1899). 
} Cl Eayleigh, Theory of Sound, Arts. 336, 338. 
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If the sheet of water considered have as boundaries two meridians (with or without 
parallels of latitude), say 0 = 0 and 0 = a, the condition that i’=0 iit these restricts us to 
the factor cossco, and gives 5a = m7r, where m is integral. This determines the admissible 
values of s, which are not in general integral^. 

Tidal Oscillations of a Rotating Sheet of Water, 

202 . The theory of the tides on an open sheet of water is seriously 
complicated by the fact of the earth’s rotation. If, indeed, we could assume 
that the periods of the free oscillations, and of the disturbing forces, were 
small compared with a day, the preceding investigations would apply as 
a first approximation, but these conditions are far from being fulfilled in the 
actual circumstances of the earth. 

The difficulties which arise when we attempt to take the rotation into 
account have their origin in this, that a particle having a motion in latitude 
tends to keep its angular momentum about the earth's axis unchanged, and 
so to alter its motion in longitude. This point is of course familiar in 
connection with Hadley’s theory of the trade-windsf. Its bearing on tidal 
theory seems to have been first recognized by MaclaurinJ. 

Owing to the enormous inertia of the solid body of the earth compared 
with that of the ocean, the effect of tidal reactions in producing periodic 
changes of the angular velocity is quite insensible. This angular velocity 
will therefore for the present be treated as constant. 

The theory of the small oscillations of a dynamical system about a state 
of equilibrium relative to a real or ideal rigid frame which rotates with con- 
stant angular velocity about a fixed axis differs in some important particulars 
from the theory of small oscillations about a state of absolute equilibrium, 
of which some account was given in Art. 168. It is therefore w^orth while to 
devote a little space to it before entering on the consideration of special 
problems. The system considered may he entirely free, or it may be connected 
with a rotating solid. In the latter case it is assumed that the connecting 
forces as well as the internal forces of the system are subject to the ^con- 
servative ’ law. 

203 . The equations of motion, of a particle m relative to rectangular 
axes Ox, Oy, Oz which rotate about Oz with angular velocity are 

m ~ 2o)^— == A, m (y 4- 2a)£C — = F, mz = Z, ,..(1) 

where X, F, Z are the impressed forces. 

* The reader who wishes to carry the study of the problem further in this direction is 
referred to Thomson and Tait, Natural Philosojphy (2nd ed.), Appendix B, “ Spherical Harmonic 
Analysis.” 

t “ The Cause of the General Trade Winds,” Phil, Trans, 17S5. 

X Pe Causd Physicd Fluxus et Refluxits Maris, Prop, vii.: “Motus aqu® turhatur ex ineequali 
velocitate qud corpora circa axem Terras motu diurno deferuntur” (1740). 
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Let US now suppose that the relative coordinates y, z) of each particle 
are expressed in terms of a certain number of independent quantities 
^ 1 , g. 2 , ... qr. We wTite 

® = pm + f + i-), To == + f) (2) 

Hence denotes the kinetic energy of the relative motion, which we 
shall suppose expressed as a homogeneous quadratic function of the generalized 
velocities with coefficients which are functions of the generalized co- 
ordinates qr ; whilst To is the kinetic energy of the system when rotating, 
without relative motion, in the configuration (gi, q^, ... g^). Finally we put 

2 {X^x -f Yhy Sg, + ©,% + . . . + Q,^Sg^, . . .(3) 

where F is the potential energy and Qn are the generalized com- 

ponents of extraneous force. 

If we multiply the three equations (1) by dx/dq^, ^dyjdq^, dzjdqr, respec- 
tively, and add, and sum the result for all the particles of the system, and 
then proceed as in the ‘direct’ proof of Lagrange’s equations, we obtain the 
following typical equation of motion in generalized coordinates^: 


where 2m . (5) 

It is to be noted that 

^rs ~ ~ Ar j “ b (6) 


The equation (4) may also be derived from Art. 141 (23), with the help 
of Art. 142 (8), by supposing the rotating frame to be free, but to have an 
infinite moment of inertia. 

The conditions for relative equilibrium, in the absence of disturbing 
forces, are found by puttiug gi, gs, ... g^= 0 in (4), whence 

= ( 7 ) 

shewing that the equilibrium value of V — is ‘stationary.’ 

Again, from (1) we have 

'Zm{xB-\-yy ^ zz) — or%7ii{xx + yy ^ zz)=^^ (Xx+ Yy + Zz), ...(8) 
or, by (2) and (3) 

^ C® + V ~ 1\) = Qiqi + Qoja -f . .. + Qnin (9) 

This result may also be deduced from (4), taking account of the relations (0). 

* Of. Thomson and Tait, Natural Philosophrj (2nd ed.). Part i, p. S19; Higher Mechanic.^, 
Art. 81. 



203-204] Dy^iamics of a Rotating System 289 

When there are no disturbing forces we have 

® + V— To — const (10). 

The form assumed by the Hamiltonian theorem of Art. 135 is also to l>e noticed. The 
total kinetic energy of our system is 

{(a* ~ "h a> JA ^ 1 j 

where M—'S.m {xij - yx) (12) 

If there are no extraneous forces we have 

\ \*\T-V)dt=0, ( 13,1 

J u 

subject to the usual terminal condition. Hence 

A + V)dt^0, (14) 

J 

with the condition 

I 2m {{x — a>y) Ax 4* (y + 6)^) -}- 1 A ^ ^ = 0 (15) 

«— Jto 


This theorem may also be deduced directly from (1) by the usual Hamiltonian pro- 
cedure, and leads in turn to an independent proof of (4), in the case of free motion. The 
inclusion of disturbing forces in the investigation presents no difficulty. 

The condition (15) is fulfilled whenever the initial and final relative configurations are 
the same in the varied as in the actual motion. 

204 . We will now suppose the co-ordinates to be chosen so as to vanish 
in the undisturbed state. In the case of a small disturbance, we may then 
write 

2^ == 4- 4“ • - • + 2cz-j2^i ^2 4- . . . , (1) 

2 (F— To) = 4 2012^1^2 + .**5 (2) 

where the coefficients may be treated as constants. The terms of the 
first degree in V — Tq have been omitted, on account of the ‘ stationary ’ 
property. 

In order to simplify the equations as much as possible, we will further 
suppose that, by a linear transformation, each of these expressions is reduced, 


as in Art. 168, to a sum of squares ; viz. 

^ ^ ... 4- ■••(3) 

2 ( F T^ = Oiq-f + C 2 q>z 4~ • . . 4* o^iq^- •(‘^) 


The quantities qi, 3 ^ 2 ? ••• i^^^y b® called the 'principal co-ordinates’ of the 

system, but we must be on our guard against assuming that the same 
simplicity of properties attaches to them as in the case of no rotation. The 
coefficients ... and <?i, O 2 , ... On may he called the 'principal co- 

efficients’ of inertia and of stability, respectively. The latter coefficients 
are the same as if we were to ignore the rotation, and to introduce fictitious 
'centrifugal’ forces 0 ) acting on each particle in the direction 

outwards from the axis. 


L. H. 


19 
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The equations (4) of the preceding Art. become, in the ease of infinitely 


small motions, 

+ /3i 2?2 + As 33 + • • • + ^in^n == QiA 

+ (^232 + Ai ?i 4 - ^2333 + • • • + ^‘s.n^n = Q25 ! (^5) 

<^^n<in + Onqn + All 3i + + Ais^s + * • • ~ Q?i j 

where the coefiScients A*s i^iay be regarded as constants. 

If we multiply these by ^1, 52, ••• 3n order and add, we find, taking 
account of the relation = — Asr? 

(® + F- Z) = Qrq, + QS. + • • • + Qnqn , (6) 

as has already been proved without approximation. 


205. To investigate the free motions of the system, we put Qi, Q 2 , ••• 
Qn 0, in (5), and assume, in accordance with the usual method of treating 
linear equations, 


qi = Ai e^*^ 32 = 

• • • 3«' — An^^^ 

(0 

Substituting, we find 




(<XiX” -f" Cl) Ai 4" A2 ^Ao 4* . . 

. 4* ^in'XAn = 0, ^ 

1 

A21A-A1 4" -h Co) Ao 4* • . 

. 4* ^vriX^n ~ A 1 

^ (8) 

AnAAi 4" An2^A2 4* . . 

. 4- (ctyiA,” 4* cf) An = 0. - 


Eliminating the ratios Aj : Ao : : An, 

we get the equation 



C^lXi" 4" Cq, Ai 2^J 

. .. ^ITlX 1 



^2l^i 4" C2J 

=0, .... 

(9) 


^niX, ' 

. . . (XnX^ 4- Cn ' 



or, as we shall occasionally write it, for shortness, 

D(X)=0 (10) 

The determinant I) (X) comes under the class called by Cayley 'skew- 
determinants,' in virtue of the relations (6) of Art. 203, If we reverse the 
sign of X, the rows and columns are simply interchanged, and the value of the 
determinant is therefore unaltered. Hence the equation (10) will involve 
only even powers of X, and the roots will be in pairs of the form 

^ = ± (p + f cr). 

In order that the configuration of relative equilibrium should be stable 
it is essential that the values of p should all be zero, for otherwise terms of 
the forms cos at and sin at would present themselves in the realized 
expression for any co-ordinate q^. This would indicate the possibility of an 
oscillation of continually increasing amplitude. 
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In the theory of absolute equilibrium, sketched in Art. 168, the necessary 
and sufficient condition of stability (in the above sense) was simpl}?' that the 
potential energy must be a minimum in the configuration of equilibrium. In 
the present case the conditions are more complicated* but it is easily seen 
that if the expression for "F — Tq be essentially positive, in other words if the 
coefficients Ci, C 2 , ... On in (4) be all positive, the equilibrium must be stable. 
This follows at once from the equation 

® + (F— To) = const., (11) 

proved in Art. 203, which shews that under the present supposition neither 
® nor F— To can increase beyond a certain limit depending on the initial 
circumstances f. It will be observed that this argument does not involve 
the use of approximate equations. 

Hence stability is assured if F— To is a minimum in the configuration 
of relative equilibrium. But this condition is not essential, and there may 
even be stability (from the present point of view) with F— Tq a maximum, 
as will be shewn presently in the particular case of two degrees of freedom. 
It is to be remarked, however, that if the system be subject to dissipative forces, 
however slight, affecting the relative co-ordinates qi, q^, ... q^ the equi- 
librium will be permanently or ‘secularly’ stable only if F — To is a minimum. 
It is the characteristic of such forces that the work done by them on the 
system is always negative. Hence by (6) the expression ® + ( F — To) will, so 
long as there is any relative motion of the system, continually diminish, in 
the algebraical sense. Hence if the system be started from relative rest in a 
configuration such that F — To is negative, the above expression, and therefore 
dj fortiori the part F— To, will assume continually increasing negative values, 
which can only take place by the system deviating more and more from its 
equilibrium -configuration. 

This important distinction between ‘ ordinary ’ or kinetic, and ‘ secular ’ 
or practical stability was first pointed out by Thomson and Tait|. It is to 
be observed that the above investigation presupposes a constant angular 
velocity (&>) maintained, if necessary, by a proper application of force to the 
rotating solid. When the solid is free, the condition of secular stability takes 
a somewhat different form, to be referred to later (Chapter xii.). In the 
practical applications we shall .be concerned only with cases where F— To is 
a minimum, and the coefficients Ci, Cg, . . . in Art. 204 (4) accordingly positive. 

* They have been investigated by Eouth, l.c. ante p. 178; see also his Advanced Bigid 
Dynamics, c. vi. 

■f* The argument was originally applied to the theory of oscillations about a configuration of 
absolute equilibrium (Art. 168) by Dirichlet, “Ueber die Stabilitat des G-leiehgewichts,” Crelte, 
xxxii. (1846) \Werhe, Berlin, 1889-97, ii. 3]. An algebraic proof is indicated in Higher Mechanics, 
Art. 98. 

t Natural Philosophy (2nd ed.), Part i. p. 391. See also Poincar^, “Sur l’4qiiilibre dune 
masse fluide anim^e d’un mouvement de rotation,” Acta Mathennatica, vii. (1885), and op* cit. 
ante p. 137. 


19—2 
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To examine the character of a free oscillation, in the case of stability, we 
remark that if X be any root of (10), the equations (8) give 

=4« = (7 n2) 

Ofi a.2 * * ' «7i 

wher6 Oil, o? 2 > ••• minors of nny row in th© determinant D(X\ and C 

is arbitrary. These minors will as a rule involve odd as well as even powers of 
X, and so assume unequal values for the two oppositely signed roots (+X) of 
any pair. If we put X = ± icr, the corresponding values of will be of the 
forms ± where are real. Hence 

= C 4- ii'i) + G' (/Hr — 

If we put C' = i Ke^% G' = 

we get a solution of our equations in real form, involving two arbitrary 
constants K, g ; thus 

Qy = K [fly cos {crt + e) — Vy sin {at 4- e)} (13) 

This formula expresses what may be called a ‘ natural mode ^ of oscillation 
of the system. The number of such possible modes is of course equal to the 
number of pairs of roots of (9), ie, to the number of degrees of freedom of 
the system. It is to be noticed, as an effect of the rotation, that the various 
co-ordinates are no longer in the same phase. 


if $1 Vi C denote the component displacements of any particle from its equilibrium 
position, we have 


cqi 

<r=— 

Substituting from (13), we obtain a result of the form 


cx 

g 4.- — ^24"- 

, cx 



02 

q^. 


.(14) 


g=p. -STcos ((T?4'e)4-P' . A"sin (o-^ 4 -e), ) 

rj = Q , K QOS (crt+ €) -h Q\ K sin (o-t+e), i (15) 

if . A" cos (o-^: 4* e) 4- A ' . A' sin (o-^ 4- €), J 

where P, P', Q, A, E are determinate functions of the mean position of the particle, 
involving also the value of or, and therefore different for the different normal modes" 
but independent of the arbitrary constants K, e. These formulae represent an elliptic- 
harmonic motion of period Stt/o-, the directions 


P Q R' 


and 


-i = JL-X 
P' 


,(16) 


being those of two conjugate semi-diameters of the elliptic orbit, of lengths 
(P"+§2+A2)i. A, and 

respectively. The positions and forms and relative dimensions of the eUiptic orbits, as 
well as the relative phases of the particles in them, are accordingly in each natural mode 
determinate, the absolute dimensions and epochs being alone arbitrary. 
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205 a. On account of the analytical difficulties which attend the deter- 
mination of the free modes of oscillation, especially in the case of continuous 
systems, it is natural to look for an approximate method of calculating the 
more important frequencies, analogous to that employed by Eayleigh in the 
case of non-rotating systems (Art. 168). 

For this purpose we may have recourse to the variational formula (14) of 
Art. 203^. In the application to small oscillations it is convenient to express 
this in terms of the displacements (f, 97 , ^) of the particles from their positions 
of relative equilibrium. Writing Xq -f- 2/0 4- - 77 , ^0 + ? ^or x, y, z, where Xq^'I/q, Sq 


refer to the equilibrium position, we have 

A [ Aldt — A f M' dt + {x^Arj — yA^) , (1) 

j u -to L J h 

where M' = '%m (f^ — rj^) (2) 

When the integrated terms in (1) are incorporated in the terminal con- 
dition (15) of Art. 203, the theorem becomes 

A + = (3) 

with the condition 

'l.m {(I — 0)7]) A^ + ('^ + cof) A '?7 -I- ^A^} ^ = 0 ( 4 ) 


Let us now suppose that the varied, as well as the natural motion, is 
simple-harmonic with the same period 27r/c7, and that the limits of integration 
^ 0 , ti differ by an exact period. The terms in (3) which relate to the two 
limits will then cancel, so that the postulated condition is fulfilled. The 
result is that the mean value (with respect to time) of the expression 

^ + co3r -{V-^To) (5) 

is stationary for small arbitrary variations of the type of vibration, the period 
being kept constant. 

In terms of generalized co-ordinates (assumed to vanish in relative equi- 
librium) M' will be a bilinear function of the two sets of variables 
qi, - ‘-qn ^ 

whilst ^ and V - T, are already by hypothesis homogeneous quadratic 
functions of the velocities and co-ordinates, respectively. Hence (5) is a 
homogeneous quadratic function of the variables qr, qr^ 

If we now write 

q^=^ Ar cos at -h Brsmo-t, (b } 

and denote the resulting mean value of the expression (5) by J, we have 

J = <7^P + crQ — R, C^) 

where P, Q, R are certain homogeneous quadratic functions of the variables 
Aj-, Br, whose precise forms are not required for the moment. 

* The case of small angular velocities of rotation has heen treated (in a different manner) by 
Eayleigh, Phil. Mag. (6), v. 293 (190b) [Papers, v. 89], 



294 


Tidal Waves 


[chap. VIII 


The stationary property asserts that 

(t^AP + ctAQ — AR = 0 (^) 

for all infinitesimal values of AB,-- In particular, putting AAr=^ eAr, 

AB, = eB^, where e is an infinitesimal constant independent of r, we have 

J=0, (9) 

on account of the homogeneous character. The statement that in a free 
oscillation the mean value of the expression (5) is zero is a generalization of 
a result already pointed out in the case of o = 0, viz. that in oscillations about 
absolute equilibrium the mean values of the kinetic and potential energies 
are equal. 

The present result can be expressed in another form. If for a moment we 
regard o- as a function of A,., Br, where these coefficients have general values, 
determined by the equation 

<7^P + <tQ-R = 0, (10) 

•we have ^ 

(2aP + Q) Act + (<PAP + aAQ - AR) = 0 (11) 

Hence when Ar, Br have the special values appropriate to a free mode of 
oscillation, we have 

Acr = 0, (12) 

by (8). In other words, the values of cr determined by (10) are stationary. 

It follows that if the values of P, Q, B in (10) are calculated on the basis 
of an assumed type of vibration which differs slightly from the truth, the 
error in the consequent values of cr will be of the second order. 

These stationary values will include, as generally most important, the 
maxima and minima (in absolute value) of cr. 

Applications of the above principle to particular cases will be found in 
Arts. 212a, 216. 


The general form of the functions P, Q, P in (7) may be noticed, although it is not 
essential to the argument. lYe hcive at once, on reference to Art. 204 (3) (4), 

P=J^,«,(A,2+P,2), (13) 

where /SV denotes a summation of terms of the types indicated, with r=l, 2, ... n. Again, 
from (2j, 

a J/' = <0 Sm j-S,. 3 2,. . Sr ^^qr- 

= i {^1 + ... 4-^)i J (14) 

where 

<■“> 

Substituting from (6), and taking the mean value, we have 

(16) 

where, in the double summation, each permutation of suffixes is to be taken once. 
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As a verification we may note that if with these values of P, R we form the equa- 
tion (8) the coeSicients of A 2 I,., will be found to be identical with the coefficients of 
cos at and sin at^ respectively, when we substitute from (6) in the typical equation of 
motion, Ai't. 204 (5). 


206. The symbolical expressions for the forced oscillations due to a 
periodic disturbing force are easily written down. If we assume that 
Qii Q 2 ., ••• Qn 0^11 vary as where cr is prescribed, the equations (r5) of Art. 
204 give, if we omit the time- factors, 

D (ia ) qy — ayi Qi 4- ofrs Q2 + ... -f Qfm Q/d ( I ) 

where the coeiSficients on the right-hand side are the minors of the >'th row 
in the determinant D (io-). 

The most important point of contrast with the theory of the 'normal 
modes ’ in the case of no rotation is that the displacement of any one type 
is no longer affected solely by the disturbing force of that type. As a con- 
sequence, the motions of the individual particles are, as is easily seen from 
Art. 205 (14), now in general elliptic-harmonic. Again, there are in general 
differences of phase, variable with the frequency, between the displacements 
and the force. 

As in Art. 168, the displacement becomes very great when D (ia) is very 
small, i,e. whenever the 'speed' <r of the disturbing force approximates to 
that of one of the natural modes of free oscillation. 

When the period of the disturbing forces is infinitely long, the displace- 
ments tend to the ' equilibrium-values ’ 

qi = Qijci, q-2- — ••• (^) 

as is seen directly from the equations (5) of Art. 204. This conclusion must 
be modified, however, when one or more of the coefficients of stability Cj, 
C2, ... Cn is zero. If, for example, Ci= 0, the first row and column of the deter- 
minant D(k) are both divisible by X, so that the determinantal equation 
has a pair of zero roots. In other words we have a possible free motion of 
infinitely long period. The coefficients of Q.2, Q3, ... Qn on the right-hand 
side of (1) then become indeterminate for o-=0, and the evaluated results 
do not as a rule coincide with (2). This point is of importance, because in 
some hydrodynarnical applications, as we shall see, steady circulatory motions 
of the fluid, with a constant deformation of the free surface, are possible when 
no extraneous forces act : and as a consequence forced tidal oscillations of 
long period do not necessarily approximate to the values given by the equi- 
librium theory of the tides. Cf. Arts. 214, 217. 

In order to elucidate the foregoing statements we may consider more in detail the ease 
of two degrees of freedom. The equations of motion are then of the forms 

4 4 ^^2 ~ Ql 5 ^2^2 4 ^2^2 — == ^^2 • 


,(3) 



296 


Tidal Waves 


[chap, vni 


The equation detei'miiiing the periods of the free oscillations is 

aiOToX’' + (cejC2 + ajCi X® + CiCa = 0 (4) 

For ‘ ordinary ' stability it is sufficient that the roots of this quadratic in X^ should he real 
and negative'. Since cq, fq are essentially po.sitive, it is easily seen that this condition is 
in any case fulfilled if Ci, c-i are both positive, and that it will also be satisfied even when 
Cl, e. are both negative, provided ))e sufficiently great. It will be shewn later, however, 
that in the latter case the equilibrium is rendered unstable by the introduction of dissipa- 
tive forces. See Art. 32*2. 

To find the forced oscillations when Q.^ vary as e'^, we have, omitting the time- 

factor, ^ ^ 

(Cj — cr’^cii ) 4- = (?i > + (^2 - $'2 = ^2 1 (^) 


Qi — iar^Q^ 4- (<?i - fe /o\ 

whence qi = __ __ _ ^- 2^2 ’ 2^2 _ ^^ 2^2 

Let us now suppose that C 2 = 0, or, in other words, that the displacement q^^ does not 
affect the value of F- We will also suppose that 4=0, ie. that the extraneous forces 
do no w’ork during a displacement of the type q 2 . The above formulae then give 




a2(ci-(T‘^ai}+(3'-^ 


12^1 ^ 2 — 




^2 {Ci (T^Cli) -h fi' 


§1. 


.(7) 


In the case of a disturbance of long period we have o-=0, approximately, and therefore 




q,. 






ft- 


(8) 


The displacement qi is therefore less than its equilibrium- value, in the ratio 1 : l+p^la 2 Ci ; 
and it is accompanied by a motion of the type although there is no extraneous force of 
the latter type (cf. Art. 217). We pass, of course, to the case of absolute equilibrium, 
considered in Art. 168, by putting /3— 0*^. 

It should be added that the determination of the ‘principal co-ordinates ' 
of Art. 204 depends on the original forms of and F — ^i^d is therefore 
affected by the value of m®, which enters as a factor of T^, The system of 
equations there given is accordingly not altogether suitable for a discussion 
of the question how the character and the frequencies of the respective 
principal modes of free vibration vary with co. One remarkable point which 
is thus overlooked is that types of circulatory motion, which are of infinitely 
long period in the case of no rotation, may he converted by the slightest 
degree of rotation into oscillatory modes of periods comparable with that of 
the rotation. Cf. Arts. 212, 223. 


To illustrate the matter in its simplest form, w'e may take the case of two degrees of 
freedom. If vanishes for w = 0, and so contains co^ as a factor in the general case, the 
two roots of equation (4) are 

= - CiUti , A- = - Coja ^ , 

approximately, ivhen 6)^ is small. The latter root makes A oc ultimately. 


207. Proceeding to the hydrodynamical examples, we begin with the case 
of a plane horizontal sheet of water having in the undisturbed state a motion 
of uniform rotation about a vertical axisf. The results will apply without 

* The preceding theory appeared in the 2nd ed. (1895) of this work. The effect of friction is 
considered in Art. 322. 

t Sir W. Thomson, *‘On Gravitational Oscillations of Eotating Water,*' Proc. B. S, Edin, 
X. 92 (1879) [Papers, iv. 141]. 
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serious qualification to the case of a polar or other basin, of not too great 
fliinensions, on a rotating globe. 

Let the axis of rotation be taken as axis of The axes of x and y being 
now supposed to rotate in their own plane with the prescribed angular 
velocity co, let us denote by a, v, lu the velocities at time t, relative to these axes, 
of the particle which then occupies the position (x, y, 2 ). The actual velocities 
of the same particle, parallel to the instantaneous positions of the axes, wdll 
be ii — m/, V + oox, w, and the accelerations in the same directions will be 

.0 .. ^ Dw 

+ icou - 

In the present application, the relative motion is assumed to be infinitely 
small, so that we may replace D/Dt by d'Ct 

Now let 2 q be the ordinate of the free surface when there is relative 
equilibrium under gravity alone, so that 

'^'1 = 2 “ + y-) + const., (1) 

as in Art. 26. For simplicity we will suppose that the slope of this surface 
is everywhere very small ; in other words, if r be the greatest distance of any 
part of the sheet from the axis of rotation, co^rjy is assumed to be small. 

If + ^ denote the ordinate of the free surface when disturbed, then on 
the usual assumption that the vertical acceleration of the water is small 
compared with g, the pressure at any point (x, y, z) will be given by 

i> -p<, = gp{zo + ^- 2 ): r2) 

, idp d? 1 dp „ 

pdx dx pdy ^ ^ dy 

The equations of horizontal motion are therefore 

dll „ 30. , 0 _ d^ dH , 

dt ^dx dx’ 34'^'^“““ ^dy dy' 

where 12 denotes the potential of the disturbing forces. 

If we write |'= — — , •••(*!) 

these become 

® 

The equation of continuity has the same form as in Art. 193, viz. 

H _ 3 0^;) .g, 

dt dx dy 

where h denotes the depth, from the free surface to the bottom, in the 
undisturbed condition. This depth will not, of course, be uniform unless 
the bottom follows the curvature of the free surface as given by (1). 
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Tf we eliminate from the equations (5), by cross-differentiation, we find 

? + + = ( 7 ) 

ct \av cy) \cx cyj 

or, writing ii—c^jdt, v=^dr}j?:t, and integrating with respect to 

cv cu /d^ dTj\ 

5 — }-2cDU^+;r-^ ) = const (8) 

da; cy \057 cy j 

This is merely the expression of Helmholtz’ theorem that the product of the vorticity 
2a)-f^ - and the cross-section hxhy^ 

of a vortex-filament, is constant. 

In the case of a simple-harmonic disturbance, the time-factor being 
the equations (5) and (6) become 

i(x\i-1mv = -g^(X~\), icrv + 2a)U = -g^{^~l), ...( 9 ) 

T . d Qiu) d{hv) . 

SF 

From (9) we find 

“ - k) 'f- s) «- «• 

(11) 

and if we substitute from these in (10), we obtain an equation in ^ only. 

In the case of uniform depth the result takes the form 

= (12) 

where _p as before. 

IThen f=0, the equations (5) and (6) can be satisfied by constant values of ?d, ^ 

provided certain conditions are fulfilled. We must have 

( 13 ) 

2a) cy 2g) cx ^ ^ 

and therefore ( 14 .) 

The latter condition shews that the contour- lines of the free.sm’face must be everywhere 
parallel to the contour-lines of the bottom, but that the value of ^ is otherwise arbitrary. 
The flow of the fluid is everywhere parallel to the contour-lines, and it is therefore further 
necessary for the possibility of such steady motions that the depth should be uniform 
along the boundary (supposed to be a vertical wall). When the depth is everywhere the 
same, the condition (14) is satisfied identically, and the only limitation on the value of ^ 
is that it should be constant along the boundary. 

208. A simple application of the preceding equations is to the case of 
fi'ee waves in an infinitely long uniform straight canal 

If we assume *^ = 0, (1) 

the axis of a? being parallel to the length of the canal, the equations (5) 
of the preceding Art., with the terms in f omitted, give 

cu=g^, gm^, (2) 

^ Sir W. Thomson, Z.c. ante p. 296. 
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whilst, from the equation of continuity (Art. 207 (6)), 

(3) 

We thence derive c- = gh, m — — ^mjc (4) 


The former of these results shews that the wave-velocity is unaffected by the 
rotation. 

When expressed in real form, the value of f is 

^ cos (c^ — a;) + ^ 

The exponential factor indicates that the wave-height increases as we pass from 
one side of the canal to the other, being least on the side which is forward, 
in respect of the rotation. If we take account of the directions of motion of 
a water-particle, at a crest and at a trough, respectively, this result is seen 
to be in accordance with the tendency pointed out in Art. 202^. 

It will be observed that there is, in the above solution, no limitation to 
the breadth of the canal, provided it be uniform. 

The problem of determining the free oscillations in a rotating canal of 
finite length, or even the simpler one of reflection of a wave at a transverse 
barrier, does not however admit of a simple solution by superposition, as w^'as 
the case in the investigations of Arts. 176, 178. For a wave travelling in the 
negative direction, we should find 

^ = a cos (c^ + a;) -f e'}, (6 ) 

but this cannot be combined with (5) so as to make u =0 at a barrier 
for all values of yf 

209. We take next the case of a circular sheet of water rotating about 
its centre J. 

If we introduce polar co-ordinates r, 6, and employ the symbols 7} to 
denote displacements along and perpendicular to the radius vector, then since 
I = ia^, 7) — i(T7], the equations (9) of Art. 207 are equivalent to 

+ 2ia)<Tr} = g -f), a-7j - 2io)<r^ = g ...{1) 

* For applications to tidal phenomena see Sir W. Thomson, Nature, xix. 154, 571 (1879), and 
G. I. Taylor, “ Tidal Friction in the Irish Sea,” Phil. Tran^^. A, ecxs. 1 (1918). 

t Poincare, Thiorie des Maries, p. 1*24. The problem here indicated has recently been soked 
by G. I. Taylor, Proc. Lond. Math. Soc. (2) xx. 148 (1920). He finds that, provided the wave- 
length (2Trlk) be sufficiently large compared with the breadth (b), there is regular refiection (with 
a change of phase), in the sense that at a distance from the barrier we have practically super- 
position of (5) and (6) above, with a'— a, the necessary condition being 

l-2b2<,r2-f.4c^b2/c2 

The theory of the free oscillations in a rotating rectangular basin is also discussed in the paper 
cited. The case where the angular velocity of rotation is relatively small had been previously 
treated by Rayleigh, Phil. 3Iag. (6), v. 297 (1903) [Papers, v. 93], and Proc. R. S. A, Ixsxii. 
448 (1909) [Papers, v. 497]. 

t The investigation which follows is a development of some indications given by Kelvin in 
the paper cited on p. 296. 
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whilst the equation of continuity (10) becomes 


dmr) djliTj) 

rdr rd6 


Hence 


■ 4ct>- \0r 


2 20 ) 0 




r- — 40)- V cr dr 


and substituting in (2) we get the differential equation in 
In the case of imiform depth we find 

= 


1 9r^ r 0r 0^- ’ 


....( 3 ) 


This might have been written down at once from Art. 207 (12). 

The condition to be satisfied at the boundary {r = a, say) is ^=0, or 



210. In the case of the free oscillations we have f = 0. The way in which 
the imaginary i enters into the above equations, taken in conjunction with 
Fourier’s Theorem, suggests that 6 occurs in the form of a factor where s 
is integral. On this supposition, the differential equation (4) becomes 

p+-^+(«— ^]r=0. (8) 

0H r or \ rv 
and the boimdary-c^mdition (7) gives 


+■ 

dr 


for r = a. 


The equation (8) is of Bessel’s form, and the solution which is finite for 
r = 0 may therefore be written 

( 10 ) 

but it is to be noticed that k- is not, in the present problem, necessarily 
positive. When /c- is negative, we may replace Js {kv) by f where 
Ki is the positive square root of (4w^— and 

2m 2 ^27+2^ 2 4, C2s -4- 2'! /'2.« 4- + •••■*•• -(H) 


2“.6-! ( ' 2(2s+ 2) ' 2.4(2s + 2)(2s + 4) ' 

In the case of symmetry about the axis (s = 0), we have, in real form, 

^ = A Jo (/cr) . cos (cr^ + e), (12) 

The functions Ig {z} were tabulated by Prof. A. Lodge, Brit. Ass. Rep. 1889. The tables are 
reprinted by Dale, and by Jahnke and Emde. Extensive tables of the functions e~^lQ (z), e~^Ii {z) 
are given in Watson’s treatise. 
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wliere k is determined by 

{Ka)=0, ( l;3) 


The corresponding values of a are then given by (6). The free surface has, 
in the various modes, the same forms as in Art. 191, but the frequencies are 


now greater. If we write 

c- l3 = 4G)‘frtVc-, (14 1 

we have o--a-/c- = /ra- + /3 (15 ) 


It is easily seen, moreover, on reference to (3), that the relative motions of 
the fluid particles are no longer purely radial ; the particles describe, in fact, 
ellipses whose major axes are in the direction of the radius vector. 

For 5 > 0 we have 

f = AJs (fcr) , cos (at + sd -i- e), (16) 

where the admissible values of k, and thence of a, are determined by (9 ), 
which gives 

KaJs (fca) + Js (kq) = 0 (IT) 

The formula (16) represents a wave rotating relatively to the water with 
an angular velocity a/s, the rotation of the wave being in the same direction 
with that of the water, or the opposite, according as a joy is negative or 
positive. 

If ica is any real or pure imaginary root of (17), the corresponding value 
of a is given by (15). 


Some indications as to the values of or may be gathered from a graphical constructiuii. 
If we write we have, from (6), 




If we further put 

the equation (17) may be written 




(j>{x)±ll 


The curve (^0; 

can be readily traced by means of the tables of the fimctions {z\ (z ) ; and its inter- 

sections with the parabola 

(21) 

will give, by their ordinates, the values of cr/Sco. The constant jS, on which the positions 
of the roots depend, is equal to the square of the ratio 2a>al{gh)^ which the period of a 
wave travelling round a circular canal of depth h and perimeter ^ira bears to the half- 
period (tt/cd) of the rotation of the water. 

The diagrams on the next page indicate the relative magnitudes of the lower roots, in 
the cases s=l and when /3 has the values 2, 6, 40, respectively* 


For clearness the scale of y has been taken to be 10 times that of x. 
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With the helj) of these figures we can trace, in a general waj'’, the changes in the 
character of the free modes as ^ increases from zero. The results may be interpreted as 
due either to a continuous increase of to, or to a continuous diminution of A We will use 
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the terms ‘positive’ and ‘negative’ to distinguish waves which travel, relatively to the 
water, in the same direction as the rotation and the opposite. 

When ^ is infinitely small, the values of x are given by // (.r-)~0 ; these correspond 
to the vertical asymptotes of the curve (20). The values of cr then occur in pairs of equal 
and oppositely-signed quantities, indicating that there is now no difierence between the 
velocity of positive and negative waves. The case is, in fact, that of Art. 191 (12). 

As ^ increases, the two values of cr forming a pair become unequal in magnitude, and 
the corresponding values of x separate, that being the greater for which cr;2a) is positive. 
When ^=s(s + l) the curve (20) and the parabola (21) t 02 ick at the point (0, -1), the 
corresponding value of a being - 20 ). ihs increases beyond this critical value, one value 
of X becomes negative, and the corresponding (negative) value of l>ecomes smaller 
and smaller. 

Hence, as /3 increases from zero, the relative angular velocity becomes greater for a 
negative than for a positive wave of (approximately) the same type ; moreover the value 
of (T for a negative wave is always greater than 2&). As the rotation increases, the two 
kinds of wave become more and more distinct in character as well as in ‘ speed.’ With a 
sufficiently great value of /3 we may have one, but never more than one, positive wave for 
which cr is numerically less than 2©. Finally, when jS is very great, the value of cr corre- 
sponding to this wave becomes very small compared with 2co, whilst the remaining values 
tend all to become more and more nearly equal to ± 2a). 

If we use a zero suffix to distinguish the case of £«)=0, we find 

V ■" ^0 ’ ^ 

where Xq refers to the proper asymptote of the curve (20). This gives the ‘ speed ' of any 
free mode in terms of that of the corresponding mode when there is no rotation. 


The preceding statements are illustrated by the following table, which gives for the 
case of 5=1 approximate values of Ka within the range of the upper diagram on p. 302, 
together with the corresponding values of cr/^m and (rajc. 
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where the value of cr is now prescribed. 

This makes = 0, and the equation (4) then gives 

^ = A Jg (/tr) (24) 
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where A is to be determined by the boundary-condition (7), viz. 


s 1 + • 


. 2scc j ' 

fcaJs {/ca) H — — J ^{Ka) 

This becomes very great when the frequency of the disturbance is nearly 
coincident with that of a free mode of corresponding type^. 

From the point of view of tidal theory the most interesting cases are those of 5=1 
with cr=o>, and s=2 with o-=2a), respectively. These would represent the diurnal and 
semidiurnal tides due to a distant disturbing body whose proper motion may be neglected 
in comparison with the rotation q>. 

In the case of 5=1 we have a uniform horizontal distui’bing force. Putting, in addi- 
tion, c 7 -=w, we find without difficulty that the amplitude of the tide-elevation at the edge 
(r=a) of the basin has to its ‘equilibrium- value’ the ratio 

(26) 



•where With the help of Lodge’s tables we find that this ratio has the values 

1*000, *638, *396, 

for |3= 0, 12, 48, respectively. 

When o-=2co, we have /c=0, and thence, by (23), (24), (25), 

( 27 ) 

i.e. the tidal elevation has exactly the equilibrium-value. 

This remarkable result can be obtained in a more general manner ; it holds whenever 
the disturbing force is of the type 

(28) 

provided the depth /^ be a function of r only. If we revert to the equations (1), we notice 
that when o- = 2u> they are satisfied by r} = i^. To determine ^ as a function of ?*, we 

substitute in the equation of continuity (2), which gives 

(29) 

The arbitrary Cijnstant which appears on integration of this equation is to be determined 
by the boundary-condition. 

In the present case we have (r) = (7/*«/a*. Integrating, and making ^ = 0 for r=f/, 
we find 

(30) 

The relation T]=i^ shews that the amplitudes of f and rj are equal, while their phases 
differ by 90° ; the relative orbits of the fluid particles are in fact circles of radii 




described each about its centre with angular velocity 2© in the negative direction. We 
may easily deduce that the path of any particle in space is an ellipse of semi-axes r ±t 
described about the origin with harmonic motion in the positive direction, the period 
being 27 r/co. This accounts for the peculiar features of the case. For if ^ have always the 

* The case of a nearly circular sheet is treated by Proudman, “ On some Cases of Tidal Motion 
on Eotating Sheets of Water,” Proc. Lond. Math. Soc. xii. 453 (1913). 
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equilibrium-value, the horizontal forces due to the elevation exactly balance the disturbing 
force, and there remain only the forces due to the undisturbed form of the free surface 
(Art. 207 (1)). These give an acceleration gdsojdr, or ©V, to the centre, where r is the 
radius vector of the particle in its actual position. Hence all the conditions of the problem 
are satisfied by elliptic-harmonic motion of the individual particles, provided the positions, 
the dimensions, and the ‘epochs’ of the orbits can be adjusted so as to satisfy the con- 
dition of continuity, with the assiuned value of The investigation just given resolves 
this point. 

212^, We may also briefly notice the case of a circular basin of variable 
depth, the law of depth being the same as in Art. 193, viz. 

'*-*•( 1-9 <!> 

Assuming that 17, C and that h is a function of r only, we 

find, from Art. 209 (2), (3), 

<,^-4.-)c+sf (|.+|i‘)(£-d+»«(|.+l|-J)K-8-o. m 

Introducing the value of k from (1), w^e have, for tho free oscillations, 

(i-S) I- Sf) - K'l- vc) + 

This is identical with Art. 193 (6), except that we now have 

cr^ - 4 g)^ 4<»s 

g/iQ ad^ 

in place of cr'^lgh. The solution can therefore be written down from the results of that 
Art., viz. if we put 

(4) 

ff />0 «■ 

■we have (^^ -^(“i ft y> “2) , (5) 

where — 'y=a4-l; 

and the condition of convergence at the boimdary r—a requires that 

7i=s-h2j, (6) 

where y is some positive integer. The values of cr are then given by (4). 

The forms of the free surface are therefore the same as in the case of no rotation, but 
the motion of the water-particles is difierent. The relative orbits are in fact now ellipses 
having their principal axes along and perpendicular to the radius vector; this follows 
easily from Art. 209 (3). 

In the symmetrical modes {s=0), the equation (4) gives 

-p 4 <d‘^, (7j 

where o-q denotes the ‘speed’ of the corresponding mode in the case of no rotation, as 
found in Art. 193. 

For any value of s other than zero, the most important modes are those for which 
^=5-4-2. The equation (4) is then divisible by cr-f 2a>, but this is an extraneous factor; 
discarding it, we have the quadratic 

cr^ — ^ti)cr=2s^-~y ....(8) 

* See the footnote to Art. 193. 


L. H. 
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(9) 


This gives two waves rotating round the origin, the relative wave-velocity being greater 
for the negative than for the positive wave, as in the case of uniform depth (Art. 210). 
With the help of (8) the formulae reduce to 








1 . a . 

77=^^7-As 



,( 10 ) 


the factor being understood in each case. Since the relative orbits are 

all circles. 

The case 3=1, n = 3, is noteworthy; the free surface is then always plane, and the 
circular orbits have all the same radius. In the following table, which relates to this case, 
^3 stands for where Co= J(^A q). 


ViD 

11 

O 

p=2 

/3 = 6 

j6=40 

(rajcQ 

a‘l'2(jo 

calcQ 

(r/2w 

cajCf^ 

crl2cf) 

(xaIcQ 

1 

±1-414 

+ 1-618 
-0-618 

+ 2*288 
-0*874 

i 

+ 1-264 
-0-264 

+ 3-096 
-0*646 

+ 1-048 
-0-048 

+ 6-626 
-0-302 


When > 3 + 2, we have nodal circles. The equation (4) is then a cubic in or/2co ; it is 
easily seen that its roots are all real, lying between — oo and -1,-1 and 0, and H- 1 and 
+ OC , respectively. The following table is calculated for the case of 3= J, n—b. 


II 

o 

iS=2 

/3=6 

^=40 

(Tfl/Co 



aajcQ 

<r/2c«j o-alcQ 

i 

3 

CM 

crajcQ 

! ±3*742 

i 

1 

+2-889 
-0-125 
-2*764 I 

1 1 

1 

+4-085 • +1-874 

-0-176 ; -0-100 

-.3-909 1 -1-774 

+ 4-590 
-0-245 
-4-344 

+ 1 183 
-0-040 
-1-143 

+ 7-483 
-0-253 
-7*230 


The first and the last root of each triad give positive and negative waves of a somewhat 
similar character to those already obtained in the case of uniform depth. The smaller 
negative root gives a comparatively slow oscillation which, when the angular velocity <o is 
infinitely small, becomes a steady rotational motion, without elevation or depression of the 
surface. The possibility of oscillations of this type was pointed out in Art. 206, ad fin. In 
the present case the transition is easily traced. It follows from (4) that the relevant limiting 
value of cr/2a), when m is infinitesimal, is We then find, from Art. 209 (2), (3), 



^=i(7(l-5^)/(«+<^«, 

(11) 

00 1 

1 

II 

+ 

(12) 

(T 




ultimately, where 
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The most important type oi forced oscillations is such that 

( 13 ) 

“We readily verify, on substitution in (3), that 

T (14) 

^sgh^ — (o-^ — 2<Dcr) 

We notice that when cr=2a) the tide-height has exactly the equilibrium-value, in agree- 
ment with Art. 211. 

If t7i, 0-2 denote the two roots of (8), the last formula may be written 


(1 — Cr/cTi) (1 — O'; 0 - 2 ) 

212 a. Place may be found here for one or two illustrations of the approxi- 
mate procedure outlined in Art. 205 a. 

1®. To take first a known problem, that of the circular basin of uniform depth (Art. 
210). Assuming as the polar co-ordinates of a displaced particle, relative to an initial line 
revolving with the angular velocity o), 

+ ( 1 ) 

the equation of continuity is 

C = _ £l - ^ A . 

h dr r rtd^ 

as in Art. 209 (2). 

With our previous notation 

fa f2Tr . fa f2ir ^ 

^=^p/i I (i'^+f)rd^dr, V-To=yp / i-rdOdrA 

^ J QJ 0 J oj 0 [ (3) 

M'=ph (^tj-r,k)rd6dr. J 

We take as our assumed type, for the gravest mode, 


which make 


1 — 2 + shi {(rt + 6), 


Y = (3A - B) cos {(Tt + 6 ) . 


The constants in (4) have been adjusted so that f shall be finite for r = 0. 

Hence with the definitions of Art. 205 a, taking the mean values of the functions in 
(3), and performing the integrations, 

P=^^7rpha^ {4:A^—3AB +B^), §= — (3d‘^ — JjB), Ii=^7rgph^{ZA —B ...(6) 

If we write for shortness 

c—^{gh), €rajc=tVy — - (7) 

the equation 

a^P+crQ-R=0 ( 8 ) 

becomes 

^ 3 » ^-) A2 - (3.r2 - - 9) J -b (^2 _ I) ^2 _ 0 (9) 

The stationary values of tjc are then given by 

(7^ - 6 ^ - 24) = 0 (10) 

The zero roots may be disregarded as corresponding to a merely circulatory motion, without 
change of surface-level. To compare With the numerical results of Art. 210 (p. 303j we 
put j3 = 2, 6, 40 in succession. The finite roots of (10) are 


20—2 
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in the respective cases. It is only in the third case that there is any serious deviation 
from the correct value. It wiU be seen that the approxinaate method is fairly successful 
over a considerable range of the parameter /3. 


2". In the case of a rectangular basin of uniform depth, we take axes Ox, Oy coincident 
with two of the sides, whose lengths are (say) a, b, respectively. Denoting by |, r; the com- 
ponent displacements of a particle, we have 


Z- 


=iiph f“ r r- To=igp I “ P C^dxdy, 

J oJ 0 J oj 0 




.(11) 


Let us assume as an approximate type 


sin— cos cr#, 7; = .5sin“ sin 0-25 (12) 

a ■ ^ ' 0 


This is suggested by the case of a) = 0, -where either ^ or is zero, and cannot be expected 
to give a good result for more than a limited range of on. From (12) we derive 



t dn /A ttx ^ B Tty . \ 

^ A — tt \ cos cos ^ cos sin ctm 

h cx oy \a a 00 J 

(13) 

Hence 

P=Jpi^a&(A2-t-52), 


(14) 

The equation (8) now takes the form 





(<^-^)5^=o. 

(15) 

where c 

'^^gh as before. The stationary values of cr are therefore given by 



( 0 - 2 -o-i2)((r2- 0-22) = 

256coV2 

’ 

(IS) 


where cn, 0*2 are the values of o- corresponding to oscillations parallel to x and y, respec- 
tively, when there is no rotation. 


In the case of a square basin {a — h)^ we have 


o^-o-r = ±- 


16 a)cr 


For small values of cojo-i fhis may be written 

, 8co 

O'- 0-1= ± -2 . 


(17) 


.(IS)"*^ 


The ratio of .d to ^ in our assumed type is given by 

(o^-cr^)A+^£=0 (19) 

TT 

If <» is small and ar — cri nearly^ whilst and: 0-2 are decidedly unequal, it follows from (16) 
that BjA is small, as might be expected. In the case of the square tank, on the other 
hand, the approximation (17) makes BjA = +1. 

* This differs from the result given by Bayleigh (Phil. Mag. (6), v. 301), viz. (r~-ai~± IGw/tt^. 
\PaperSy v. 93.] 
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Tides on a Rotating Glohe. 

213. We proceed to give some account of Laplace’s problem of the tidal 
oscillations of an ocean of (comparatively) small depth covering a rotating 
globe*. In order to bring out more clearly the nature of the approximations 
which are made on various grounds, we adopt a method of establishing the 
fundamental equations somewhat different from that usually followed. 

When in relative equilibrium, the free surface is of course a level-surface 
with respect to gravity and centrifugal force; we shall assume it to be a 
surface of revolution about the polar axis, but the ellipticity will not in the 
first instance be taken to be small. 


We adopt this equilibrium-form of the free surface as a surface of reference, 
and denote by 6 and ^ the co-latitude {i,e. the angle which the normal makes 
with the polar axis) and the longitude, respectively, of any point upon it. 
We shall further denote by ^ the altitude, measured outwards along a normal, 
of any point above this surface. 

The relative position of any particle of the fluid being specified by the 
three orthogonal co-ordinates 6, (p, z, the kinetic energy of unit mass is 
given by 

2T = -f- -p (ci) -j- 0)^ "I" •(!} 

where R is the radius of curvature of the meridian-section of the surface of 
reference, and tv is the distance of the particle from the polar axis. It is to 
be noticed that is a function of 6 only, whilst tv is a function of both 9 
and z ; and it easily follows from geometrical considerations that 


3tv 


{R 4- z) 30 


■■ cos 6, 


9tv 


= sin 6. 


•(2) 


The component accelerations are obtained at once from (1) by Lagrange’s 
formula. Omitting terms of the second order, on account of the restriction to 
infinitely small motions, we have 




dej 


+ Z 


R + z\dt dO 

I fddT dT\ 


(o)- + 2Q)(j>) tv , 


■ d(p 
ddT dT 




z dz ^ ^ dz 


dt dz dz 


.(a) 


Hence, if we write n, Vj w for the component relative velocities of a particle, 


viz. 


u = (R + z) 0i v = tv(|>, w==z, 


w 


* ‘‘Beeherclies sur quelgiies points du sjstdme du monde,’’ iLT^w. de VAcad. my. des Sciences, 
1775 [1778] and 1776 [1779]; Oeuvres Completes, ix, 88, 187. The investigation is reproduced, 
with various modifications, in the Micanique Celeste, Livre c. i. (1799). 
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and make use of (2), the hydrodynamical equations may be put in the forms 


Impose + + 


d-u 

m' 

— 4- 2mi cos 6 + 2G)ii; sin ^ ^ ^ 4- n"] , 

dt tzr (79 \/3 / 




dw 


— 2coy sin 6 


oz \p 


where is the gravitation-potential due to the earth’s attraction, whilst fl 
denotes the potential of the disturbing forces. 

So far the only approximation has consisted in the omission of terms of 
the second order in u, v, w. In the present application, the depth of the sea 
being small compared with the dimensions of the globe, we may replace 
4- 5 by i?. We will further assume that the vertical velocity w is small 
compared with the horizontal components v and that dwfdt may be 
neglected in comparison with m. As in the theory of ' long ’ waves, such 
assumptions are justified a postm'iori if the results obtained are found to be 
consistent with them (cf. Art. 172). 


Let us integrate the third of equations (5) between the limits z and 
where f denotes the elevation of the disturbed surface above the surface of 
reference. At the surface of reference {z = 0) we have 

= const., 


by h}q)othesis, and therefore at the free surface (z = 

= const. -I- gty 


approximately, provided g — 




:=0 


.( 6 ) 


Here g denotes the value of apparent gravity at the surface of reference; 
it is of course, in general, a function of 6, but its variation with 5 is> 
neglected. 


The integration in question then gives 

P ^ = const. + g^+2co sin 6 [ vdz, (7) 

where the variation of the disturbing potential fl with z has been neglected 
in comparison with g. The last term is of the order of (ohv sin 6, where h is the 
depth of the fluid, and it may be shewn that in the subsequent applications 
this is of the order hja as compared with Hence, substituting in the first 
two of equations (5), we obtain, with the approximations indicated, 

where f=-fl/gr. (9) 
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These equations are independent of z, so that the horizontal motion may be 
assumed to be sensibly the same for all particles in the same vertical line. 

As in Art. 198, this last result greatly simplifies the equation of continuity. 
In the present case we find without diflSculty 

+ ( 10 , 

ot Tz ( d(f> ) 

It is important to notice that the preceding equations involve no 
assumptions beyond those expressly laid down; in particular, there is no 
restriction as to the ellipticity of the meridian, which may be of any degree 
of oblateness. 


214 . In order, however, to simplify the question as far as possible, with- 
out sacrificing any of its essential features, we now take advantage of the 
circumstance that in the actual case of the earth the ellipticity is a small 
quantity, being in fact comparable with the ratio {co^afg) of centrifugal force 
to gravity at the equator, which ratio is known to be about Subject to 
an error of this order of magnitude, we may put i? = a, tsT = a sin — const., 
where a is the earth s mean radius. We thus obtain 


dll 

Jt 


— cos ^ ■ 


add 


f), 2C0MCOS 0 = — - 


dt 


a sin dd4> 


a- a 


with 


dt' 


a sin 6 


dQiii^inO) d{hv)'\ 


•( 1 ) 

•( 2 ) 


this last equation being identical with Art. 198 (1)^. 

Some conclusions of interest follow at once from the mere form of the 
equations (1). In the first place, if ti, v denote the velocities along and 
perpendicular to any horizontal direction $, we easily find, by transforma- 
tion of co-ordinates, 


0U 

Tt' 


- 2<i>v cos 0 — - g 




.( 3 ) 


In the case of a narrow canal, the transverse velocity v is zero, and the 
equation (3) takes the same form as in the case of no rotation; this has 
been assumed by anticipation in Art. 183. The only effect of the rotation in 
such cases is to produce a slight slope of the wave-crests and furrows in the 
direction across the canal, as investigated in Art. 208. In the general case, 
resolving at right angles to the direction of the relative velocity {q, say), we 
see that a fluid particle has an apparent acceleration 2o)q cos d towards the 
right of its path, in addition to that due to the forces. 

Again, by comparison of (1) with Art. 207 (5), we see that the oscillations 
of a sheet of water of relatively small dimensions, in colatitude 6, will take 
place according to the same laws as those of a plane sheet rotating about 
a normal to its plane with angular velocity <o cos d, 

* Except for the notation these are the eqnations arrived at by Laplace, Le. ante p. 309. 
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As in Art. 207, free steady motions are possible, subject to certain 
conditions. Putting ? = 0. we find that the equations (1) and (2) are 
satisfied by constant values of u, v, provided 

i___K v=^—^ — (4) 

2(Basin^cos(9a^’ - 2(oacos0dd’ 

d{hsecd,t)_n (5) 

~d(d7¥) ® ^ ^ 

The latter condition is satisfied by any assumption of the form 

f(h sec 6), (^) 

and the equations (4) then give the values of u, v. It appears from (4) that 
the velocity in these steady motions is everywhere parallel to the contour- 
lines of the disturbed surface. 

If h is constant, or a function of the latitude only, the only condition 
imposed on ^ is that it should be independent of (j); in other words the 
elevation must be symmetrical about the polar axis. 

215. We shall suppose henceforward that the depth his function of 6 
only, and that the barriers to the sea, if any, coincide with parallels of 
latitude. 

We take first the cases where the disturbed form of the water-surface 
is one of revolution about the polar axis. When the terms involving are 
omitted, the equations (1) and (2) of the preceding Art. take the forms 




; + 2coii cos 0^0, 


d(hu sin 0) 
a sin Odd 


Assuming a time-factor and solving for v, we find 


- 4a)’ cos- 6 add 


(?-rx 


cr — 4cf)- cos^ d add 
d Qiii sin 0) 
a sin Odd 


(r-rx-(3) 


The formulae for the component displacements {|, say) can be written 
down from the relations zf = |, t? = or w = zVf , v = iaTj. It appears that the 
fluid particles describe ellipses having their principal axes along the meridians 
and the parallels of latitude, respectively, the ratio of the axes being 
cr/2ft> . sec 6. In the forced oscillations of the present type the ratio o-/2a> is 
very small ; so that fche ellipses are very elongated, with the greatest length 
from E. to W., except in the neighbourhood of the equator. 

Eliminating u and v between (3) and (4), and writing, for shortness, 




( 5 ) 
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we find 

d k sin 0 3f'\ . . , . - 

a sin 0d0 — cos- 0 80/ ~ 

(6) 

In the case of uniform depth, this becomes 





(0 

where fi- 

^ ^ 4ma 46)- a- 

= cos u, and j3 — — ^ — = — 

A ff/i 

(8) 

216. 

First, as regards the /7'ee oscillations. Putting f = 0, 

we have 




(9) 


and we notice that in the case of no rotation this is included in (1) of Art. 199, 
as may be seen by putting /= oo . The general solution of (9) 

is necessarily of the form 

( 10 ) 

where is an even, and /(/^) an odd, function of /a, and the constants 

A, B are arbitrary. In the case of a zonal sea bounded by two parallels of 
latitude, the ratio A : B and the admissible values of f (and thence of the 
frequency < 7 / 277 ) are determined by the conditions that ^^ = 0 at each of these 
parallels. If the boundaries are symmetrically situated on opposite sides 
of the equator, the oscillations fall into two classes; viz. in one of these 
5 = 0, and in the other A = 0. By supposing the boundaries to contract to 
points at the poles, we pass to the case of an unlimited ocean, and the 
admissible values of f are now determined by the condition that %i must be 
finite for //.= + 1. The argument is, in principle, exactly that of Art. 201, 
but: the application of the last-mentioned condition is now more difficult, 
owing to the less familiar form in which the solution of the differential 
equation is obtained. 

In the case of symmetry with respect to the equator, we assume, 
following the method of Kelvin* and Darwin f, 

+ ■ . • + + ( 11 ) 

This leads to 

r = ^ - + 1 (B, -f^B,) /.^ + . . . + 1 -r-B,j-{) .(i2> 

where A is arbitrary ; and makes 

^ f ¥) = B, + Z{B,- B,) + ... + (2i + 1) - -By-0 


* Sir W. Thomson, “Note on the ‘Oscillations of the First Species’ in Laplace’s Theory of 
the Tides,” Fhil, Mag. (4), 1. 279 (1875) [Papers, iv. 248]. 

t “On the Dynamical Theory of the Tides of Long Period,” Proc, Bog. Soc. xli. 337 (1886) 

[Papers, i. 366]. 
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Substituting in (9), and equating coefiScients of the several powers of /i, 
we find 

(M) 

^■-('- 2 ^)®-“'’ 

and thenceforward 

” 2j(2j + l)) “ 2jWTT) ^ 

These equations determine ... .Ssj+u ^ succession, in terms of 

A, and the solution thus obtained would be appropriate, as already explained, 
to the case of a zonal sea hounded by two parallels in equal N. and S. latitudes. 
In the case of an ocean covering the globe, it would, as we shall prove, give 
infinite velocities at the poles, except for certain definite values off. 

Let us write ? * (1*^) 

we shall shew, in the first place, that as j increases JV} must tend either to 
the limit 0 or to the limit 1. The equation (36) may be written 

2j(2j+l)^2j{2j+l)N-j ^ ^ 

Hence, when j is large, either 



approximately, or Nj^j is not small, in which case iV }^2 will be nearly equal 
to 1, and the values of iV}^s, ... will tend more and more nearly to 1, 
the approximate formula being 

iVj+x = 1 - ^.y.~ ]i (20) 

Hence, with increasing j, Nj tends to one or other of the forms (19) and (20). 

In the former case (19), the series (11) will be convergent for ya= ± 1, and 
the solution will be valid over the whole globe. 

In the other event (20), the product Nj+i, and therefore the 

coefficient J? 2 j+i, tends with increasing j to a finite limit other than zero. 
The series (11) will then, after some finite number of terms, become com- 
parable with 1 -f -F -h . . . , or (1 — so that we may write 

^' = Z + _^, (21) 

where L and AT are functions of fi which remain finite when /a = + 1. Hence, 
from (3), 

I — £ 1(1 -;.•)* i + (I J?). .. .(22) 

which makes infinite at the poles. 
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It follows that the conditions of onr problem can he satisfied only if Nj 
tends to the limit zero ; and this consideration, as we shall see, restricts us to 
a determinate series of values of /. 

The relation (18) may be put in the form 

^5- , (23) 

2i(2j+l) 

and by successive applications of this we obtain Nj in the form of a 
convergent continued fraction 

^ 0 /3 

2j(2j + l) (2; + 2) (2) +3) (2/ + 4) (2/ + 5) 

' 1 I 1 11 4 ’ 

2j(2j+l)'^" (2J + 2)(2i + 3)'^ ^ (2j + 4)(2j + 5)^- 

(24) 

on the present supposition that tends with increasing k to the limit 0, 
in the manner indicated by (19). In particular, this formula (24) determines 
the value of iVg- Now from (15) we must have 

(25) 

A. A. 

, yS/^ 4.5 6.7 „ 

whence 1 - ^3 + — ^ » W 

^ 4.5'^^ 6.7^'" 


which is equivalent to i\^i = oo . This equation determines the admissible 
values of f(=a-l2o)). The constants in (11) are then given by 

= Bs^JSfoJA, ..(27) 

where A is arbitrary. 

It is easily seen that when ^ is infinitesimal the roots of (26) are given by 
^ =yS/" = ,i(n + l), (28) 

where n is an even integer ; cf. Art. 199. 

One arithmetically remarkable point remains to be noticed. It might 
appear at first sight that when a value of f has been found from (26) the 
coefficients B^, ... could be found in succession from (15) and (16), or 

by means of the equivalent formula (18). But this would require us to start 
with exactly the right value of / and to observe absolute accuracy in the 
subsequent stages of the work. The above argument shews, in fact, that any 
other value, differing by however little, if adopted as a starting point for the 
calculation will inevitably lead at length to values of A) which approximate 
to the limit 1 *. 


Sir W. Thomson, Lc. ante p. 313. 
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Ao approximation to the longest free period may be attempted by the method of 
Art. 205«. 


Denoting by r] the displacements southwards and eastwards, respectively, we have, 
ill the notation of the Art. referred to, 


^==7TpAa‘j sin 0 dB, M'—27rpha^j cos ^ . 7 - 77 . ^ cos sin ^ cZ<9, j 

Trgpa^ I f 2 yin Q d3 . 

J 0 


...(29) 


"We will assume that as in the case of no rotation the surface elevation is represented 
by a zonal harmonic of the second order. The formulae (3) of Art. 215 then suggest for our 


assumed type 

f =x4 sin ^ cos d cos or^, 7 ==. 8 sin d cos^d sin o-^, (30) 

which make 

f = ^ (I sin ^1) = - - (3 cos2 (9 - 1) A cos crt (31) 

a sin ^ cd ^ ^ ^ 


We find 

P—7Tpha^{-f^A^^r^sB-\ Q—^^rrp(iihcPAB^ R—^irgph^A^ (32) 


The equation (10) of Art. 205 a becomes 

(^2_6)J24.^^.|.^^^^|^2^2 = 0, (33) 

where 

x—cra j fJ(jgh\ /3=4cdV/^A (34) 

The stationary values of x are then given by 

^2=6+f^. (35) 


For example, taking j3=5, which would correspond in the case of the earth to a depth 
of 58080 ft., we find 

aa , V (gh) — 2 *854, ©/o- = *391 7. 

The latter number gives the period in terms of the sidereal day. Hence in sidereal time 
27r/cr=9h. 24 m. The true period, as calculated by Hough (see Art. 222) is 9h. 52 m., but 
this allows for the mutual gravitation of the disturbed water, which we have neglected. 

A correction is however easily made. Since we neglect effect of centrifugal force on 
gravity the influence of Jo in (29) may be disregarded, whilst the value of V is altered in 
the ratio 


1-1^1 =-892, 

' Po 

where pi/po( = *18) is the ratio of the density of the water to the mean density of the earth 
(see Art. 200). The result is to replace (35) by 

^=5*352+^^ (36) 

For ^=5 this gives a period of 9h. 48 m., in close approximation to Hough’s value. 

For greater values of i.e. smaller depths of the ocean, or greater speeds of rotation, 
the approximation is less satisfactory, as we should expect from the nature of our assumed 
type. 


217. It is shewn in the Appendix to this Chapter that the tide-generating 
potential, when expanded in simple-harmonic functions of the time, consists 
of terms of three distinct types. 

The first type is such that the equilibrium tide-height would be given by 

cos® 6) . cos {crt -f e)* (37) 

* In strictn^s, 6 here denotes the geocentric latitude, but the difference between this and the 
geographical latitude may be neglected consistently with, the assumptions introduced in Art. 214. 
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The corresponding forced waves are called by Laplace the ' Oscillations of the 
First Species ' ; they include the lunar fortnightly and the solar semi-annual 
tides, and generally all the tides of long period. Their characteristic is 
symmetry about the polar axis, and they form accordingly the most important 
case of forced oscillations of the present type. 

If we substitute from (37) in (7), and assume for 

^ and f 
dfL 

expressions of the forms (11) and (12), we have, in place of (14), (15), 

(38) 






.(39) 


whilst (16) and its consequences hold for ail the higher coeflScients. It may 
be noticed that (39) may be included under the general formula (16), provided 
we write £^i = — 2H\ It appears by the same argument as before that the 
only admissible solution for an ocean covering the globe is the one that makes 
= 0, and that accordingly Nj must have the value given by the continued 
fraction in (24), where /is now prescribed by the frequency of the disturbing 
forces. 

In particular, this formula determines the value of iTj. Now 
and the equation (38) then gives 

(40) 

in other words, this is the only value of A which is consistent with a zero 
limit of Nj, and therefore with a finite velocity at the poles. Any other value 
of A, if adopted as a starting point for the calculation of Bs, ... in 
succession, by means of (38), (39), and (16), would lead ultimately to values 
of Nj approximating to the limit 1. Moreover, since absolute accuracy in the 
initial choice of A and in the subsequent computations would be essential to 
avoid this, the only practical method of calculating the coefficients is to use 
the formulae 

BJH' = - 2A;, B, = N,B,, B, = N,B,, . . . , 

or BJH' = - 2 B,/H' = - 2N,N,, B./H' = - 2N^N^N,, . . . 

...(41) 

where the values of Ai, Ag, As, ... are to be computed from the continued 
fraction (24). It is evident A posteriori that the solution thus obtained will 
satisfy all the conditions of the problem, and that the series (12) will converge 
with great rapidity. The most convenient plan of conducting the calculation 
is to assume a roughly approximate value, suggested by (19), for one of the 
ratios Aj of sufficiently high order, and thence to compute 

Aj-i, Ni 
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in succession by means of the formula (23). The values of the constants 
A, Bi, Bs, .... in (12), are then given by (40) and (41). For the tidal elevation 

we find 

^IH' = - - (1 -/=iV,) -Wia 

-I N,N,... JV^_, ( 1 -r-N^) lAl- (42) 

In the case of the lunar fortnightly tide, f is the ratio of a sidereal day 
to a lunar month, and is therefore equal to about or more precisely *0365. 
This makes /^ = *00133. It is evident that a fairly accurate representation 
of this tide, and a fortiori of the solar semi-annual tide, and of the remaining 
tides of long period, will be obtained by putting /=0; this materially 
shortens the calculations. 

The results will involve the value of /3, = 4iOd^a^lgh, For ^ = 40, which 
corresponds to a depth of 7260 feet, we find in this way 

= *1515 - 1*0000/1,2 + 1-5153//.^ - l*2120/t^ -H *6063/i,« - •2076/x'‘^ 

+ •0516/,6^2 .oo97)a^^ + ~ *0002/,6^8^ (43)* 

whence, at the poles (//.= ± 1), 

?=-|fl'x*154, 

and, at the equator (fju—O), 

^ir'x*4e55. 

Again, for /3 ~ 10, or a depth of 29040 feet, we get 

= *2359 - 1*0000/1,2 + *5898/1,^ - *1623/^® 

+ •0258/1,® - *0026/1,^^ + *0002/1,^2 (44) 

This makes, at the poles, 

X *470, 

and, at the equator, 

Jfi''x*708. 

For ^ = 5, or a depth of 58080 feet, we find 
tIH' = *2723 - l*0000yL^2 + .3404/^4 

- '0509 fjL^ + *0043/^® - •0004/i,'o ..(45) 

This gives, at the poles, 

f=-|i7'x-651, 

and, at the equator, 

?= i^'x*8l7. 

Since the polar and equatorial values of the equilibrium tide are - fif' 
and respectively, these results shew that for the depths in question 
the long-period tides are, on the whole, direct, though the nodal circles will, 
of course, be shifted more or less from the positions assigned by the equi- 
librium theory. It appears, moreover, that, for depths comparable with the 
actual depth of the sea, the tide has less than half the equilibrium value. 

^ The coefficients in (4S) and (44) differ only slightly from the numerical values obtained by 
Darwin for the case /= *0365. 
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It is easily seen from the form of equation (7) that with increasing depth, 
and consequent diminution of /3, the tide-height will approximate more and 
more closely to the equilibrium value. This tendency is illustrated by the 
above numerical results. 

It is to be remarked that the kinetic theory of the long-period tides was 
passed over by Laplace, under the impression that practically, owing to the 
operation of dissipative forces, they would have the values given by the 
equilibrium theory. He proved, indeed, that the tendency of frictional forces 
must be in this direction, but it has been maintained by Darwin^ that in 
the case of the fortnightly tide, at all events, it is doubtful w^hether the effect 
would be nearly so great as Laplace supposed. We shall return to this point 
later. 


218. When the disturbance is no longer restricted to be symmetrical 
about the polar axis, we must recur to the general equations (1) and (2) of 
Art. 214. We retain, however, the assumptions as to the law of depth and 
the nature of the boundaries introduced in Art. 215. 


If we assume that ft, u, v, ^ all vary as where s is integral, the 

equations referred to give 

itru - 2a)D cos ^ = - 1 ^ (t- 0, icrv + 2mi cos 6 = - (f- f), . . .(1) 


with 

Solving for % we find 
u = 


1 id Qtu sin 6) . , 

= ^ ^ + ishvY . 

^ a sin ^ I du 1 


.(2) 


icr 




4m {p — cos^ 0)\d6 f 


cot , 


-y = — 

where we have written 

as before. 


a /cos 6d^ ^ A 

+ cosec <9 , 

4m (/ - — cos- 6)\ f od J 


.(3) 


or . co^a 

== /, = m, 

g 


2<i) 


.(4) 


It appears that in all cases of simple-harmonic oscillation the fluid 
particles describe ellipses having their principal axes along the meridians 
and parallels of latitude, respectively. 

Substituting from (3) in (2) we obtain the differential equation in : 
d 

sin 0d6 

_ — f f cot 0 ^ -H cosec^ 6) -h 4ma^' = - 4ma^. -.-(5) 

/ ^ — cos^ 0 \j 00 J 


[ h sin 6 fdi s . A 1 


* Z.c. ante p. 31S. 
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219. The case s = 1 includes, as forced oscillations, Laplace’s ‘Oscillations 
of the Second Species,’ where the disturbing potential is a tesseral harmonic 
of the second order ; viz. 

^ sin 6 cos 6 . cos {ot + <j> + e)^ (1) 

where cr differs not very greatly from co. This includes the lunar and solar 
diurnal tides. 

In the case of a disturbing body whose proper motion could be neglected, 
we should have a — o), exactly, and therefore /==|. In the case of the moon, 
the orbital motion is so rapid that the actual period of the principal lunar 
diurnal tide is very appreciably longer than a sidereal day^; but the sup- 
position that /— J simplifies the formulae so materially that we adopt it in 
the following investigation f. We find that it enables us to calculate the 
forced oscillations when the depth follows the law 

}i = (l — q cos^ Ao; (2) 

where q is any given constant. 

Taking an exponential factor and therefore putting /=i, 

in Art. 218 (3), and assuming ^ 

= (7 sin ^ cos (3) 

0 C 

we find — {<T — , -y = <7 — . cos 6 (I-) 

mm ^ ^ 


Substituting in the equation of continuity (Art. 218 (2)), we get 

^ ‘ ^ ma dd' 


(5) 


which is consistent with the law of depth (2), provided 

C = H" 

1 — Iqh^jma 


This gives 


1 — 2qh^lma 


( 6 ) 

(7) 


One remarkable consequence of this formula is that in the case of uniform 
depth = 0) there is no diurnal tide, so far as the rise and fall of the surface 
is concerned. This result was first established (in a different manner) by 
Laplace, who attached great importance to it as shewing that his kinetic 
theory was able to account for the relatively small values of the diurnal tide 
as then (imperfectly) known, in striking contrast to what would be demanded 
by the equilibrium theory. 


It is to be remarked, however, that there is an important term in the harmonic develop- 
ment of 0 for wMch o-= oj exactly, provided we neglect the changes in the plane of the disturbing 
body’s orbit. This period is the same for the snn as for the moon, and the two partial tides thus 
prodnced'eombrae into what is called the Muni-solar’ diurnal tide. 

t Taken with very slight alteration from Airy, “Tides and Waves,” Arts. 95 and Darwin, 
JfUncyc, Brit, (9th ed.) , xxiii. S59. . * 
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But, although with a uniform depth there is no rise and fall, there are 
tidal currents. It appears from (4) that every particle describes an ellipse 
whose major axis is in the direction of the meridian, and of the same length 
in all latitudes. The ratio of the minor to the major axis is cos 0, and so 
varies from 1 at the poles to 0 at the equator, where the motion is wholly 
N. and S. 


220. In the case 5=2, the forced oscillations of most importance are 
where the disturbing potential is a sectorial harmonic of the second order. 
These constitute Laplace’s 'Oscillations of the Third Species,’ for which 

5* = H"' sin^ 9 . cos {at + 2<^ + e), (1) 

where a is nearly equal to 2a). This includes the most important of all the 
tidal oscillations, viz. the lunar and solar semi-diurnal tides. 


If the orbital motion of the disturbing body were infinitely slow we should 
have cr = 2a), and therefore /= 1 ; for simplicity we follow Laplace in making 
this approximation, although it is a somewhat rough one in the case of the 
principal lunar tide*. 


A solution similar to that of the preceding Art. can be obtained for the 
special law of depth f 

h — ko sin^ 6 (2) 

Adopting an exponential factor putting therefore /= 1, 5 = 2, 

we find that if we assume 

^' = (7 sin- 6, (3) 


the equations (3) of Art. 218 give 
u = — C cot 6, 


a ^ sin 0 
2m 1 + cos^ 9 ’ 


(^) 


whence, substituting in Art. 218 (2), 

2h. 

VOsin’-^ 

ma 

Putting and substituting from (1) and (3), we find 


and therefore 


a = - 


• 2hQjma 




^ 1 — 2holma 


(5) 

,( 6 ) 

aT) 


For such depths as actually occur in the ocean 2Ao< ma, and the tide is 
therefore inverted. It may be noticed that the formulae (4) make the velocity 
infinite at the poles, as was to be expected, since the depth there is zero. 


221. For any other law of depth a solution can only be obtained in the 
form of a series. In the case of uniform depth, we find, putting 5=2 ,/=!, 

* There is, however, a “limi-solar’ semi-diurnal tide whose speed is exactly 2w if we neglect 
the changes in the planes of the orbits. Cf. p. 320, first footnote, 
t Cf. Airy and Darwin, Ih cc. 


L. H. 


21 
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4ma/A = /3 in Art. 218 (5), 

(1 - jjFf + {/3 (1 - - 2/x^ - 6} - /3 (1 - I, (8) 

whsre is written for cos 6. In this form the equation is somewhat intract- 
able, since it contains terms of four different dimensions in fi. It simplifies 
a little, however, if we transform to 

V, = (1 — jj?^, = sin 6, 
as independent variable ; viz. we find 

(1 _ ^ - (8 - 2*.^ - i3v^) r = - • • -(9) 

which is of thi^ee different dimensions in v. 

To obtain a solution for the case of an ocean covering the globe, we assume 


+ + ( 10 ) 

Substituting in (9), and equating coefficients, we find 

= jBo = 0, 0.54 = 0, (11) 

165e-1054+-/35'"=0, (12) 

and thenceforward 

2j (2J -f- 6) 52j4.4 ~ (2j -f- 3) B2j+2 + ^B2j = 0 (IS) 


These equations give Bq, B^, ... ^ 2 ^, in succession, in terms of which 

is so far undetermined. It is obvious, however, from the nature of the 
problem, that, except for certain special values of h (and therefore of yS), 
which are such that there is a free oscillation of corresponding type (s = 2) 
having the speed 2co, the solution must be unique. We shall see, in fact, 
that unless B^ have a certain definite value the solution above indicated will 
make the meridian component (ii) of the velocity discontinuous at the 
equator^. 

The argument is in some respects similar to that of Art. 217. If we 
denote by Fj the ratio of consecutive coefficients, we have, from (13), 

AT" __ -j + ^ 

- 2j + 6 2j (2j + 6) A/ 

from which it appears that, with increasing y, Nj must tend to one or other 
of the limits 0 and 1. More precisely, unless the limit of iV} be zero, the 
limiting form of Nj+i will be 

(2j + 3)/(2i + 6), or 1 “ > 

approximately. The latter is identical with the limiting form of the ratio 
of the coefficients of v-^ and in the expansion of (1 — We infer that, 
unless B^ have such a value as to make = 0, the terms of the series (10) 

* In the case of a polar sea bounded by a small circle of latitude whose angular radius is 
< Jtt, the value of is determined by the condition that w=0, or d^'Idv^^O^ at the boundary. 
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will become ultimately comparable with those of (1 — v^)^, so that we may 


write 

( 15 ) 

where L, M are functions of v which do not vanish for v = Near the 
equator (z/ = 1) this makes 

g = ( 16 ) 


Hence, by Art. 218 (3), u would change from a certain definite value to an 
equal but opposite value as we cross the equator. 


It is therefore essential, for our present purpose, to choose the value of ^4 
so that = 0. This is effected by the same method as in Art. 217. Writing 
(13) in the form 


/3 


2J + 6 


(17) 


we see that A} must be given by the converging continued fraction 

/3 ^ /3 

,, 2i (2i H- 6) (2j 4- 2) ( 2; + 8) (2; + 4) (2j + 10) 

2j ^5 2j4-7 ^ 

2j + 6 2j + 8 2j+10 

This holds from j = 2 upwards, but it appears from (12) that it will give also 
the value of Ay (not hitherto defined), provided we use this symbol for 
We have then 

B, = B, = As B4, B, = A'.^e, . . ■ • 

Finally, writing ^ we obtain 

^IH'" = + A,i;^ + N.JSLy + ]Sr,N,N,v^ + (19) 

As in Art. 217, the practical method of conducting the calculation is to 
assume an approximate value for Ajj.! , where y is a moderately large number, 
and then to deduce A), Nj^i, ... A^a, Ai in succession by means <if the 
formula (17). 


The above investigation is taken substantially from the very remarkable paper written 
bj Kelvin^ in vindication of Laplace’s treatment of the problem, as given in the 
Mecanique Celeste, In the passage more especially in question, Laplace determines the 
constant by means of the continued fraction for iVi, without, it must be allowed, 
giving any adequate justification of the step ; and the soundness of this procedure 
had been disputed by Airyt, and after him by FerrelJ. 


* Sir W. Thomson, ‘'On an Alleged Error in Laplace’s Theory of the Tides,” BhiL Mag. 
(4), 1. 227 (1875) [Papers, iv. 231]. 
t Tides and Waves,” Art. 111. 

X “Tidal Besearehes,” U.S. Coast Survey Bep. 1874, p. 154. 


21—2 
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Laplace, unfortunately, was not in the habit of giving specific references, so that few of 
his readers appear to have become acquainted with the original presentment^ of the 
kinetic theory, where the solution for the case in question is put in a very convincing, 
though somewhat different, form. Aiming in the first instance at an approximate 
solution by means of a finite series, thus : 

( 20 ) 

Laplace remarks + that in order to satisfy the differential equation, the coefficients would 
have to fulfil the conditions 

A0Bs-2SB^+fiBi =0, 

(2X-~2)(2yt+4)52^,.,2-(2X--2)(2X* * * § + l)52fc+/3^2fc-2=0, ( 21 ) 

-- ifih + 3) B‘i)s: + 2 "h ^■^ 2 k — 

^^27c + 2 = 0 , j 

as is seen at once by putting j 82 i-+ 4 = 0 , B2jc+6—0^ ... in the general relation (13). 

We have here k+l equations between k constants. The method followed is to 
determine the constants by means of the first k relations ; we thus obtain an exact 
solution, not of the proposed differential equation (9), but of the equation as modified by 
the addition of a term to the right-hand side. This is equivalent to an 

alteration of the disturbing force, and if we can obtain a solution such that the required 
alteration is very small, we may accept it as an approximate solution of the problem 
in its original form J. 

Now, taking the first k relations of the system ( 21 ) in reverse order, we obtain ^ 2 fc +3 
in terms of ^ 2*5 thence B^k in terms of and so on, until, finally, B 4 , is expressed in 

terms of £["' ; and it is obvious that if k be large enough the value of B^ 2 k+ 2 i ^^^nd the 
consequent adjustment of the disturbing force which is required to make the solution 
exact, will be very small. This will be illustrated presently, after Laplace, by a numerical 
example. 

The process just given is plainly equivalent to the use of the continued fraction (18) 
in the manner already explained, starting withy-fl=>t, and jVk=PI2k (2k+Z). The 
continued fraction, as such, does not, however, make its appearance in the memoir here 
referred to, but was introduced in the Mecanique Celeste^ probably as an after-thought, as a 
condensed expression of the method of computation originally employed. 

The table on p. 325 gives the numerical values of the coefiScients of the 
several powers of in the formula (19) for in the cases ^ = 4i0, 20, 10, 

5, 1, which correspond to depths of 7260, 14520, 29040, 58080, 290400 feet, 
respectively!. The last line gives the value of for z/ = l, i.e. the ratio 

of the amplitude at the equator to its equilibrium-value. At the poles {v — 0), 
the tide has in all cases the equilibrium-value zero. 

* “Eecherches sur quelques points du sjst^me du monde,*’ ilTm. de FAcad, roy, des Sciences, 
me [1779] {Oeuvres, ix. 187...]. 

I Oeuvres, ix. 218. The notation has been altered. 

J It is remarkable that this argument is of a kind constantly employed by Airy himself in 
his researches on waves. 

§ The first three cases were calculated by Laplace, l.c, ante p, 309 ; the last by Kelvin. The 
numbers relating to the third case have been slightly corrected, in accordance with the computa- 
tions of Hough ; see p. 326. 
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It appears from (19) that near the poles, where v is small, the tides are 
in all cases direct. For sufficiently great depths, ^ will be very small, and 
the formulae (17) and (19) then shew that the tide has everywhere sensibly 
the equilibrium-value, all the coefficients being small except the first, which 
is unity. As h is diminished, /S increases, and the formula (17) shews that 
each of the ratios Nj will continually increase, except when it changes sign 
from -f to — by passing through the value co . No singularity in the 
solution attends this passage of iV} through go, except in the case of Ni, 
since, as is easily seen, the product remains finite, and the coefficients 

in (19) are therefore all finite. But when = oo , the expression for ^ 
becomes infinite, shewing that the depth has then one of the critical values 
already referred to. 

The table given below indicates that for depths of 29040 feet, and 
upwards, the tides are everywhere direct, but that there is some critical 
depth between 29040 feet and 14520 feet, for which the tide at the equator 
changes from direct to inverted. The largeness of the second coefficient in 
the case /3 = 40 indicates that the depth could not be reduced much below 
7260 feet before reaching a second critical value. 

Whenever the equatorial tide is inverted, there must be one or more pairs 
of nodal circles (t = 0), symmetrically situated on opposite sides of the 
equator. In the case of ^ = 40, the position of the nodal circles is given by 
V = ‘95, or 0 = 90° ± 18°, approximately*. 



iS = 40 

^=20 

(3 = 10 

^=5 

(3=1 

1.2 ■ 

- 1 - 1*0000 

+ 1*0000 

+ 1*0000 

+ 1*0000 

+ 1*0000 


4-20*1862 

-0*2491 

+ 6*1915 

+0-7504 

+0*1062 


+ 10*1164 

- 1-4056 

+ 3*2447 

+ 0-1566 

+0-0039 


- 13*1047 

-0-8594 

+0*7234 

+ 0*0157 

-h 0*0001 ! 

^10 

-15-4488 

-0-2541 

+0*0919 

+ 0*0009 

1 

X,12 

- 7*4581 

-00462 

+0-0076 




- 2*1975 

-0*0058 

+ 0*0004 

i 


1,16 

- 0*4501 ! 

-0*0006 


\ 


^18 

- 0*0687 





^20 

- 0*0082 





1/22 

- 0*0008 



i 


1,24 

- 0*0001 



\ 

i 



- 7*434 

-1*821 

4-11*259 

! +1-924 

+ 1*110 


We may use the above numerical results to estimate the closeness of the approxi- 
mation in each case. For example, when j8=40, Laplace finds — ‘OOiXiOAH’" ; the 
addition to the disturbing force which is necessary to make the solution exact would then 
] 3 e — *000025'"' and would therefore bear to the actual force the ratio — *00002i^^. 

* For a fuller discussion of these points reference may be made to the original investigation 
of Laplace, and to Kelvin’s papers. 
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222. The dynamical theory of the tides, in the case of an ocean covering 
the fflobe, with depth uniform along each parallel of latitude, has been greatly 
improved and developed by Hough*, who, taking up an abandoned attempt 
of Laplace, substituted expansions in spherical harmonics for the series of 
powers of ^ (or i>). This has the advantage of more rapid convergence, 
especially, as might be expected, in cases where the influence of the rotation 
is relatively small j and it also enables us to take account of the mutual 
attraction of the particles of water, which, as we have seen in the simpler 
problem of Art. 200, is by no means insignificant. 

If the surface-elevation and the conventional equilibrium tide-height f 
(in "which the effect of mutual attraction is not included), be expanded in 
series of spherical harmonics, thus 

( 1 ) 

the complete expression for the disturbing potential will be 

c£ Art. 200. The series on the right-hand is to be substituted for f in the 
equations of Arts. 214. . . ; this will be allowed for if we write 

r=2(a„r«-?»x (2) 

= 

in modification of the notation of Art. 215 (5) or Art. 218 (4). 

In the oscillations of the 'First Species/ the differential equation may he 
written 

« 

If we assume 

^=2a„P„(^), ?-27»P«(/^), (5) 

we have f ' = 2 (a^Cn - 7 ^) F^. (ft) ( 6 > 

Substituting in (4), and integrating between the limits — 1 and fi, we find 
{HP 

+ + a J = 0. ...( 7 ) 

Now, by known formulae of zonal harmonics f, 

f’fi 1 fJ P 




* “Oa the AppKcation of Harmonic Analysis to the Dynamical Theory of the Tides,” PhiL 
Trans. A, clxxxis. 201, and cxci. 139 (1897). See also Darwin’s Papers, iv. 190. 

t See Todhunter, Functions of Laplace, (Pc. c, v.; Whittaker and Watson, Modern Analysis, 
p. 309. 
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J _i ^ 2// + 1 ~ 




1 f 1 7 7l-h2 

. 


dPn-.\] 

271 4- 1 {271 -f- 3 V dp, 

dp J 

2 /1 — 1 v, dp 

dp )] 

1 


2 dPn 


(2«+l)(2/i + 3) dp 

"■(2)r 

-r)(2/i + 3) dp 



+ 1 Ah’n-. 

■*'(2w-l)(2?i+l) dy. ■ 

Substituting in (7), and equating to zero the coefficient of (1-^^-) 
we find 


. ...(9) 

dT, 


(2/1 + 3) (2/1 + 5) 


■ LnPn + 


where 


{2n — 3) {2n - 1) 
2 «. 




z - ^ 

” w(ra + l) (2n-l)(2/H-3) ‘ 


...( 10 ) 

...( 11 ) 


The relation (10) will hold from n = 1 onwards, provided w^e put 

0_, = 0, Co = 0. 

The further theory is based substantially on the argument of Laplace, 
given in Art. 221; and the work follows much the same lines as in Arts. 216, 
217, 221. 

In the free oscillations we have = 0, and the admissible values of f 
are determined by the transcendental equation 



1 1 

r 3.5^7 7. 9= 11 „ 

“ P^) 

according as the mode is symmetrical or asymmetrical with respect to the 
equator. Alternative forms of the period equations are given by Hough, 
suitable for computation of the higher roots, and it is shewn that close 
approximations are given by the equations = 0 or 

4- 1 + »(n + 1) {(l - £) A ^ 


,...(14) 


4^2 • ^ 2,1 + 1 pj (2n - 1) (2/i + 3)j ‘ ‘ ^ 

except for the first two or three values of n*. 

The following table gives the periods (in sidereal time) of the slowest symmetrical 
oscillation fe, the one in which the surface-elevation would vary as P 3 (/x) if there were 
no rotation), corresponding to various depths!. 

* Beference may also be made to Poole, Froc, Lond, Math. Soc. (2) xix. 299. 

t The slowest asymmetrical mode has a much longer period. It involves a displacement of 
the centre of mass of the water, so that a correction would be necessary if the nucleus were free ; 
cf. Art. 199 . 
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p 

Depth 

(feet) 

O'- 

4^2 

Period 

h. m. 

Period 
when ( 0=0 
h. m. 

40 

' 7260 

•44155 

18 3-5 

32 49 

20 

14520 

•62473 

15 11*0 

23 12 

10 j 

29040 

•92506 

12 28*6 

16 25 

5 

58080 

1-4785 

9 52*1 

11 35 


Tbe results obtained for the forced oscillations of the ^ First Species ’ are very similar 
to those of Art. 217. The limiting form of the long-period tides when (r=0 shews the 
following results ; 



p/Po=T81 I 

pIPo = 0 


Pole 

Equator i 

Pole 

Equator 

40 

•140 

*426 

•154 

•455 

20 

•266 

•551 



10 

•443 

•681 

•470 

•708 

5 

•628 

•796 

■651 

•817 


The second and third columns give the ratio of the polar and equatorial tides to the 
respective equilibrium-values^. The numbers in the fourth and fifth columns are repeated 
from Art. 217. The comparison shews the effect of the mutual gravitation of the water 
in reducing the amplitude. 

223. In the more general case, where symmetry about the axis is not 
imposed, the surface-elevation ^ is expanded by Hough in a series of tesseral 
harmonics of the type 

Pnin) ( 1 ) 

In relation to tidal theory the most important cases are where the disturbing 
potential is of the form ( 1 ), with = 2 and 5 = 1 or 5 = 2 . 

The calculations are necessarily somewhat intricate f, and it must suffice 
here to mention a few of the more interesting results, which will indicate 
how the gaps in the previous investigations have been filled. 

To understand the nature of free oscillations, it is best to begin with 
the case of no rotation (tu = 0). As m is increased, the pairs of numerically 
equal, but oppositely-signed, values of a which were obtained in Art. 199 

* The numbers are deduced from Hough’s results. The paper referred to contains discussions 
of other interesting points, including an examination of cases of varying depth, with numerical 
illustrations. 

t A simplification is made by Love, “Notes on the Dynamical Theory of the Tides,” Proc, 
Lond. Math, Soc. (2), xii. 309 (1913). He writes 

„ gx _ ^ _ dx 

ad$ fit sin 59^’ a sin 99^ a9^’ 

cf. Art. 154 (1), The values of x» f are expanded in series of spherical harmonics. 
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begin to diverge in absolute value, that being the greater which has the 
same sign with co. The character of the fundamental modes is also gradually 
altered. These oscillations are distinguished as ‘ of the First Class.' 

At the same time certain steady motions which are possible, without 
change of level, when there is no rotation, are converted into long-period 
oscillations with change of level, the speeds being initially comparable with 
o). The corresponding modes are designated as ‘of the Second Class'^; 
cf. Art. 206. 

The following table gives the speeds of those modes of the First Class which are of 
most importance in relation to the diurnal and semi-diurnal tides, respectively, and the 
corresponding periods, in sidereal time. The last column repeats the corresponding 
periods in the case of no rotation, as calculated from the formula (15) of Art. 200. 



Second Species 
[s = l] 

Third Species 

[s=2] , 


Depth 

(feet) 

cr 

w 

Period 

h. m. 

O' 1 Period 

i h. m. ! 

i i 

Period 
when a? = 0 

h. m. 

7260 < 

1-6337 

-0-9834 

14 41 

24 24 

! 1 

1-3347 17 59 , 

- 0-6221 ; 38 34 

1 32 49 

j 

14520 ’ 

i-sen 

12 51 

1-6133 i 14 52 i 

1 23 12 

-1*2450 

19 16 

- 0-8922 j 26 54 , 

29040 

2*1641 

11 5 

1-9968 I 12 1 , 

^ 16 25 

1 -1*6170 

14 50 

-1-2855 ! 18 40 j 

58080 

2*6288 

-2T611 

J 

9 8 

11 6 

2*5535 9 24 ( n ok 

-1-8575 ; 12 55 “ ' | 


The quickest oscillation of the Second Class has in each case a period of over a day ; 
and the periods of the remainder are very much longer. 

As regards the forced oscillations of the ‘Second Species/ Laplace's 
conclusion that when cr = m, exactly, the diurnal tide vanishes in the case of 
uniform depth, still holds. The computation for the most important lunar 
diurnal tide, for which cr/a) = *92700, shews that with such depths as we hav^e 
considered the tides are small compared with the equilibrium heights, and 
are in the main inverted. 

Of the forced oscillations of the ‘ Third Species,' we may note first the 
case of the solar semi-diurnal tide, for which o- = 2m with sufficient accuracy. 
For the four depths given in onr tables, the ratio of the dynamical tide-height 
to the conventional equilibrium tide-height at the equator is found to be 
4- 7*9548, - 1*5016, - 234*87, + 2*1389 

respectively. 

^ These two classes of osciUations have been already encotmtered in the plane problem of 
Art. 212. 
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'^The very large coefficients which appear when ^ ^ indicate 

that for this depth there is a period of free oscillation of semi-diurnal type 
whose period differs but slightly from half-a-day. On reference to the 
tables ... it will be seen that we have, in fact, evaluated this period as 
12 hours 1 minute, while for the case hgj^iciy^a^ — we have found a period 
of 12 hours 5 minutes^. We see then that though, when the period of 
forced oscillation differs from that of one of the types of free oscillation by as 
little as one minute, the forced tide may be nearly 250 times as great as the 
corresponding equilibrium tide, a difference of 5 minutes between these 
periods will be sufficient to reduce the tide to less than ten times the 
corresponding equilibrium tide. It seems then that the tides will not tend 
to become excessively large unless there is very close agreement with the 
period of one of the free oscillations. 

The critical depths for which the forced tides here treated of become 
infinite are those for which a period of free oscillation coincides exactly with 
12 hours. They may be ascertained by putting [cr = 2ct)] in the period- 
equation for the free oscillations and treating this equation as an equation 
for the determination of h The two largest roots are... , and the corre- 
sponding critical depths are about 29,182 feet and 7375 feet 

“ It will be seen that in three cases out of the four here considered the effect 
of the mutual gravitation of the waters is to increase the ratio of the tide to 
the equilibrium tide [cf. Art. 221]. In two of the cases the sign is also re- 
versed. This of course results from the fact that whereas when [pjpi — 0T8093] 
one of the periods of free oscillation is rather greater than 12 hours, when 
[p/p^ = 0] the corresponding period will be less than 12 hours f.” 

Hough has also computed the lunar semi-diurnal tides for which 

^ = 0-963o0. 

For the four depths aforesaid the ratios of the equatorial tide-heights to their 
equilibrium- values are found to be 

-2*4187, - 1*8000, -I- 11*072.5, +1*9225, 

respectively. 

‘‘On comparison of these numbers with those obtained for the solar 
tides..., we see that for a depth of 7260 feet the solar tides will be direct 
while the lunar tides will be inverted, the opposite being the case when the 
depth is 29,040 feet. This is of course due to the fact that in each of these 
cases there is a period of free oscillation intermediate between twelve solar 
(or, more strictly, sidereal) hours and twelve lunar hours. The critical depths 
for which the lunar tides become infinite are found to be 26,044 feet and 
6448 feet. 

* [Belonging to a mode which comes next in sequence to the one having a period of 17 h. 59 m.] 

t Hough, Phil. Trans. A, cxci. 178, 179. 
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223-224:] 

'' Consequently this phenomenon will occur if the depth of the ocean be 
between 29,182 feet and 26,044 feet, or between 7375 feet and 6448 feet. 
An important consequence would be that for depths lying between these 
limits the usual phenomena of spring and neap tides would be reversed, the 
higher tides occurring when the moon is in quadrature, and the lower at new’ 
and full moon^.” 

The most recent contribution to the dynamical theory consists of two papers by 
Goldsbrough t, who has discussed the tides in an ocean of uniform depth limited by one 
or two parallels of latitude. In the case of a polar basin of angular radius 30°, for instance, 
he finds that for such depths as have been considered in Arts. 217, 221 the long- period 
tides and the semi-diurnal tides do not deviate very widely from the values given by the 
equilibrium theory, when this is corrected as explained in the Appendix. The case is 
however very different with the diurnal tides, which vary considerably with the size 
of the basin and the depth, and are as a rule considerable, whereas we have seen that in 
a uniform ocean covering the globe they are negligible. 

In the case of an equatorial belt, the long-period tides again approximate to the equi- 
librium-values, ’whilst the diurnal and semi-diurnal deviate widely, to an extent 'which 
varies considerably with the position of the boundaries. 

The more difficult case of an ocean bounded by two meridians has not yet been investi- 
gated, except on the supposition that the angular velocity of rotation is small compared 
with the speed of the free oscillations f. The plane problem of a circular sector would 
appear to be somewhat simpler, but has not been solved. 

224. It is not easy to estimate, in any but the most general way, the 
extent to which the foregoing conclusions of the dynamical theory would 
have to be modified if account could be taken of the actual configuration of 
the ocean, with its irregular boundaries and irregular variation of depth §. 
One or two points may however be noticed. 

In the first place, the formulae (1) of Art. 206 would lead us to expect 
for any given tide a phase-difference, variable fi:om place to place, between 
the tide-height and the disturbing forcejj. Thus, in the case of the lunar 
semi-diurnal tides, for example, high-water or low- water need not synchronize 
with the transit of the moon or anti-moon across the meridian. More 
precisely, in the case of a disturbing force of given type for which the 
equilibrium tide-height at a particular place would be 


f=acos at, ..(1) 

the dynamical tide-height will be 

^=zA cos {at — e), (2) 


* Hough, Lc., where reference is made to Kelvin’s Popular Lectures and Addresses, London, 
1894, ii. 22 (1868). 

t “The Dynamical Theory of the Tides in a Polar Basin,” Proc, Lond. Math. Soc. (2), xiv. 
31 (1913) ; “The Dynamical Theory of the Tides in a Zonal Ocean,” xiv. 207 (1914). 

X Eayleigh, Proc. Roy. Soc. A, Ixxxii. 448 (1909) [Papers, v. 497]. 

§ As to the general mathematical problem reference may be made to Poincar4, “Sur Tequi- 
libre et les mouvements des mers,” LiouvUle (6), ii. 57, 217 (1896), and to his Legoris de mexanique 
celeste, iii. 

li This is illustrated by the canal problem of Art. 184. 
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where the ratio Ajoi, and the phase-difference e, will be functions of the 
speed cTj as well as of the position of the station. 

Again, consider the superposition of two oscillations of the same type but 
of slightly different speeds, e.g. the lunar and solar semi-diurnal tides. If the 


origin of t be taken at a syzygy, we have 

f = a cos at + a cos at, (3) 

and ^ = A cos {at — e) -h A' cos {a^t — e) (4) 

This may be written 

(A + A' cos cos {at e) -f- A' sin ^ sin {at — e), (5) 

'where ((> = {a — a')t — € -t e' (6) 

If the first term in the second member of (4) represents the lunar, and the 
second the solar tide, we shall have a < a , and A > A'. If we write 

A -h A' cos = (7 cos a, A' sin ^ = 0 sin of, (7) 

we get f = C cos (o-i^ — € — a), (8) 

where G = (A^ 4- 2A A' cos 6 + A'^)^, a — tan~^ ^ ^ ^ ^ ( 9 ) 

This may be described as a simple-harmonic oscillation of slowly varying 
amplitude and phase. The amplitude ranges between the limits A ± A\ 


whilst a may be supposed to lie always between ± ^tt. The ' speed ’ must 
also be regarded as variable, viz. we find 

d. V <rA^4-(cr-j-cr') AA'coS(f> -f cr'A'“ . . 

A‘+iAA-cosj, + A'- 

TMs ranges between 


Ai 7 + A'cr' 
~A + A' 


and 


Aa - AV 
A-A' - 


.( 11 )* 


The above is the well-known explanation of the phenomena of the spring- 
and neap-tides f ; but we are now concerned further with the question of 
phase. On the equilibrium theory, the maxima of the amplitude C would 
occur whenever 

{a — a) t— 2n7r, 

where n is integral. On the dynamical theory the corresponding times of 
maximum are given by 

{a — a) t {e' — €) = 29 ^ 7 ^, 

{,e. the dynamical maxima follow the statical by an interval^ 

{e -e) I {a - a). 

If the difference between a and a were infinitesimal, this would be equal to 
del da. 


* Helmholtz, Lehre von den Tonempjindungen (2® Aufl.), Braunschweig, 1870, p. 622. 
f Cf. Thomson and Tait, Art. 60. 
t This interval may of course be negative. 
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The fact that the time of high-water, even at syzygy, may follow or 
precede the transit of the moon or anti-moon by an interval of several hours 
is well known*. The interval, when reckoned as a retardation, is, moreover, 
usually greater for the solar than for the lunar semi-diurnal tide, with the 
result that the spring-tides are in many places highest a day or two after 
the corresponding syzygy. The latter circumstance has been ascribed f to 
the operation of Tidal Friction (for which see Chapter xi.), but it is evident 
that the phase-differences which are incidental to a complete dynamical 
theory, even in the absence of friction, cannot be ignored in this connection. 
There is reason to believe that they are, indeed, far more important than 
those due to the latter cause. 

Lastly, it was shewn in Arts. 206, 21*7 that the long-period tides may 
deviate very considerably from the values given by the equilibrium theory, 
owing to the possibility of certain steady motions in the absence of disturbance. 
It has been pointed out by Rayleigh | that these steady motions may be 
impossible in certain cases where the ocean is limited by perpendicular 
barriers. Referring to Art. 214 (6), it appears that if the depth h be 
uniform, f must (in the steady motion) be a function of the co-latitude 6 
only, and therefore by (4) of the same Art,, the eastward velocity v must be 
uniform along each parallel of latitude. This is inconsistent with the existence 
of a perpendicular barrier extending along a meridian. The objection would 
not necessarily apply to the case of a sea shelving gradually from the central 
parts to the edge§. 

225 . We may complete the investigation of Art. 200 by a brief notice of 
the question of the stability of the ocean, in the case of rotation. 

It has been shewn in Art. 205 that the condition of secular stability is 
that V—Tq should be a minimum in the equilibrium configuration. If we 
neglect the mutual attraction of the elevated w-ater, the application to the 
present problem is very simple. The excess of the quantity F — To over its 
undisturbed value is evidently 

[ [| j'^(^ - d^dS, (1) 

where denotes the potential of the earth’s attraction, hS is an element of 
the oceanic surface, and the rest of the notation is as before. Since 

* The values of the retardations (which we have denoted by e) for the various tidal com- 
ponents, at a number of ports, are given by Baird and Darwin, “Eesults of the Harmonic 
Analysis of Tidal Observations,” Proc. B, S. sxxix. 135 (1885), and Darwin, “Second Series of 
Eesuits...,” ProG. B, S, xlv. 556 (1889). 

f Airy, “Tides and Waves,” Art. 459. 

X “Note on the Theory of the Fortnightly Tide,” Phil. Mag, (6), v. 136 (1903) [Papers, 
iv. 84]. 

§ The theory of the limiting forms of long-period tides in oceans of various types is discussed 
by Proudman, Proc, Lond. Math, Soc. (2), xiii. 273 (1913). 
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is constant over the undisturbed level {z = 0), its value at a small altitude 5 
may be taken to be gz + const., where, as in Art. 213, 

[I 


Since = 0, on account of the constancy of volume, we find from (1) that 

the increment of 7 - To is 

^Jg^dS. (3) 

This is essentially positive, and the equilibrium is therefore ‘secularly’ stable*. 

It is to be noticed that this proof does not involve any restriction as to 
the depth of the fluid, or as to smallness of the ellipticity, or even as to 
symmetry of the undisturbed surface with respect to the axis of rotation. 

If we wish to take into account the mutual attraction of the water, the 
problem can only be solved without difficulty when the undisturbed suiface 
is nearly spherical, and we neglect the variation of g. The question (as to 
secular stability) is then exactly the same as in the case of no rotation. 
The calculation for this case will find an appropriate place in the next 
chapter (A.rt. 264!). The result, as we might anticipate from A-rt. 200, is 
that the necessary and sufficient condition of stability of the ocean is that its 
density should be less than the mean density of the earth 

226. This is perhaps the most suitable occasion for a few additional 
remarks on the general question of stability of dynamical systems. We 
have in the main followed the ordinary usage which pronounces a state of 
equilibrium, or of steady motion, to be stable or unstable according to the 
character of the solution of the approximate equations of disturbed motion. 
If the solution consists of series of terms of the type where all the 

values of X are pure imaginary (i.e. of the form icr), the undisturbed state is 
usually reckoned as stable ; whilst if any of the X’s are real, it is accounted 
unstable. In the case of disturbed equilibrium, this leads algebraically to 
the usual criterion of a minimum value of 7 as a necessary and sufficient 
condition of stability. 

It has in recent times been questioned whether this conclusion is, from 
a practical point of view, altogether warranted. It is pointed out that since 
the approximate dynamical equations become less and less accurate as the 
deviation from the equilibrium configuration increases, it is a matter for 
examination how far rigorous conclusions as to the ultimate extent of the 
deviation can be drawn from them|. 

The argument of Dirichlet, which establishes that the occurrence of 
a minimum value of 7 is a sufficient condition of stability, in any practical 

* Of. Laplace, Micanique Celeste, Livie 4”«, Arts. IE, 14. 

f Cf. Laplace, l,c. 

J See papers by Liapounoff and Hadamard, Liouville (5), iii. (1897). 
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sense, has already been referred to. No such simple proof is available to 
shew without qualification that this condition is necessary. If, however, we 
recognize the existence of dissipative forces, which are called into play by 
any motion whatever of the system, the conclusion can be drawn as in 
Art. 205. 

A little consideration will shew that a good deal of the obscurity which 
attaches to the question arises from the want of a sufficiently precise 
mathematical definition of what is meant by 'stability.’ The difficult}" 
is encountered in an aggravated form wffien we pass to the question of 
stability of motion. The various definitions w"hich have been propounded 
by different writers are examined critically by Klein and Sommerfeld in 
their book on the theory of the top^. Rejecting previous definitions, they 
base their criterion on the character of the changes produced in the path of 
the system by small arbitrary disturbing impulses. If the undisturbed path 
be the liynitmg form of the disturbed path when the impulses are indefinitely 
diminished, it is said to be stable, but not otherwise. For instance, the 
vertical fall of a particle under gravity is reckoned as stable, although for 
a given impulsive disturbance, however small, the deviation of the particle’s 
position at any time t from the position which it occupied in the original 
motion increases indefinitely with t. Even this criterion, as the writers 
referred to themselves recognize, is not free from ambiguity unless the phrase 
' limiting form,’ as applied to a path, be strictly defined. It appears moreover 
that a definition which is analytically precise may not in all cases be easy to 
reconcile with geometrical prepossessions f. 

The foregoing considerations have reference, of course, to the question 
of 'ordinary’ stability. The more important theory of 'secular’ stability 
(Art. 205) is not affected. We shall meet wnth the criterion for this, under 
a somewhat modified form, at a later stage in our subject J. 

* TJeber die Tlieorie des Kreisels, Leipzig, 1897..., p. 342. 

f Some good illustrations are furnished by Particle Dynamics. Thus a particle moving in a 
circle about a centre of force varying inversely as the cube of the distance will if slightly disturbed 
either fall into the centre, or recede to infinity, after describing in either ease a spiral with an 
infinite number of convolutions. Each of these spirals has, analytically, the circle as its 
‘limiting form,’ although the motion in the latter is most naturally described as unstable. 
Of. Korteweg, Wiener Ber. May 20, 1886. 

A narrower definition has been given by Love, and applied by Bromwich to several dynamical 
and hydrodynamical problems ; see Proc, Bond. Math. Soc. (1) xxxiii. 325 (1901). 

% This summary is taken substantially from the Art. “Dynamics, Analytical,” in Eneyc. 
Brit. 10th ed. xxvii. 566 (1902), and 11th ed. viii, 756 (1910). 



APPENDIX 


TO CHAPTER VIII 

ON TIDE-GENERATING FORCES 

a. IFj in the annexed figure, 0 and G be the centres of the earth and of the disturbing 
body (say the moon), the potential of the moon’s attraction at a point F near the earth’s 
siuface will be — yM / GF^ where M denotes the moon’s mass, and y the gravitation- 
constant. If we put 00— D, OF^r^ and denote the moon’s (geocentric) zenith-distance 
at P, viz. the angle FOG^ by 3-, this potential is equal to 

yM 

(P 2 _ 2rl) cos r2)^ 



We require, however, not the absolute accelerative effect at P, but the acceleration 
relative to the earth. Kow the moon produces in the whole mass of the earth an 
acceleration parallel to OG, and the potential of a uniform field of force of this 

intensity is evidently 


yM 

’ 


. r cos 5. 


Subtracting this from the former result we get, for the potential of the relative attraction 
at P, 

yM yM 


0 = - 


i+^.?*C0SS. 

(P2_2rPcos^-hr^)^ 


.( 1 ) 


This function Q. is identical with the ^disturbing-function’ of planetary theory. 

Expanding in powers of rjD, which is in our case a small quantity, and retaining only 
the most important term, we find 




•(2) 


Considered as a function of the position of P, this is a zonal harmonic of the second 
degree, with 00 as axis. 

The reader will easily verify that, to the order of approximation adopted, Q, is equal to 
the joint potential of two masses, each equal to ^M, placed, one at (7, and the other at a 
point G' in GO produced such that OG'~OGf. 

b. In the ‘equilibrium-theory’ of the tides it is assumed that the free surface takes 
at each instant the equilibrium-form which might be maintained if the disturbing body 
were to retain imchanged its actual position relative to the rotating earth. In other 

* The effect of this is to produce a monthly inequality in the motion of the earth’s centre 
about the sun. The amplitude of the inequality in radius vector is about 3000 miles; that of 
the inequality in longitude is about 7"; see Laplace, Mdcanique CileBte, Livre 6“^®, Art. 30, and 
Livre 13“®, Art. 10. 

t Thomson and Tait, Art. 804, These two fictitious bodies are designated as ‘ moon ’ and 
* anti-moon/ respectively. 
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words, the free surface is assumed to be a level-surface under the combined action of 
gravity, of centrifugal force, and of the disturbing force. The equation to this level- 
surface is 

^ — ^Q>‘^icr2 + Q = const. , (3 ; 

where co is the angular velocity of the rotation, ts- denotes the distance of any point from 
the earth’s axis, and ^ is the j)otential of the earth’s attraction. If we use square 
brackets [ ] to distinguish the values of the enclosed quantities at the imdisturbed level, 
and denote by ( the elevation of the water above this level due to the disturbing 
potential Q, the above equation is equivalent to 

j ^ _ ^^*2 ^< 72 ) J J Q _ const. , (4) 

approximately, where djoz is used to indicate a space- differentiation along the normal 
outwards. The first term is of course constant, and we therefore have 



Evidently, g denotes the value of ‘apparent gravity’; it will of course vary more or less 
with the position of F on the earth’s surface. 

It is usual, however, in the theory of the tides, to ignore the slight variations in the 
value of g, and the effect of the eUipticity of the undisturbed level on the surface- value 
of Q. Putting, then, r==a, g—yEla\ where .5^ denotes the earth’s mass, and a the mean 


radius of the surface, we have, from (2) and (5), 

?=^(cos25^J)4-6; (7) 

where .a, (8) 


as in Art. 180. Hence the eqmlibrium-form of the free surface is a harmonic spheroid of 
the second order, of the zonal type, whose axis x^asses through the disturbing body. 


C. Owing to the diurnal rotation, and also to the orbital motion of the disturbing 
body, the position of the tidal spheroid relative to the earth is continually changing, 
so that the level of the water at any particular place wdU continually rise and fall. 
To analyse the character of these changes, let B be the co-latitude, and ^ the longitude, 
measured eastward from some fixed meridian, of any place P, and let A be the north-polar- 
distance, aiad a the hour-angle west of the same meridian, of the disturbing body. 
We have, then, 

^ cos^=cos Acos ^-f-sin Asin ^cos(a-p^), (9) 

and thence, by (7), 

f=|H-(cos2A-J)(cos2^-i) 
sin 2 A sin 2^ cos (a + 

-f-^P’sin^ Asm2^cos2 (a+<^)-f-C'. ....(10) 

Each of these terms may be regarded as representing a partial tide, and the results 
superposed. 

Thus, the first term is a zonal harmonic of the second order, and gives a tidal spheroid 
symmetrical with respect to the earth’s axis, having as nodal lines the parallels for which 
cos^ or <9=90“ ±35® 16'. The amount of the tidal elevation in any particular latitude 
varies as cos^A-^. In the case of the moon the chief fluctuation in this quantity has 
a period of about a fortnight ; we have here the origin of the ‘ lunar fortnightly ’ or 
‘ declinational ’ tide. When the sun is the disturbing body, we have a ‘solar semi-annual ’ 
tide. It is to be noticed that the mean value of cos^ A - J with respect to the time is not 

22 


L. H. 
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zero, so that the inclination of the orbit of the disturbing body to the equator involves as 
a consequence a permanent change of mean level. Of. Art. 183. 

The second term in (10) is a spherical harmonic of the type obtained by putting oi = % 
s=l in Art. 86 (7). The corresponding tidal spheroid has as nodal lines the meridian 
which is distant 90“ from that of the disturbing body, and the equator. The disturbance 
of level is greatest in the meridian of the disturbing body, at distances of 45“ N. and S. of 
the equator. The oscillation at any one place goes through its period with the hour- 
angle, a, i.e. in a lunar or solar day. The amplitude is, however, not constant, but varies 
slowly with A, changing sign when the disturbing body crosses the equator. This term 
accounts for the lunar and solar ‘ diurnal ’ tides. 

The third term is a sectorial harmonic (7i=2, s=2), and gives a tidal spheroid having 
as nodal lines the meridians which are distant 45“ E. and W. from that of the disturbing 
body. The oscillation at any one place goes through its period with 2a, i.e. in half a (lunar 
or solar) day, and the amplitude varies as sin^ A, being greatest when the disturbing body 
is on the equator. We have here the origin of the lunar and solar ^ semi-diurnaP tides. 

The ^constant’ C is to be determined by the consideration that, on account of the 
invariability of volume, we must have 

( 11 ) 

where the integration extends over the surface of the ocean. If the ocean cover the 
whole earth we have (7=0, by the general property of spherical surface-harmonics quoted 
in Art. 87. It appears from (7) that the greatest elevation above the undisturbed level is 
then at the points .^=0, .S=180“, i.e. at the points where the disturbing body is in 
the zenith or nadir, and the amount of this elevation is The greatest depression is at 
places where ^==90“, i.e. the disturbing body is on the horizon, and is The greatest 
possible range is therefore equal to H. 

In the case of a hmited ocean, C does not vanish, but has at each instant a definite 
value depending on the position of the disturbing body relative to the earth. This value 
may be easily written down from equations (10) and (11) ; it is a sum of spherical 
harmonic functions of A, a, of the second order, with constant coefihcients in the form of 
surface-integrals whose values depend on the distribution of land and water over the 
globe. The changes in the value of (7, due to relative motion of the disturbing body, 
give a general rise and fall of the free surface, with (in the case of the moon) fortnightly, 
diurnal, and semi-diurnal periods. This * correction to the equilibrium-theory’ as usually 
presented, was first fully investigated by Thomson and Tait*. The necessity for a 
correction of* the kind, in the case of a limited sea, had however been recognized by 
D. Bernoulli +. 

The correction has an infiiuence on the time of high water, which is no longer synchronous 
with the maximum of the disturbing potential. The interval, moreover, by which high 
water is accelerated or retarded difiers from place to place 

d. We have up to this point neglected the mutual attraction of the particles of the 
water. To take this into account, we must add to the disturbing potential Q the 
gravitation-potential of the elevated water. In the case of an ocean covering the earth, 
the correction can be easily applied, as in Art. 200. If we put ^=2 in the formulae of 

* Natural Philosophy^ Art. 808; see also Darwin, “On the Correction to the Equilil>num 
Theory of the Tides for the Continents,’' Proc. Roy. Soc. April 1, 1886 [Papers, i. 328]. It 
appears as the result of a numerical calculation by Prof. H. H. Turner, appended to this paper, 
that with the actual distribution of land and water the correction is of little importance. 

t TraiU sur le Flux et Reflux de la Mer, e. xi. (1740). This essay, as well as the one by 
Maclaurin cited on p. 287, and another on the same subject by Euler, is reprinted in Le Seur and 
Jacquier’s edition of Newton’s Principia. 

J Thomson and Tait, Art 810. The point is illustrated by the formula (3) of Art. 184 supra. 
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that Art., the addition to the value of Q. is we thence find without 

difficulty 



It appears that all the tides are increased^ in the ratio (1— fp/po)”^* assume 

p/po=*18, this ratio is 1*12. 

e. So much for the equilibrium theory. For the purposes of the kinetic theory 
of Arts. 213-224, it is necessary to suppose the value (10) of f to be expanded in a 
series of simple- harmonic functions of the time. The actual expansion, taking account of 
the variations of A and a, and of the distance D of the disturbing body (which enters 
into the value of S[)j is a somewhat complicated problem of Physical Astronomy, into 
which we do not enter^. 

Disregarding the constant (7, which disappears in the dynamical equations (1) of 
Art. 215, the constancy of volume being now secured by the equation of continuity (2), it 


is easily seen that the terms in question will be of three distinct types. 

First, we have the tides of long period, for which 

^=11' (cos‘^ ^ ~ J) . cos (o-^ + e) (13) 

The most important tides of this class are the ‘lunar fortnightly^ for which, in degrees 
per mean solar hour, or = l''*098, and the ‘ solar-annuaP for which o-= 0^*082. 

Secondly, we have the diurnal tides, for which 

^=5^"sin^cos^.cos(or^-f<^ + 6), (14) 

where cr differs but little from the angular velocity co of the earth^s rotation. These 


include the ‘lunar diurnak (<t= 13°-943), the ‘solar diurnaP (o- = 14“*959), and the ‘luni- 
solar diurnal ^ (cr = co = 1 5® *041 ). 

Lastly, we have the semi-diurnal tides, for which 

siu2 e . cos {(rt + 2<l> + €), (15)t 

where o- differs but little from Sen. These include the ‘lunar semi-diurnaP (or = 28”*984), 
the ‘solar semi-diurnaP (or=30°), and the ‘luni-solar semi-diurnal ’ (or=2&) = 30*^'082). 

For a complete enumeration of the more important partial tides, and for the values of 
the coefficients H', H'\ H”' in the several cases, we must refer to the investigations of 
Darwin, already cited. In the Harmonic Analysis of 'Pidal Observations, which is the 
special object of these investigation-s, the only result of dynamical theory which is made 
use of is the general principle that the tidal elevation at any place must be equal to the 
sum of a series ot simple-harmonic functions of the time, vrhose periods are the same as 
those of the several terms in the development of the disturbing potential, and are therefore 
known d priori. The amplitudes and phases of the various partial tides, for any particular 
port, are then determined by comparison with tidal observations extending over a 

* Eeference may be made to Laplace, Micanique. Cileste, Livre 13“®, Art. 2 ihe more 
complete development which has served as the basis of all recent accurate tidal wor is due to 
Darwin, and is reprinted in his Popers^ i. This development is only quasi-harmonic, certain 
elements which are only slowly variable being treated as constants, but adjustable from time to 
time. A strict harmonic development has recently been carried out by Doodsou, Proc. iiny. Soc. 
A, c. 305 (1921). 

t It is evident that over a small area, near the poles, which may be treated as sensibly plane, 
the formulae (14) and (15) make 

f oc r cos (ert 4-^4* e), and f oc cos (ert 4- 20 -f e) , 

respectively, where r, w are plane polar co-ordinates^ These forms have been used by antii-ipation 
in Arts. 211, 212. 
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sufficiently long period^. We tlms ol>tain a practically complete expression whicli can be 
iLsed for the systematic prediction of the tides at the port in question. 

£ One point of special interest in the Harmonic Analysis is the determination of the 
loiig-perlixi tides. It has Ijeen already stated that under the influence of dissipative 
forces these must tend to approximate more or less closely to their equilibrium values. 
In the case of an ocean covering the globe it is at least doubtful whether the dissipative 
forces would be sufficient to produce an appreciable effect in the direction indicated. The 
amplitudes might therefore be exjiected to fall below those given by the equilibrium theory, 
for the dynamical reas<in explained in Arts. 206, 214. In the actual ocean, on the other 
hand, this consideration does not apply f, whilst the influence of friction is much greater. 
We may assume, tiieii, that if the earth Avere absolutely rigid the long-period tides would 
have their full equilibrium values. As a matter of fact the lunar fortnightly, which is 
the only one whose amplitude can be inferred with any certainty from the observations, 
appears to fall short by about one- third. The discrepancy is attributed to elastic yielding 
of the solid body of the earth to the tidal distorting forces exerted by the moon. 

* It is of interest to note, in connection with Art. 187, that the tide-gauges, being situated 
in relatively shallow water, are sensibly affected by certain tides of the second order, which 
therefore have to be taken account of in the general scheme of Harmonic Analysis. 

t See the paper by Rayleigh cited on p. 333 ante. 



CHAPTER IX 


SURFACE WAVES 


227. We have now to investigate, as far as possible, the laws of wave- 
motion in liquids -when the vertical acceleration is no longer neglected. The 
most important case not covered by the preceding theory is that of waves 
on relatively deep water, where, as wdll be seen, the agitation rapidly 
diminishes in amplitude as we pass dowmvards from the surface ; but it 
will be understood that there is a continuous transition to the state of things 
investigated in the preceding chapter, where the horizontal motion of the 
fluid w^as sensibly the same from top to bottom. 


We begin with the oscillations of a horizontal sheet of water, and "we will 
confine ourselves in the first instance to cases 'where the motion is in two 
dimensions, of which one {x) is horizontal, and the other (y) vertical. The 
elevations and depressions of the free surface will then present the appearance 
of a series of parallel straight ridges and furrows, perpendicular to the 
plane xy. 


The motion, being assumed to have been generated originally fi'om rest 
by the action of ordinary forces, will necessarily be irrotational, and the 
velocity-potential will satisfy the equation 


with the condition 
at a fixed boundary. 


dx- dy^ ' 



( 1 ) 

( 2 ) 


To find the condition which must be satisfied at the free surface 
== const.), let the origin 0 be taken at the undisturbed level, and let Oy 
be drawn vertically upwards. The motion being assumed to be infinitely 
small, we find, putting fl = yy in the formula (4) of Art. 20, and neglecting 
the square of the velocity {q), 

^ = + (-3) 

p ct 

Hence if 97 denote the elevation of the surface at time t above the point {w, 0), 
we shall have, since the pressure there is uniform, 

dt 


1 

77 == - 

g 


.(4) 


provided the function F{t), and the additive constant, be supposed merged 
in the value of d<j>/dt Subject, to an error of the order already neglected, 
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this may be written 

’-K'C.' ; 

Since the normal to the free surface makes an infinitely small angle 
{drilcx) with the vertical, the condition that the normal component of the 
fluid velocity at the free surface must be equal to the normal velocity of the 
surface itself gives, with sufficient approximation. 


( 6 ) 


This is in fact what the general surface condition (Art. 9 (3)) becomes, if we 
put F y, z, t) = y— y, and neglect small quantities of the second order. 

Eliminating t) between (5) and (6), we obtain the condition 

+ (7) 


to be satisfied when y = Q. This is equivalent to DpjDt = 0. 

In the case of simple-harmonic motion, the time-factor being this 


condition becomes 


T-(f3=gi 


228. Let us apply this to the free oscillations of a sheet of water, or a 
straight canal, of uniform depth k, and let us suppose for the present that 
there are no limits to the fluid in the direction of Xj the fixed boundaries, if 
any, being vertical planes parallel to xy. 

Since the conditions are uniform in respect to x, the simplest supposition 
w'e can make is that is a simple-harmonic function of x ; the most general 
cme consistent wdth the above assumptions can be derived from this by 
superposition, in virtue of Fourier’s Theorem. 

We assume then 

— P cos kx , (1) 

where P is a function of y only. The equation (1) of Art. 227 gives 


whence 


= ( 2 ) 

F =: + Be-^'K (2) 


The condition of no vertical motion at the bottom is d<f>/dy =0 for y = ~h, 
whence 

Ae~^ = = \G, say. 

This leads to <^=C cosh k {y + k) cos kx . ( 4 ) 

The value of cr is then determined by Art. 227 (8), which gives 

tF=gh tanh kh ( 5 ) 
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Substituting from (4) in Art. 227 (o), we find 
7) = cosh kh cos kx . 
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.( 6 ) 


or, writing 


a = — — . cosh 


and retaining only the real part of the expression, 

7} ~ a cos kx , sin {crt + e) (7) 

This represents a system of ‘standing waves/ of wave-length X — '^irjk, 
and vertical amplitude a. The relation between the period (27r. cr) and the 
wave-length is given by (5). Some numerical examples of this dependence 
are given on p. 347. 

In terms of a we have 

ga cosh k {y 




cos kx . cos (at -f e), 


.(b) 


cosh kh 

and it is easily seen from Art. 62 that the corresponding value of the stream- 


function is 




ga sinh k (y 4- h) 


sin kx . cos (crif -h e). 


.( 9 ) 


.( 11 ) 


cosh kh 

If X, y be the co-ordinates of a particle relative to its mean position {x, y), 
we have 

dt'~ dx^ dt dy^ ^ ^ 

if we neglect the differences between the component velocities at the points 
{x, y) and 4- x, y -i- y), as being small quantities of the second order. Sub- 
stituting from (8), and integrating with respect to we find 

cosh (y H- A) . , - / ^ , 

X = — a : , ^ sm kx . sin Urt + e 

sinh kh 

sinh k{y + h) , • / \ 

y = a T 7 — ^ cos kx , sin {at -h e), 

sinh kh 

where a slight reduction has been effected by means of (5). The motion of 
each particle is rectilinear, and simple-harmonic, the direction of motion 
varying from vertical, beneath the crests and hollows {kx = rmr), to horizontal, 
beneath the nodes {kx = (m 4- |} 7 r). As we pass downwards from the surface 
to the bottom the amplitude of the vertical motion diminishes from a cos kx 
to 0, whilst that of the horizontal motion diminishes in the ratio cosh 1. 

When the wave-length is very small compared with the depth, kh is large, 
and therefore tanh kh = \*. The formulae (11) then reduce to 

X = — sin , sin (o-^ 4- e), y= ae*^cosZjir.sin(<7t 4-e), ...(12) 

with = ffh - * (1®) 

* This case may of course he more easily investigated independently. 
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The motion now diminishes rapidly from the surface downwards ; thus at 
a depth of a wave-length the diminution of amplitude is in the ratio e“-’^ or 
1 .535. The forms of the lines of (oscillatory) motion (T/r = const.), for this 
case, are shewn in the annexed figure. 



In the above investigation the fluid is supposed to extend to infinity in 
the direction of and there is consequently no restriction to the value of L 
The formulae also give, however, the longitudinal oscillations in a canal of 
finite length, provided /j have the proper values. If the fluid be bounded by 
the vertical planes .r = 0, a; = l (say), the condition d(pjdx = 0 is satisfied at 

both ends provided sin hi = 0, or kl = mw, where m = 1, 2, 3, The 

wave-lengths of the normal mcxles are therefore given by the formula 
X = 21/»!. Cf. Art. 178. 

229. The investigation of the preceding Art. relates to the case of 
‘ standing ’ waves ; it naturally claimed the first place, as a straightforward 
application of the usual method of ascertaining the normal modes of oscilla- 
tion of a system about a state of equilibrium. 

In the case, however, of a sheet of water, or a canal, of uniform depth, 
extending horizontally to infinity in both directions, we can, by super- 
position of two systems of standing waves of the same wave-length, obtain 
a system of progres.sive waves which advance unchanged wdth constant 
velocity. For this, it is necessary that the crests and troughs of one 
component system should coincide (horizontally) with the nodes of the other, 
that the amplitudes of the two systems should be equal, and that their 


phases should diflfer by a quarter-period. 

Thus if we put ■>7 = >71 ± (1) 

where iji = a sin kx cos o-f, = a cos km sin at, (2) 

we get = a sin {kx + at), (3) 

which represents an infinite train of waves travelling in the negative or 
positive direction of a?, respectively, with the velocity c given by 

(^) 

where the value of a has been substituted from Art. 228 (5). In terms of 
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the wave-length (X) we have 


gX , 


When the wave-length is anything less than double the depth, we hax^e 
tanh kh = lj sensibly, and therefore^ 

'-(f)‘-(0' <« 

On the other hand when X is moderately large compared with h we have 
tanh kh == kh, nearly, so that the velocity is independent of the wave-length, 
being given by 

c = 0 ) 

as in Art. 170. This result is here obtained on the assumption that the 
wave-profile is a curve of sines, but Fourier s Theorem shews that the 
restriction is now to a great extent unnecessary. 

It appears, on tracing the curve y = (tanh or from a numerical 
table to be given presently, that for a given depth k the wave-velocity 
increases constantly with the wave-length, from zero to the asymptotic 
value (7). 

Let us now fix our attention, for definiteness, on a train of simple-harmonic 
waves travelling in the positive direction, i.e. we take the lower sign in (1) 
and (3). It appears, on comparison with Art. 228 (7), that the value of % is 
deduced by putting 6 = |'7r, and subtracting ^tt from the value of and 
that of 7}2 I>y putting e = 0, simply. This proves a statement made above as 
to the relation between the component systems of standing waves, and also 
enables us to write down at once the proper modifications of the remaining 
formulae of the preceding Art. 

Thus, we find, for the component displacements of a particle, 

cosh^('y-fA) .y \ 

X = — x„ = a . , , , cos — at), 

^ 2 sinh kh .Q. 

h (o) 

sinh X’ (v A) • /t 

y = yi - 72 = « sinhyfcV 

This shews that the motion of each particle is elliptic-harmonic, the period 
{^Trja, — X/c) being that in which the disturbance travels over a wave-length. 
The semi-axes, horizontal and vertical, of the elliptic orbits are 

cosh X' (v -h A) j smh. k(y + h) 

0 ^ — - and a : rf yi — ^ 

sinh kh smh kh 

respectively. These both diminish from the surface to the bottom (y = — h), 
where the latter vanishes. The distance between the foci is the same for all 

* Green, ‘‘Note on the Motion of Waves in Canals,*’ Camb. Tmm. vii. {1839} 
p. 279]. 

t This is merely equivalent to a change of the origin from which x is measured. 


= y 1 - ^2 = « 


- cos {kx — at), 
^ sin (kw — at). 



346 Surface Waves [chap, ix 

the ellipses, being equal to a cosech kh. It easily appears, on comparison 
of (8) with (3), that a surface-particle is moving in the direction of wave- 
propagation when it is at a crest, and in the opposite direction when it is in 

a trough*. 

When the depth exceeds half a wave-length, 6“^^^ is very small, and the 

formulae (8) reduce to 

X = cos Qcog - at), y = sin {hx — at), (9) 

so that each particle describes a cii'cle, with constant angular velocity 
a, = The radii of these circles are given by the formula ae^, and 

therefore diminish rapidly down\vards. 

Ib the table given below, the second column gives the values of sech kk corresponding 
to various values of the ratio h \. This quantity measures the ratio of the horizontal 
motion at tiie bottom to that at the surface. The third column gives the ratio of the 
vertical to the horizontal diameter of the elliptic orbit of a siirface-paitiicle. The fourth 
and fifth coluniiis give the ratios of the wave-velocity to that of waves of the same length 
on water of infinite depth, and to that of dong’ waves on water of the actual depth, 
res|>ectively. 

The tables of nUoliite values of periods and wave- velocities, on the opposite page, are 
abridged from Airy’s treatise The value of g adopted by him is 32*16 ft./sec.-. 

The pissibility of progressive w*aves advancing with iinchanged form is limited, theo- 
retically, to the case of uniform depth ; but the numerical results shew that a variation 
in the depth will have no ap|.»reciabie influence, provided the depth everywhere exceeds 
.,;say) half the wave-length. 


h:\ 

sech kh 

tanli kh 

c/(yh-^)i 

cUgh)^ 

0-00 

1*000 


0-000 

1-000 

•01 

•998 

•063 

•250 

•999 

•02 

s *992 

•125 

•354 

•997 

1J3 

i *983 

•186 

•432 

•994 

•04 

: *969 

•246 

*496 

•990 

•05 

•953 

•304 

•552 

•984 

•06 

•933 

•360 

•600 

•977 

•07 

•911 

•413 

-643 

•970 

•08 

*886 

•464 

•681 

•961 

*09 

: *859 

1 *512 

•715 

! -951 

•10 

•831 

*557 

•746 

•941 

*20 

•527 

! *850 

•922 ' 

'823 

•30 

: *297 

*955 

i -977 

•712 

•40 

•161 

1 -987 

•993 

i *627 

•50 

•086 

; *996 

•998 

‘563 

•60 

•046 

1 '999 

•999 

*515 

•TO 

•025 

1 VQOO 

1-000 

i *477 

•80 

*013 

' 1-000 

1-000 

' -446 

•90 

•007 

1*000 

1*000 

' -421 

l-fJO 

•004 

I 1*000 

1 1*000 

i *399 

OC 

•000 

: vooo 

1*000 

j -000 


* The results of Arts, 228, 229, for the ease of finite depth, were given, substantially, by 
Airy, ‘‘Tides and Waves,” Arts, 160... (1845}. 

t Green, Ic. J “Tides and Waves,” Arts. 169, 170. 
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Depth of 
water, 
in feet 

1 

10 

Length of wave, in feet 

100 I 1000 i 

1 1 

10,000 I 

i 






1 

0-442 1 

1-873 

17*645 

176-33 

1763-3 


10 

0-442 

1*398 

5-923 

55 *80 ' 

557*62 


100 

0-442 

1-398 

4-420 

18-73 i 

176-45 


1000 

0-442 

1 1 -398 

4-420 

13-98 ; 

59-23 


10,000 

0-442 

1 -398 

4-420 

13*98 ; 

1 

44-20 






Length of wave, in feet 

Depth of 






water, 

1 

j 10 

[ 100 

1000 

10,000 00 

in feet 





’ i 




Wave -velocity, in feet per second 

1 

2-262 1 

5-339 

1 5-667 

5-671 

5*671 1 5*671 

10 1 

2-262 i 

7-154 

, 16-88 

17-92 

17-93 j 17-93 

100 i 

2-262 i 

7*154 

' 22*62 

.53-39 

56-67 ! 56-71 

1000 

2-262 ; 

7-154 

' 22-62 

71-54 

168-8 j 179-3 

10,000 ! 

2-262 

7-154 

i 22-62 

71*54 

226-2 i 567-1 

i 


We remark, finally, that the theory of progressive waves may he obtained, 
without the intermediary of standing waves, by assuming at once, in place of 
Art. 228(1), 

( 10 ) 

The conditions to be satisfied by P are exactly the same as before, and we 
easily find, in real form, 

t; = a sin (ksc — at), ( 11 ) 




gd cosh k {y + K) 
a cosh kh 


cos (kx — at), 


.(12) 


with the same determination of a as before. From ( 12 ) all the preceding 
results as to the motion of the individual particles can be inferred without 
difficulty. 


230 . The energy of a system of standing waves of the simple-harmonic 
type is easily found. If we imagine two vertical planes to be drawn at unit 
distance apart, parallel to xy, the potential energy per wave-length of the 
fluid between these planes is 



Substituting the value of 17 from Art. 228 (7), we obtain 

Igpa^X . sin^ (crt + e)! 


( 1 ) 
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The kinetic energy is, by the formula (1) of Art. 61, 

ip I 


Substituting frtun Art. 22S {Hi and remembering the relation between a and 

l\ we obtain 

Igpn-X . cos“ ((T^ 4- e) (2) 

The total energy, being the sum of (1) and (2), is constant, and equal to 
Igpa'^X. We may express this by saying that the total energy per unit area 

1 if the water-surface is igpct\ 

A similar calculation may be made for the case of progressive waves, or 
we may apply the more general argument explained in Art. 174. In either 
way we find that the energy at any instant is half potential and half kinetic, 
and that the total amount, per unit area, is ^gpu^. In other wmrds, the 
energv of a progressive wave-system of amplitude a is equal to the work 
which would be required to raise a stratum of the fluid, of thickness a, 
through a height hi. 

231. We next consider the oscillations of the common boundary of two 
superposed liquids W'hich are otherwise unlimited. 

Taking the origin at the mean level of the interface we may wudte 

^ cos kx <j>' = cos kx (1) 

where the accents relate to the upper fluid. For these satisfy Art. 227 (1) 
and vanish for ^ = — x and ^ = 4- x , respectively. Hence if the equation of 
the disturbed surface is 

qj =z a cos kx e'^ (2) 

we must have 

-kC==kC'=^iaa (3) 

by Art. 227 (6). Again, the formulae 

P P' /n 

p ct p ct ^ 

give p {iarC -ga)^ p'(iaC' - ga) (5) 

as the condition for continuity of pressure at the interface. Substituting the 
values of G and C' from (3j w^e have 


The velocity of propagation of 'waves of length 27^/^' is therefore given by 


m 

The presence of the upper fluid has therefore the effect of diminishing 
the velocity^ of propagation of waves of any given length in the ratio 

1(1 — 5)/(l 4-^),'^, where s is the ratio of the density of the upper to that of 
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the lower fluid. This diminution has a two-fold cause ; the potential energy 
of a given deformation of the common surface is diminished in the ratio 
1 — whilst the inertia is increased in the ratio 1 + 5 *. As a numerical 
example, in the case of \vater over mercury 13-6) the wave-velocity is 
diminished in the ratio *929. 


It is to be noticed, in this and in other problems of the kind, that there 
is a discontinuity of motion at the common surface. The normal velocity 
(— dj>ldy) is of course continuous, but the tangential velocity (~ d<f>xx) changes 
sign as we cross the surface; in other words we have (Art. 151) a vortex-sheet 
This is an extreme illustration of the remark, made in Art. 17, that the free 
oscillations of a liquid of variable density are not necessarily irrotational 

If p < p\ the value of a is imaginary. The undisturbed equilibrium- 
arrangement is then unstable. 


If the two fluids are confined between rigid horizontal planes we assume 


in place of (1) 

(f>=C cosh X* (y + A) cos (j>'^ 0* cosh X ( 7 / — A') cos (8) 

since these make d(j)jc^ = Q, at the respective planes. Hence 

— kC sinh XA — kC' sinh khf = lo-a (9) 


The continuity of pressure requires 

p {io-G cosh XA — ga) = p {laC' cosh khf—ga). 

Eliminating (7, 

ffHp-P') 


p coth XA-i- p' coth XA' ‘ 


,( 10 ) 

.(H) 


When XA and XA' are both very great this reduces to the form (6). When XA' is large and 
XA small we find 



approximately, the main efiect of the presence of the upi>er fluid being the change in the 
potential energy of a given deformation. Its kinetic energy is small compared with that 
of the lower fluid. 


When the upper surface of the upper fluid is free we may assume 

<^ = (7 cosh X (y + A) cos (/>' cosh Xy -i-.S sinh Xy) cos (13) 

The kinematical condition is then 

- X<7 sinh ]ck=—B— iaa (14) 


* This explains why the natural periods of oscillation of the common surface of two liquids 
of very nearly equal density are very long compared with those of a free surface of similar extent. 
The fact was noticed by Benjamin Eranklin in the case of oil over water; see a letter dated 1762 
(Complete Works^ London, n. d., ii. 142). 

Again, near the mouths of some of the Norwegian fiords there is a layer of fresh over salt 
water. Owing to the comparatively small potential energy involved in a given deformation of the 
common boundary, waves of considerable height in this boundary are easily produced. To this 
cause is ascribed the abnormal resistance occasionally experienced by ships in those waters. See 
Ekman, “On Dead-Water/' Scientific Results of the Norwegian North Polar Expedition, pt. xv. 
Christiania, 1904. Beference may also be made to a paper by the author, “On Waves due to a 
TraveUing Disturbance, with an application to Waves in Superposed Fluids," Phil, Mag* (6), 
xxxi. 386 (1916). 
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Tlie coiiiiitioii for continuity of pressure at the interface is 

p [iu-C cosh kli (icrA -ga) (15) 

The condition for e< instancy of pressure at the free surface is given by Art 227 (8) 
provided we. put y = // after the differentiations. Thus 

cr- ( J cosh /’// + B siuh k/ij =^gk (A siiih M' + B cosh kh') (16) 

The eiiniiiiatioii of i, B, C between (14;, (15), (16) leads to the equation 


0 - ^ > cot h kh eoth lik + p’} - <r-p (coth 1// +• coth kh) gk + (p — p') g-k- = 0 (17) 

Since this is a quadratic in (x\ there are two pt>ssible systems of waves of any given period 
(2ir;o-';. This is as we should expect, for when the \vave-iength is prescribed the system 
has virtually two degrees of freedom, so that there are two independent modes of oscilla- 
tion about the state of equilibrium. For example, in the extreme case where pjp is small, 
one mode consists mainly in an oscillation of the upper fluid which is almost the same as 
if the lower fluid were soliditied, whilst the other nu de may be described as an oscillation 
of the haver fluid which is almost the same as if its upper surface were free. 

Tiie ratio of the amplitude at the upper to that at the lower sui’face is found to be 

fl8) 

kc- cosh kh' — g sinh kh' ^ 

Of the various special cases that may be considered, the most interesting is that in 
which kh is large; i.e. the depth of the lower fluid is great compared with the wave- 
length. Putting coth kh = 1, we see that one root of (17) is now 

(T-=gk, (19) 

exactly as in the case of a single fluid of infinite depth, and that the ratio of the ampli- 
tudes is This is merely a particular aise of a general result stated near the end of 
Art. 233; it will in fact be found on examination that there is now no slipping at the 
common boundary of the two fluids. 


The second root of (17) is, on the same supiX)sition, 

O'- = ^777^ r • 

pcothA’A -fp ^ 

and for this the ratio (18) assumes the value 

... 

V/> / 


( 20 ) 

( 21 ) 


If in (20j and (21) we put H'= 
we make kk" small, we find 

and the ratio of the amplitudes is 


, we fall back on a former case. 



If on the other hand 
( 22 ) 

(23) 


These prubiems were first investigated by Stokes*. The case of any number of super- 
|X)sed strata of different densities has been treated by Webbt and GreenhillJ. 

232. Let. us next suppose that we have two fluids of densities p, p\ one 
beneath the other, moving parallel to a? with velocities U, U\ respectively, the 
common surface (when undisturbed) being of course plane and horizontal. 
This is virtually a problem of small oscillations about a state of steady motion. 

* “On the Theory of Oscillatory Waves,” Cumh, Trans, viii. (1847) [Papers, L 212]. 

t Math. Tripos Papers, 1S84. 

X “Wave Motion in Hydrodynamics,” Amer. Journ. of Math. ix. (1887). 
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We ’sv'rite", then, 

4>'= ~ + 4^1, (p' = — JJ'x + (pi, (1 ) 

where p^, pi are by hypothesis small. 

The velocity of either fluid at the interface may be regarded as made up 
of the velocity of this surface itself; and the velocity of the fluid relative to it. 
Hence if be the ordinate of the displaced surface we have, considering 
vertical components, 


^ , TT ^ _ 

dt dx 


^ J_ rj,^ ^ 

dt ' dx 


dy’ dt ' " dx dy ’ 
as the kinematical conditions to be satisfied for y = 0. 

Again, the formula for the pressure in the lower fluid is 


.( 2 )* 




-f ^ 




.(3) 


the terms omitted being either of the second order, or irrelevant to the 
present purpose. Hence the condition of continuity of pressure is 




dpi jr> dpi 


.(4) 


We have seen, in various connections, that in oscillations about steady 
motion there is not necessarily uniformity of phase throughout the system, 
and in the present case it would not be found possible to satisfy the con- 
ditions on such an assumption. Assuming both fluids to be of unlimited 


depth, the appropriate course is to write 

= Q^y¥i{crt-lcxi ^ ^ ^ ^ 5 ^ 

and 77 = (6) 

The conditions (2) then give 

i{<T-hU)a^-hC, i{<T-^kW)a = kC\ ....( 7 ) 

whilst, from (4), 


Hence 

or 


p [i (a ^kU)G^ ga} = p {a ~ k U') 0' ~ ga]. 
p{(T — kUf + p (cr — kUy ==gk{p-~ p') 


<T_pU^p'U\ 


k 


P + P 


9 P-P 
k' p -v p 


PP 


(P + PJ 




I 


..(S) 

..(9) 

( 10 ) 


The first term on the right-hand side may be called the mean velocity of the 
two currents. Relatively to this there are waves travelling with velocities 
+ c, given by 

= (11) 

(p + p) 

* These are particular cases of the general boundary condition (3) of Art. 9, as is seen by 
writing F=y-7]j and neglecting small terms of tbe second order. 
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where denotes the wave-velocity in the absence of currents (Art. 231). It is 
to be noticed however that the values of o- given by (9) are imaginary if 

( 12 ) 

h pp 

The coriiJiioii boiindaiy is therefore unstable for sufficiently small wave- 
lengths. This result would indicate that, if there were no modifjhng cir- 
cumstances; the slightest breath of wind would ruffle the surface of water. 
A more complete investigation will be given later, taking account of capillary 
forces, which act in the direction of stability. If p = p , or if g = 0, the plane 
form of the surface is (on the present reckoning) unstable for all wave-lengths. 
This result iJlostnites the statement, as to the instability of surfaces of dis- 
continuity in a liquid, made in Art 71} 

The case of p = p\ with U ~ U\ is of some interest, as illustrating the 
flapping of sails and flagsf. We may conveniently simplify the question by 
putting Z7= C ==^0; any common velocity may be superposed afterwards if 
desired- On these suppositions, the equation (8) reduces to or- == 0. On 
account of the double root the solution has to be completed by the method 
explained in books on Differential Equations. In this way we obtain the 
two independent solutions 

= (IS) 

and n = y <bj = ~ (14) 

Ic k 

The foriuer solution represents a state of equilibrium; the latter gives a 
system of stationary waves with amplitude increasing proportionally to the 
tame. In this form of the problem there is no physical surface of separation 
to begin with ; but if a slight discontinuity of motion be artificially produced, 
ep. by impulses applied to a thin membrane which is afterwards dissolved, 
the discontinuity will peraist, and, as we have seen, the height of the 
corrugations wull continually increase. 


23S. The theory of progi'essive waves may also be investigated, in a 
very compact manner, by the method of Art. 175J. 

Thus if be the velocity- and stream-functions wffien the problem has 
been reduced to one of steady motion, we assume 


whence 


= _ (a? -j. ty) + (*+<w + 

^ — a; — (are"**' — sin kx, ] 

^ y -f (ae-^y -f cos Xx. j 


( 1 ) 


* This iastabSlity was first renaaried by Helmholtz, Lc, ante p. 20. 
t Bajleigh, lx. 
t Bajleigh, Ic, ante p. 241. 
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This represents a motion which is periodic in respect to superposed on 
a uniform current of velocity c. We assume that ka and are small 
quantities; in other words, that the amplitude of the disturbance is small 
compared with the wave-length. 

The profile of the free surface must be a stream -line ; w’e take it to be 
the line ■\jr = 0. Its form is then given by (1), viz. to a first approximation 
we have 

y = (a + y(9) cos Avr, (2) 

shewing that the origin is at the mean level of the surface. Again, at the 
bottom (y = — A) we must also have -dr = const. ; this requires 

= 0 . 

The equations (1) may therefore be put in the forms 
- = — x G cosh A; (y + h) sin kx, ] 


*{ 3 ) 


'dr . f 

— y 4 - (7sinh k (y + k) cos kx.j 

The formula tor the pressure is 

const. 

c- 

= const. — 2i(7 cosh h{y+h) cos hx], 

if we neglect A-O. Since the equation to the stream-line '\jr = 0 is 

y — C sinh kh cos kx, (4) 

approximately, we have, along this line, 


P 


= const. + (kc^ coth kh — g) y. 


The condition for a free surface is therefore satisfied, provided 

tanh kh 


d^^gh,- 


kh 


-(5) 


This determines the wave-length (277/^) of possible stationary undulations on 
a stream of given uniform depth A, and velocity c. It is easily seen that the 
value of kh is real or imaginary according as c is less or greater than (yA)^* 

If we impress on everything the velocity — c parallel to x, we get 
progressive waves on still water, and (5) is then the formula for the wave- 
velocity, as in Art. 229. 

When the ratio of the depth to the wave-lengfch is sufiSciently great, the 
formulae (1) become 

~ = — x+ sin kx^ ^ — y + (0) 

G C 


L. H. 


23 
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leading to ^ = const. -gy-%[l- cos kx + (7) 

If we neglect k-ii\ the latter equation may be written 


- = const. + (kcr — g) y hc^ (8) 

P 

Hence if c- = p/A*. (9) 


the pressure will be uniform not only at the upper surface, but along emry 
stream-line -^1^ = const. ^ This point is of some importance; for it shews that 
the solution expressed by (6) and (9) can be extended to the case of any 
number of liquids of different densities, ari'anged one over the other in 
horizontal strata, provided the uppermost surface be free, and the total depth 
infinite. And, since there is no limitation to the thinness of the strata, we 
may even include the case of a heterogeneous liquid whose density varies 
continuously with the depth. Gf. Art. 235. 

Agido, to tiiid the velocity of propagation of waves over the common horizontal 
boundary of two masses of fluid which are otherwise unlimited, we may assume 

= — y COS Aw, ~ = —y cos Aw, (10) 

where the accent relates to the upper fluid. F<4r these satisfy the condition of irrotational 
motion, y-i|r=0; and they give a uniform velocity a at a great distance above and below 
the common surface, at which we have =0, say, and therefore y=:^cosAw, approxi- 

mately. 


The pressure-equations are 

- = const. - ^ (1 — cos A.r), 

~ = const. - f/^/ - ^ ^ 1 -f 2k3<^ ^ cos Aw), 

p s ^ 

which give, at the common surface, 

- — const. - (y — A t-} y, - = const. - (y + Ac- j y, . . . . 
the usual approximations being made. The condition p=p' thus leads to 


( 11 ) 


,(12) 


as in Art. 231. 




,(13) 


234. As a further example of the method we take the case of two super- 
p>sed currents, already treated by the direct method in Art. 232. 

The fluids being unlimited vertically, we assume 

^ — i7 |y ~ j3e^^ cos kx], = — ZA' {y — cos hx], »(1) 

for the lower and upper fluids respectively. The origin is taken at the mean 
level of the common surface, which is assumed to be stationary, and to have 

the form 

y = ^coskx ....(2) 

* This conclosion, it must be noted, is limited to the case of infinite depth. It was first 
remarked by Poisson, l.c. post p. 361. 
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The pressure-equations give 


- = const. — gy — lU- (1 -- 21: cos kx), ) 

(3) 

^ = const. —gy — h U'- (1 + ‘2k0e~’‘^ cos Av.’), j 

whence, at the common surface, 

- = const. + (kU- — g) y, — = const. {kU''“ + g) y (4) 

Since we must have p over this surface, we get 

pU- + pD''-=^^{p-p') {5) 

This is the condition for stationary waves on the coinmon surface of the 
two currents U, IT'. It may be written 

fpU+pUy g p-p pp p,,„ 

V p+p' ) 

which is easily seen to be equivalent to Art. 232 (10). 

When the currents are confined by fixed horizontal planes - /a, we assume 

, ^sinhk (y-\- h) ,1 ,, n, f ^ sinh 1“ 0/ - //) , 1 

cosArj , - U cos Xa-j . 


The condition for stationary waves on the common surface is then found to be 
p coth kh -h p' U'^ coth kk'=j (p — p) 


235. The theory of waves in a heterogeneous liquid may be noticed, for 
the sake of comparison with the case of homogeneity. 

The equilibrium value p,) of the density will be a function of the vertical co-ordinate 
(y) only. Hence, writing 

i?=i3o+/> p = pu+p; (1) 

where pQ is the equilibrium pressure, the equations of motion, viz. 

cic cp dv cp 

Pdr-dz-' p^=-Ty-3p^ 

lf+ 4 +-|-«- <» 


become 


cu Cp ^ , 

powr-^-^p’ 


cv __ cp 


V + ®^“=0, (5) 

ot cy 

small quantities of the second order being omitted. The fluid being incompressible, the 
equation of continuity retains the form 

+ ( 6 ) 

CSC oy 


Greenhill, l,c. ante p. SoO. 


23—2 
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m tliat we may write 

_ Cyjr ^ 

cj/ ^ C.V 

Eliminating p' and we find* 

Po % Vi/ ^ 

At a free surface we must have DpiDt=0^ or 

cp' cpQ dyjr 



Hence, and from (4), we must have 

cy ^ cx^ 

at such a surface. 

To investigate cases of wave-motion we assume that 

%I/'X 

The equation (8) f^ecomes 

C2/- ^ po dy \cy o-- ^ J 

whilst the suiface-condition take.s the form 


..(7) 

..( 8 ) 

..( 9 ) 

( 10 ) 


,( 11 ) 

.(12) 


cy fT^ ^ 


,(13) 


These are satisfied, whatever the vertical distribution of density, by the assumption 
that varies as provided 

(14) 

For a fiuid of infinite depth the relation between wave-length and period is then the same 
as in the aise of homogeneity (cf. Art. 229), and the motion is irrotational. 

F or further investigations it is necessary to make some assumption as to the relation 
between and y. The simplest is that 


in which case (12) takes the form 


Po ^ 


,(15) 



cr \cy 

The solution is 

where are the roots of 



x2-^x+(^-i)f=o. 


.(16) 

.(17) 

,(18) 


e may apply this to the oscillations of liquid tilling a closed rectangular vessel t. 
The quantity i- may be any multiple of tt/I, where I denotes the length. If the equations 
to the horizontal boundaries be y=0, y^h, the condition c^i^;cx=0 gives 


A 4-5=0, (19) 

^'henee or (20) 

where ^ is integral. Hence, from (18), 


'ki=\?+is7rlh, X2=4^-f57r/A, (21) 

* Cf. Love, Wave Motion in a Heterogeneous Heavy Liquid,*’ Froc, Lond, Math. Soc. xxii 

307 ( 1891 ). 

■f* Bayleigh, “ Investigation of the Character of the Equilibrium of an Incompressible Heavy 
Liquid of Variable Density,” Froe. Loud, Math, Soc. xiv. 170 [Fapers, ii. 200]. Eeference may 
also he made to a paper by the author “On Atmospheric Oscillations,” Froc. Roy. Soc. Ixxxiv. 
566, 571 (1910), where another law of density is considered. 
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and therefore '22j 


We verify that a- is real or imaginary, Le, the equilibrium arrangement is stable or 
unstable, according as ^ is positive or negative, i.e. according as the density diminishes or 
increases u}) wards*. 

236. The investigations of Arts. 227-234 relate to a special type of 
waves; the profile is simple-harmonic, and the train extends to infinity in 
both directions. But since all our equations are linear (so long as we confine 
ourselves to a first approximation), we can, with the help of Fouriers 
Theorem, build up by superposition a solution which shall represent the 
effect of arbitrarj" initial conditions. Since the subsequent motion is in 
general made up of systems of waves, of all possible lengths, travelling in 
either direction, each with the velocity proper to its own wave-length, the 
form of the free surface will continually- alter. The only exception is w-hen 
the w^ave-length of every system which is present in sensible amplitude is 
large compared with the depth of the fluid. The velocity- of propagation, 
viz. ^{g}h)i is then independent of the -wave-length, so that in the case of 
waves travelling in one direction only^ the wave-profile remains unchanged 
in form as it advances (Art. 170). 

The effect of a local disturbance of the surface, in the case of infinite 
depth, will be considered presently; but it is convenient to introduce in 
the first place the very important conception of ‘ group- velocity/ which has 
application, not only to water-waves, but to every case of wave-motion 
w^here the velocity of propagation of a simple-harmonic train varies with the 
wave-length. 

It has often been noticed that when an isolated group of waves, of sensibly- 
the same length, is advancing over relatively- deep water, the velocity of the 
group as a whole is less than that of the individual waves composing it. If 
attention be fixed on a particular wave, it is seen to advance through the 
group, gradually dying out as it approaches the front, whilst its former 
place in the group is occupied in succession by other waves which have come 
forward from the rearf. 

The simplest analytical representation of such a group is obtained by the 
superposition of two systems of waves of the same amplitude, and of nearly 
but not quite the same wave-length. The corresponding equation of the 
free surface will be of the form 

7]=- 0 - sin (km — at) a sin {Mm — at) 

= 2a cos {J {k-M)m-^{a - a) t} sin {k 4- M) m - ^ {a + a) . ..(1) 

* The case of waves on a liquid of finite depth is discussed by Love (Lc.). See also Burnside, 
On the Small Wave-Motions of a Heterogeneous Muid under Gravity,” Pmc. Lond. Math. Soe. 
sx. S92 (1889). 

t Scott Bussell, ‘‘Eeport on Waves,” Brit, Ass, Eep, 1844, p. 369. There is an interesting 
letter on this point from W. Froude, printed in Stokes’ Scientific Correspondence, Cambridge, 
1907, ii. 156. 
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If 1-, k' be very nearly equal, the cosine in this expression varies very slowly 
with a- ; so that the wave-profile at any instant has the form of a curve of 
sines in which the amplitude alternates gradually between the values 0 and 
2a. The surface therefore presents the appearance of a series of groups of 
waves, separated at equal intervals by bands of nearly smooth water. The 
motion of each group is then sensibly independent of the presence of the 
others. Since the distance between the centres of two successive groups is 
2Tii{k-k'), and the time occupied by the system in shifting through this 
spree is 27 r (o' — c ), the group- velocity (TJ, say) is = (c a )l(k — k), or 

da- 




dk 


ultimately. In terms of the wave-length X (= 27r, i), we have 

„ d(kc) . dc 

^=-dr=^-^dx’ 


•(2) 


.(3) 


where g is the wave- velocity. 

This result holds for any case of waves travelling through a uniform 
medium. In the present application we have 

\4 


! = tanh (4) 


and therefore, for the group-velocity, 


d (kc) 

~W 


= ¥ ( 


14 - 


2kh 


sinh 2kh 


(5) 


The ratio which this bears to the 'svave-velocity c increases as kh diminishes, 
being when the depth is very great,, and unity when it is very small, 
compared with the wave-length. 

The above explanation seems to have been first given by Stokes^. The 
extension to a more general type of group was made by Eayleighf and 
GouyJ. 

Another derivation of (3) can be given which is, perhaps, more intuitive. 
In a medium such as we are considering, where the wave- velocity varies with 
the frequency, a limited initial disturbance gives rise in general to a wave- 
system in vrhich the different w'ave-lengths, travelling with different velocities, 
are gradually sorted out (Arts. 238, 239). If we regard the wave-length X 
as a function of x and t, we have 


17 ^ = 0 


( 6 ) 


* Smitli’s Prize Examination, 1876 [Papers, v. 362]. See also Eayleigli, Theory of Sounds 
Art. 191. 

f A’affire, xxt. 52 (1881) {Papers^ i. 540]. 

+ **Sur la Vitesse de la lumi^re/’ Ann. de Chim. et de Phys, xvi. 262 (1889). It has recently 
been pointed oat that the theory had been to some extent anticipated by Hamilton, working 
from the optical point of view, in 1839; see Havelock, Cambridge Tracts, No. 17 (1914), p. 6. 
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since X does not vary in the neighbourhood of a geometrical point travelling 
with velocity U ; this is, in fact, the definition of U. Again, if we imagine 
another geometrical point to travel with the waves, we have 

dX _ -v /»- \ 

dt'^^dx dx dXdx^ 

the second member expressing the rate at which two consecutive wave-crests 
are separating from one another. Combining (6) and (7), wm are led, again, 
to the formula (3)^. 

This formula admits of a simple geometrical representation t. If a curve be con- 
structed with X as abscissa and c as ordinate, the grotip-velocity will be represented by 



the intercept made by the tangent on the axis of c. Thus, in the figure, PxY represents 
the wave-velocity for the wave-length OxV, and OT represents the group-velocity. The 
frequency of vibration, it may be noticed, is represented by the tangent of the angle POX, 

In the case of gravity- waves on deep water, c x X^ ; the curve has the form of the 
parabola and OT^^PX, i.e., the group-velocity is one-half the wave-velocity. 

237 . The group-velocity has moreover a dynamical, as well as a geo- 
metrical, significance. This was first shewn by Osborne Reynoldst, in the 
case of deep-water waves, by a calculation of the energy propagated across a 
vertical plane. In the case of infinite depth, the velocity-potential corre- 


sponding to a simple-harmonic train 

7 ] = asm k(x — ct) ..(8) 

Is (f^ = ac cos h {x — ct), (9) 


^ See a paper “On Group-Velocity, ” Proc. Lond. Math, Soc, (2), i. 473 (1904). The subject 
is further discussed by G, Green, “On Group-Velocity, and on the Propagation of Waves in a 
Dispersive Medium,’’ Proc, R. S. Edin, xxix. 445 (1909). 

+ Manch, Mem. xHv. No. 6 (1900). 

t “On the Bate of Progression of Groups of Waves, and the Bate at which Energy is 
Transmitted by Waves,” Nature, xvi. 343 (1877) [Papers, i. 198]. Eeynolds also constructed a 
model which exhibits in a very striking manner the distinction between wave- velocity and group- 
velocity in the case of the transverse oscillations of a row of equal pendulums whose bobs are 
connected by a string. 
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as may be verified by the consideration that for 3 / = 0 we must have 
dfjiot =’-ccj)'dii. The variable part of the pressure is pd^jdt, if we neglect 
terms of the second order. The rate at which work is being done on the 
fiiiid to the right of the plane x is therefore 

i’O 0A , fo 

— I pf-^dy = pcvlrcr sin- h {x — ct) I dy 


— hypii'c sin- k (x — cf ), 


( 10 ) 


since c- = g':k. The mean value of this expression is \gpa^c. It appears on 
reference to Art. 230 that this is exactly one-half of the energy of the waves 
which cross the plane in question per unit time. Hence in the case of an 
isolated group the supply of energy is sufficient only if the group advance 
with haf velocity of the individual waves. 

It is readily proved in the same manner that in the case of a finite depth 
h the average energy transmitted per unit time is* 


, , /_ ikh \ 


which is, by (5), the same as 


1 „ d(kc) 

^ -IT- 


.( 11 ) 

.( 12 ) 


Hence the rate of transmission of energy is equal to the group- velocity, 
d{kc)jdh, found independently by the former line of argument. 

This identification of the kinematical group-velocity of the preceding Art. 
with the rate of transmission of energy may be extended to all kinds of waves. 
It follows indeed from the theorv^ of interference groups (p. 358), which is of 
a general character. For let P be the centre of one of these gi'oups, Q that 
of the quiescent region next in advance of P. In a time t which extends over 
a number of periods, but is short compared wuth the time of transit of a 
group, the centre of the group will have moved to P\ such that PP' = TJt, and 
the space between P and Q will have gained energy to a corresponding 
amoimt. Another investigation, not involving the notion of ' interference/ was 
given by Rayleigh il.c,). 

From a physical point of view the gi’oup- velocity is perhaps even more 
imp'jrtant and significant than the wave-velocity. The latter may be greater 
or less than the former, and it is even possible to imagine mechanical media 
in which it would have the opposite direction ; i,e. a disturbance might be 
propagated outwards from a centime in the form of a group, whilst the in- 
dividual waves composing the group were themselves travelling backwards, 
coining into existence at the front, and dying out as they approach the rearf . 
Moreover, it may be urged that even in the more familiar phenomena of 

* Bayleigh, « On Progressive Waves,*’ Pwc. Lond. Math, Soc. (1), ix. 21 (1877) [Papers, i. 322]; 

Thmnj of Sound, i. Appendix. 

t Proi\ Lond, Math, Soc, (2|, i. 473. 
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Acoustics and Optics the -vvave-velocity is of importance chiefly so far as it 
coincides with the group-velocity. 

238. The theory of the waves pi'oduced in deep water bva local dis- 
turbance of the surface was investigated in two classical memoirs by Cauchy* 
and Poisson "f*. The problem was long regai’ded as difficult, and even obscure, 
but in its two-dimensional form, at all events, it can be presented in a com- 
paratively simple aspect. 

It appears from Arts. 40, 41 that the initial state of the fluid is deter- 
minate when we know the form of the boundary, and the boundarv-values of 
the normal velocity or of the velocity-potential Hence two forms 

of the problem naturally present themselves ; we may start with an initial 
elevation of the free surface, without initial velocity, or we may start with 
the surface undisturbed (and therefore horizontal) and an initial distribution 
of surface-impulse (p<^o)* 

If the origin be in the undisturbed surface, and the axis of y be drawn 
vertically upwards, the typical solution for the case of initial rest is 


7] = cos at cos kx, •••••(!) 

, sincri i. , 

(p = ff 6^'^ cos kx, (2) 

provided cr — gk, (3) 


in accordance with the ordinary theory of 'standing’ waves of simple- 
harmonic profile (Art. 228). 

If we generalize this by Fourier’s double-integral theorem 


f{x) = ~ j dkj f(a) cos k (x — a) da, (4) 

“TTy 0 J — X 

then, corresponding to the initial conditions 

<^o = 0, (5) 

where the zex*o suffix indicates surface-value (y = 0), we have 

77 = “f cos at dkf f(a) cos k (x — a) da, (6) 

Trj 0 J -X 

/(a)cosA,'(a'-a)rfo. (7) 

ttJ a J _x 


If the initial elevation be confined to the immediate neighbourhood of 
the origin, so that /(a) vanishes for all but infinitesimal values of a, we have, 
assuming 


f /(a) rfa = 1, 

1 —oo 

(8) 

f cos kxdk. 

1 0 <7- 

(9) 


* Lc. ante p. 15. 

t “Memoixe sur la th^orie des ondes,” Mem* de VAcad. Boy. des Sciences, i. (1816). 
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This may be expanded in the form 

tt ; 0 ( SI ^ 
where use is made of (3). If we write 

— y z=zT COS 0, 

we have, y being negative*, 
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f 


cos 2d 


) X'- — . . .j cos kivdk, 

....(10) 

X — r sin 6, 

....(11) 

+ 

....(12) 

1 ,, cos 30 ) 

...(13) 


so that (10) becomes 

, qt fcos 6 1 . 

■J-iF-, — -3< 

a result which is easily verified. From this the value of t] is obtained by 
Art. 227 (5), putting ^ = ± iir. Thus, for ar > 0, 

1 fgf (gTf ^ 


TTJC 


ifc- 


3 . 5 \2icl 


... (14)t 


3 . 5 . 7 . 9 \2xJ 

It is evident at once that any particular phase of the surface disturbance, 
e.g.^ a zero or a maximum or a minimum of ij, is associated with a definite 
value of hgt^jx, anil therefore that the phase in question travels over the 
surface with a constant acceleration. The meaning of this somewhat remark- 
able result will appear presently (Art. 240). 

The series in (14) is virtually identical wuth one (usually designated b}' 
lf:J) which occurs in the theory of Fresnels diffraction-integrals. In its 
present form it is convenient only when we are dealing with the initial stages 
of the disturbance ; it converges very slowly when igf/x is no longer small. 
An alternative form may, however, be obtained as follows. 

The surface-value of ^ is, by (9), 

, g sin G-t j jj 
= - cos k.rdk 

wj <7 

“ ^ |j i j • (1^) 


Putting 





* This foriQiiltt may be dispensed with. It is sufficient to calculate the value of at points 
on the vertical axis of symmetry; its value at other points can then be written down at once by 
a property of harmonic functions (cf. Thomson and Tail, Art. 498). 

t That the effect of a concentrated initial elevation of sectional area Q would be of the form 

v=pi9m 

might have been foreseen from consideration of ‘dimensions.’ 
t Cf. Bayleigh, Papen, iii. 129. 
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we find 


-f- G-t] dcr = ^ 


sin (f- - ft)-) ( 17 ) 


where 


Hence 


— erf ) cZcr = ^ I sin (^- ~ co^) 


£C^J ~w 


7T3G^' 0 


(20) 

^ n 


From this the value of ly is derived by Art. 227 (5) ; thus 


V=^ cos(^- - o}^)d^ 


= Jeos&)2 1 cos f-cZf + sin ft)- 1 sin^rf^)- (21) 

7r^“ ( -^ 0 Jo J 

This agrees with a result given by Poisson. The definite integrals are 
practically of FresneFs forms and may be considered as known functions. 

Lommel, in his researches on Difiractionf, has given a table of the 
function 


3 . 5 ^ 3 . 5 , 7. 9 * ^ 

which is involved in (14), for values of z ranging from 0 to GO. We are thus 
enabled to delineate the first nine or ten waves with great ease. The figure 
on the next page shews the variation of t] with the time, at a particular place ; 
for different places the intervals between assigned phases vary as whilst 
the corresponding elevations vary inversely as x. The diagrams on p. 365, on 
the other hand, shew the wave-profile at a particular instant ; at different 
times, the horizontal distances between corresponding points vary as the 
square of the time that has elapsed since the beginning of the disturbance, 
whilst corresponding elevations vary inversely as the square of this time. 

When is large, we have recourse to the formula (21), which makes 



* In terms of a usual notation we have 

cos c (U), j“ sin ^(4^) S (m), 

where C(u)= cosiTm^dw, S(u}= sin ^TU^du, 

Jo jo ** 

the upper limit of integration being u=^(2/'!r) . w. Tables of C(m) and S(?4 computed by 
Gilbert and others are given in most books on Physical Optics. More extensive tables, due to 
Lommel, are reproduced by Watson, Theory of Bessel Functions, pp. 744, 745. 

t “Die Beugungserscheinungen geradlinig begrenzter Schirme,” Abh. d, h Bayer. AMd. d. 
Wiss. 2® CL XV. (1886). 
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approximateh', as found by Poisson and Cauchy. This is in virtue of the 
known formulae 

cos sin (24) 

Expressions for the remainder are also given by these writers. Thus 
Poisson obtains, substantially, the semi-convergent expansion 


^ .-jl- i i 

TTX 


gf . gf 
cos sin 
4j? 4^. 


) 





This is derived as follows. We have 


J (J Jo J “ 


== I 7 re~ 




1 

+ xr:+7 


"5+7 


1.3 


226 ) " l 2i/a>^ " (2ffa>' 


-^4-. 


.(26) 


b}" a series of partial integrations. Taking the real part, and substituting in the first line 
of (21), we obtain the formula (25;. 


239. In the case of initial impulses applied to the surface, supposed 


horizontal, the ty^hcal solution is 

= cos <ri 6 *^ cos (27) 

77 = — — sin at cos hx, (28) 


with a^ = gk as before. Hence, if the initial conditions be 

p<}>, = F{wl i? = 0, .(29) 

COS at e^dk I F (a) cos k (x — a) da, (30) 

0 J —QC 


we have 


<f>= 


7rp 
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This integral may be treated in the same manner as (9) , but it is evident 
that the results may be obtained immediately by performing the operation 
Ijgp . d'H upon those of Art. 2.38. Thus from (13) and (14) we derive 


4,= 

-7 = 


Trp 1 


(cos 5 

7 ' 


cos 20 

■lyt- ;^ + 


1.3 


(ky^'f 


COS 




^ ^ ^ 4- ^ 

TDX- 1 . 3.5 1 . 3 . 5 . 7 . 9 


irpx- (1 


..(34) 

(35)^ 


The series in (35) is related to the function 


z ^ 

O ”” 1 . 3. 57 7 “^1.3.5.7.9.11 


(36) 


which has also been tabulated by Lommel. If we denote the series (22) and 
(36) by Si and So, respectively, we find 


1- 






hz^ 


1 , 3 . 5 ^ 1 . 3 . 5 . 7 . 9 


= 1(1 + Si-£^So), (37) 


so that the forms of the first few waves can be traced without difficulty. 

The annexed figure shew's the rise and fall of the surface at a particular 
place ; for different places the time-intervals between assigned phases vary 
as in the former case, but the corresponding elevations now vary 



[Tbe unit of the horizontal scale is That of the vertical scale is 


F 

vpx 



, where P represents the total initial impulse.] 


inversely as In the diagrams on p. 367, which give an instantaneous 
view of the wave-profile, the horizontal distances between corresponding 

* With the help of the theory of ‘dimensions’ it is easily seen a priori that the effect of a 
concentrated initial impulse P {per unit breadth) is n^sessarily of the form 

Pt 

P* 
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points vary as the square of the time, whilst corresponding ordinates vary 
inverselv as the cube of the time. 


For large values of we find, performing the operation l/gp . djdt 

upon (23), 




approximately. 


240. It remains to examine the meaning and the consequences of the 
results above obtained. It will be sufficient to consider, chiefly, the case of 
Art. 238, where an initial elevation is supposed to be concentrated on a line 
of the surface. 

At any subsequent time t the surface is occupied by a wave-system whose 
advanced portions are delineated on p. 365. For sufficiently small values of 
X the form of the waves is given by (23) ; hence as we approach the origin 
the waves are found to diminish continually in length, and to increase 
continually in height, in both respects without limit. 

As t increases, the wave-system is stretched out horizontally, proportionally 
to the square of the time, whilst the vertical ordinates are correspondingly 
diminished, in such a way that the area 



included between the wave profile, the axis of a?, and the ordinates corre- 
sponding to any two assigned phases two assigned values of w) is 
constant'*^. The latter statement may be verified immediately from the 
mere form of (14) or (21). 

The oscillations of level, on the other hand, at any particular place, are 
represented on p, 364. These follow one another more and more rapidly, with 
ever increasing amplitude. For sufficiently great values of % the course 
of these oscillations is given by (23). 

In the region where this formula holds, at any assigned epoch, the 
changes in length and height from wave to wave are very gradual, so that 
a considerable number of consecutive waves may be represented approxi- 
mately by a curve of sines. The circumstances are, in fact, all approximately 

reproduced when 

(-59) 

*^This statement does not apply to the case of an initial impulse. The corresponding pro- 
position then is that 

j 4 - 0^1 

tahea between assigned mines of w, is constant. This appears from (34). 
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Hence, if we vai-y t alone, we have, putting At = t, the perifxi of oscillation, 

4i7rx 


4 401 


9^ ' 

whilst, if we vary x alone, putting Ax= — \ where X is the wave-length, 
we find 

. Sttx- . _ 

X = — — (41) 

0- 

The wave velocity is to be found fi-om 


this gives 



Ax __ 2^1? ___ /gX 

~Ai~T"" y 2^' 


,{ 42 ) 


( 43 ) 


by (41), as in the case of an infinitely long train of simple-harmonic waves 
of length X. 

We can now see something of a reason why each wave should be con- 
tinually accelerated. The waves in front are longer than those behind, and 
are accordingly moving faster. The consequence is that all the weaves are 
continually being drawn out in length, so that their velocities of propagation 
continually increase as they advance. But the higher the rank of a wave in 
the sequence, the smaller is its acceleration. 

So far, we have been considering the progress of individual weaves. But, 
if we fix our attention on a group of waves, characterized as having (approxi- 
mately) a given wave-length X, the position of this group is regulated 
according to (43) by the formula 



i.e.j the group advances with a constant velocity equal to half that of the 
component waves. The group does not, however, maintain a constant 
amplitude as it proceeds; it is easily seen from (23) that for a given value 
of X the amplitude varies inversely as ^/x. 


It appears that the region in the immediate neighbourhood of the origin 
may be regarded as a kind of source, emitting on each side an endless 
succession of waves of continually increasing amplitude and frequency, "whose 
subsequent careers are governed by the laws above explained. This persistent 
activity of the source is not paradoxical ; for our assumed initial accumulation 
of a finite volume of elevated fluid on an infinitely narrow base implies an 
unlimited store of energy. 

In any practical case, however, the initial elevation is distributed over 
a band of finite breadth ; we will denote this breadth by L The disturbance 
at any point P is made up of parts due to the various elements, 3a, say, of 
the breadth 1] these are to be calculated by the preceding formulae, and 

24 
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integrated over the breadth of the band. In the result, the mathematical 
infinity and other perplexing peculiarities, which we meet with in the case 
of a concentrated line-source, disappear. It would be easy to write down the 
requisite formulae, but, as they are not very tractable, and contain nothing 
not implied in the preceding statement, they may be passed over. It is 
more instructive to examine, in a general way, how the previous results will 
be modified. 

The initial stages of the disturbance at a distance x, such that Ijx is 
small, will evidently be much the same as on the former hypothesis; the 
parts due to the various elements Sa will simply reinforce one another, and 
the result will be sufficiently expressed by (14) or (23) provided we multiply 

% 

J_ fia)da, 

ie., by the sectional area of the initially elevated fluid. The formula (23), 
in particular, will hold when ^gt-jx is large, so long as the wave-length X 
at the point considered is large compared with I, i.e., by (41), so long as 
. Ijx is small. But w'hen, as t increases, the length of the waves at x 
becomes comparable with or smaller than I, the contributions from the 
different parts of I are no longer sensibly in the same phase, and we have 
something analogous to interference' in the optical sense. The result 
will, of coiii’se, depend on the special character of the initial distribution of 
the values of f{a) over the space i*, but it is plain that the increase of 
amplitude must at length he arrested, and that ultimately we shall have 
a gradual dying out of the disturbance. 

There is one feature generally characteristic of the later stages which 
must be more particularly adverted to, as it has been the cause of some 
perplexity ; viz. a fluctuation in the amplitude of the waves. This is readily 
accoiinte<l for on 'interference' principles. As a sufficient illustration, let 
us suppose that the initial elevation is uniform over the breadth I, and that 
we are considering a stage of the disturbance so late that the value of X in 
the neighbourhood of the point x under consideration has become small 
compared with I, We shall evidently have a series of groups of waves 
separated by bands of comparatively smooth water, the centres of these bands 
occurring w''herever I is an exact multiple of X, say I = nX. Substituting in 
(41), we find 



ia, the bands in question move forward with a constant velocity, which is, in 

* Cf. Bamside, Beep-water Wa¥es resnlting from a Limited Original Disturbance,” 

Frm. Lond. Matk. Soe. xx. 22 (1888). 
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fact, the group-velocity corresponding to the average wave-length in the 
neighbourhood *. 


The ideal solution of Art. 238 necessarily fails to give any information as to what 
takes place at the origin itself. To illustrate this j)oint in a special casej we mav assume 

Q 6 


/(“)= 


the foiTQula (7) then gives 


TT 62 -fa 2 ’ 


,.(46) 


I cosl-j? cfA "47) 


^ J 0 


The surface-elevation at the origin is 

Tj = — f cos cr^e'~^^ dir— — f cos cr^ o-<:for=“ ^ f sin trie da — ^48) 

' TT j 0 Jo 7rg dt Jq 


By a known formula we have t 

f e~^^sin2^’dj:i=e^^‘ I ^ e^dj7 f49} 

Jo Jo 

Hence, putting ar=gfl4:b, (•‘lO) 

we find n = -~ f e^“dx=^ f (51) 

tto doa J Q tto \ Jo / 

■» 


shewing that r]e^- steadily diminishes as t increases. Hence 77 can only change sign once* 
The form of the integrals in (48) shews that 77 tends finally to the limit zero ; and it may 
he proved that the leading term in its asymptotic value is —^QjTtgt’^X. 

One noteworthy feature in the above problems is that the disturbance is propagated 
instantaneously to all distances from the origin, however great. Analytically, this might be 
accounted for by the fact that we have to deal with a synthesis of waves of all possible 
lengths, and that for infinite lengths the wave-velocity is infinite. It has been shewm, 
however, by Bayleigh § that the instantaneous character is preserved even when the water 
is of finite depth, in which case there is an upper limit to the wave- velocity. The phj-sical 
reason of the peculiarity is that the fluid is treated as incompressible, so that changes of 
pressure are propagated with infinite velocity (cf. Art. 20). When compressibility is taken 
into account a finite, though it may be very short, interval elapses before the disturbance 
manifests itself at any pointy. 


* This fluctuation was first pointed out by Poisson, in the particular case where the initial 
elevation (or rather depression) has a parabolic outline. 

The preceding investigations have an interest extending beyond the present subject, as 
shewing how widely the effects of a single initial impulse in a dispersive medium (Le., one in 
which wave-velocity varies with wave-length) may differ from what takes place in the case of 
sound, or in the vibrations of an elastic solid. The above discussion is taken, with some modifica- 
tions, from a paper “On Deep-Water Waves,” Proc. Lond. Math. Soc. (2), ii. 371 (1904), where 
also the effect of a local periodic pressure is iuvestigated. 

t This formula presents itself as a subsidiary result in the process of evaluating 


I cos2pxdx 

J 0 

by a contour integration. 

J The definite integral in (52) has been tabulated by Dawson, Proc. Lond. Math. Soc. (1), 
xxix. 519 (1898), and the function in (49) by Terazawa, Science Beports of the TJniv. of ToMOj 


vi. 171 (1917). 

§ **On the Instantaneous Propagation of Disturbance in a Dispersive Medium, Phil, 
Mag. (6), xviii. 1 (1909) [Papers, v. 514]. See also Pidduck, “On the Propagation of a Disturb- 
ance in a Fluid under Gravity,” Proc. Bog. Soc. A, Ixxxiii. 347 (1910). 

ij Pidduck, “The Wave-Problem of Cauchy and Poisson for Finite Depth and slightly Com- 
pressible Fluid,” Proc. Bog. Soc. A, Ixxxvi. 396 (1912). 
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241. The space which has been devoted to the above investigation may 
be justified by its historical interest, and by the consideration that it deals 
with one of the few problems of the kind which can be solved completely. 
It was shewn, however, by Kelvin that an approximate representation of 
the more interesting features can be obtained by a simpler process, which has 
moreover a very general application*. 

The method depends on the approximate evaluation of integrals of the 
tvpe 

it = I </) (.r) e‘J dx (1 ) 

J a 

It is assumed that the circular function goes through a large number of 
periods within the range of integration, whilst (}) (x) changes comparatively 
slowly; more precisely it is assumed that, w’hen /(^r) changes by 27 r, <j){x) 
changes by only a small fraction of itself. Under these conditions the various 
elements of the integral will for the most part cancel by annulling interference, 
except in the neighbourhood of those values of x, if any, for which f{x) is 
stationary. If we write = a + where a is a value of x, within the range 
of integration, such that /^(a) = 0, we have, for small values of 

^ /(^o-/(«)+jrr(a), (2) 

approximately. The important part of the integral, corresponding to values 
of X in the neighbourhood of a, is therefore equal to 

(f> (a) (3) 

J —ac 


approximately, since, on account of the fluctuation of the integrand, the 
extension of the limits to + x causes no appreciable error. Now by a known 
formula (Art. 238 (24)) we have 


/: 




m 


I + I 

72 


m 


±\i7r 


(4) 


I * » j 


.(5) 


Hence (3) becomes 

v/7r<^(a) 

V' ir(a)| 

where the upper or lower sign is to be taken in the exponential according as 
(a) is positive or negative. 

If a coincides with one of the limits of integration in (1), the limits in (3) 
will be replaced by 0 and x , or — x and 0, and the result (5) is to be halved. 


If the approximation in (2) were continued, the next term would be 
the foregoing method is therefore only valid under the condition 

* Sir W. ThomsoB, "*Oe the Waves produced by a Single Impulse in Water of any Depth, 
or in a Dispersive Medium,” Proc, M. S, siii. 80 {1887} [Papm, iv. 303]. The method of treating 
integrals of the type (1) had however been suggested by Stokes in his paper On the Numeric^ 
Calcuiation of a Class of Definite Integrals and Infinite Series,” Camb. Trans, ix. (ISfiO) [Papers, 
ii. S41, footnote]. 
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that (ct)!f" (a) must be small even when is a moderate multiple 

of 27r. This requires that the quotient 

r'(a);{\r(d)]}- 

should be small. 

Suppose now that, in a medium of any kind, an initial disturbance, whether 
of the nature of impulse or displacement, of amount cos kx per unit length, 
gives rise to an oscillation of the type 

7} — ^ (Ic) cos kx (Tj ) 

where cr is a function of k determined by the theory of free waves. The effect 
of a concentrated unit initial disturbance is then given by the Fourier ex- 
pression 

1 r 1 r’" 

{k) I (^’) 0) 

It is understood that in the end only the real part of the expressions is to be 
retained. 


The two terms in (7) represent the result of superposing trains of simple- 
harmonic waves of all possible lengths, travelling in the positive and negative 
directions of Xy respectively. If, taking advantage of the symmetry, we confine 
our attention to the region lying to the right of the origin, the exponential 
in the first integral will alone, as a rule^, admit of a stationary value or 
values, viz. when 


, dor 


.( 8 ) 


This determines k, and therefore also <r, as a function of x and t, and we then 
find, in accordance with (5), 


<j>(k) 


, .cos (crt — km ± Jtt), 


.(9) 


V i '2i7rtd^ajdkF | ’ 

where the ambiguous sign follows that of d“crldk\ The approximation postu- 
lates the smallness of the ratio 




.(10) 


Since 





( 11 ) 


by (8), it appears that the w’ave-length and the period in the neighbourhood 
of the point m at time t are iTrjk and 27r/o-, respectively. The relation (8) 
shews that the wave-length is such that the corresponding arottu-veiocitv 
(Art. 236) is xjt 


* If the gronp-veloeity were negative, as in some of the arfeihciai cases referred to in Art. 237, 
the second integral would be the important one. 
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The above process, and the result, may be illustrated by various graphical constructions^. 
The simplest, in some respects, is based on a slight modification of the diagram of Art. 236. 
We construct a curve with X as abscissa and ct as ordinate, where t denotes the time that 
has elapsed since the beginning of the disturbance. To ascertain the nature of the wave- 
system in the neighbourhood of any point we measure off a length equal to a*, along 
the axis of ordinates. If PN be the ordinate corresponding to any given abscissa X, the 
phase of the disturbance at a’, due to the elementary wave-train whose wave-length is X, 
will |}e given by the gradient of the line QP ; for if we draw QR parallel to we have 

PR PX-OQ ct-x _(Tt-kx 

X “ 27r ' 



Hence the phase will be stationary if QP be a tangent to the curve ; and the predominant 
wave-lengths at the fjoint x are accordingly given by the abscissae of the points of contact 
of the several tangents which can be drawn from Q, These are characterized by the 
property* that the group- velocity has a given value xjt. 

If we imagine the point Q to travel along the straight line on which it lies, we get an 
indication of the distribution of wave-lengths at the instant t for which the curve has 
been constructed. If we wish to follow the changes which take place in time at a given 
point x^ we may either imagine the ordinates to be altered in the ratio of the respective 
times, or we may imagine the point Q to approach 0 in such a way that OQ varies inversely 
as L 



* Proe. of the 5th Intern. Congress of Mathematicians, Cambridge, 1912, p. 281. 
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The foregoing construction has the defect that it gives no indication of the relative 
amplitudes in different parts of the wave-sjstem. For this purpose we may eonstmct the 
curve which gives the relation between a-t as ordinate and k as abscissa. If we draw a 
line through the origin whose gradient is the phase due to a particular elementary wave- 
train, viz. at — l'x, will be represented by the difference of the ordinates of the curve and 
the straight line. This difference wdll be stationary when the tangent to the curve is 
parallel to the straight line, i.e. when tdcr.'dl^^x, as already found. It is further evident 
that the phase-difference, for elementary trains of slightly different wave-lengths, will 
vary ultimately as the square of the increment of L Also that the range of values of for 
which the phase is sensibly the same will be greater, and consequently the resulting dis- 
turbance wdil be more intense, the greater the vertical chord of curvature of the curve. This 
explains the occurrence of the quantity td-ajdJc^ in the denominator of the formula 9;. 

In the hydrodynamical problem of 238 we have* 

<^(i) = l, <T^ = gk, (13) 

whence 


dcrjdk = ^ , d^crldk" — ~ , d^a-dJ^ — ‘^g^k 


Hence, from (8), 
and therefore 


k = gt^j4iX', cr — gt '2ir, 


I, 

rj = — 2 qI 

\/(27r) a?" 


.(14) 

.(15) 


or, on rejecting the imaginary part, 


7 } = 




COS 



(16) 


The quotient in (10) is found to be comparable with {Ixjgt^'f, so that the 
approximation holds only for times and places such that \gt^ is large com- 
pared with X. 


These results are in agreement with the more complete investigation of 
Art. 238. The case of Art. 239 can be treated in a similar manner. 


It appears from (16), or from the above geometrical construction (the 
curve being now a parabola as in Art. 236), that in the procession of waves 
at any instant the wave-length diminishes continually from front to rear; 
and that the waves which pass any assigned point will have their wave-lengths 
continually diminishing j-. 


242. We may next calculate the effect of an arbitrary, but steady, 
application of pressure to the surface of a stream. We shall consider only 
the state of steady motion which, under the influence of dissipative forces, 


* The difficulty as to convergence in this case is met by the remark that the formula (9) 
of Art. 2S8 gives 

= 1 ^0 = lim^j - I cos at cos lix dh^ 
g 0t 0 

where y is negative before the limit. 

t For further applications reference may he made to Havelock, “The Propagation of Waves 
in Dispersive Media...,” Pmc» Roy, Soc. Ixxxi. 398 (1908). 
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however small, will ultimately establish itself*. The question is in the first 
instance treated directly : a briefer method of obtaining the principal result 

is explained in Art. 248. 

It is to be noted that in the absence of dissipative forces, the problem is to 
a certain extent indeterminate, for we can always superpose an endless train 
of free waves of arbitrary amplitude, and of wave-length such that their 
velocity relative to the water is equal and opposite to that of the stream, in 
which case they wdll maintain a fixed position in space. 

To avoid this indeterminateness, we may avail ourselves of an artifice 
due to Rayleigh, and assume that the deviation of any particle of the fluid 
from the state of uniform flow is resisted by a force proportional to the 
relative velocity. 

This law of frictitm does not profess to be altogether a natural one, 
but it serves to represent in a rough way the effect of small dissipative forces; 
and it has the great mathematical convenience that it does not interfere with 
the irrotational character of the motion. For if we write, in the equations of 
Art. C, 

X = Y=-g-fjLV, .........(1) 

where c denotes the velocity of the stream in the direction of .i?-positive, the 
method of Art. 33, w’hen applied to a closed circuit, gives 

(m ~ 

whence f(i/dx -i- vdy -f 2 a ds) = (3) 

Hence the circulation in a circuit moving with the fluid, if once zero, is always 
zero. We now' have 

n 

" = const- — gy + fjL (cx + (f>) — iq- (4) 

P 

this being, in feet, the form assumed by Art. 21 (2) when w^e write 

Q — gg ^ JJ, {cx -It (j)) (5) 

in accordance with (1) above. 

To calculate, in the first place, the effect of a simple-harmonic distribution 

of pressure we assume 

^ ~ -f sin kx, ^ ^ coskx (6) 

c c 

* The first steps of the following investigation are adapted from a paper by Bayleigh, “The 
Form of Standing Waves on the Surface of Bnnning Water,” Froc, Land. Math, Soc. xv. 69 
{18831 rPapTO, ii. 258], being simplified by the omission, for the present, of all reference to 
Capillarity. The definite integrals involved are treated, however, in a somewhat more general 
manner, and the disenssion of the results necessarily follows a different course. 

The problem had been treated by Popoff, “ Solution d^nn probl^me snr les ondes permanentes,” 
Ztiauvilie {2), iii. 251 {18581^; his analysis is correct, but regard is not had to the indeterminate 
character of the problem (In the absence of friction), and the results are consequently not pushed 
to a practical interpretation. 
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The equation (4) becomes, on neglecting the square of 

^ 4- (kc- cos kx + fic sin kx) ....(7 1 

This gives for the variable part of the pressure at the upper surface = 0) 

po = p.3 {(kc- — g) cos kiv -F jxc sin kx], (8) 

which is equal to the real part of 

P/S (I‘C“ — ^ — ifjLc) 

If we equate the coefficient of to G, we may say that to the pressure 

(9) 

corresponds the surface-form 



where we have written k for g'c^, so that ^Tritc is the wave-length of the free 
waves which could maintain their position against the flow of the stream. 
We have also put jub 'c = fii, for shortness. 

Hence, taking the real parts, we find that the surface-pressure 

p.^i—C cos kx ( 11 ) 

produces the wave-form 

(k — /c) cos kx ill sin kx 

= + 

This shews that if p be small the wave-crests wull coincide in position 
with the maxima, and the troughs with the minima, of the applied pressure, 
when the wave-length is less than ^irl/c] whilst the reverse holds in the 
opposite case. This is in accordance with a general principle. If we impress 
on everything a velocity — c parallel to x, the result obtained by putting 
fij — O in (12) is seen to be a special case of Art. 168 (14). 

In the critical case of k = /c, we have 

gpy = — ~ . sin kx, (13) 

pi 

shewing that the excess of pressure is now on the slopes which face down the 
stream. This explains roughly how a system of progressive waves may be 
maintained against our assumed dissipative forces by a properly adjusted 
distribution of pressure over their slopes. 

243. The solution expressed by (12) may be generalized, in the first 
place by the addition of an arbitrary constant to x, and secondly by a sum- 
mation with respect to k. In this way we may construct the effect of any 
arbitrary distribution of pressure, say 

Po=f{^)> 

with the help of Fourier’s Theorem (Art. 238 (4)). 


,(14) 
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We will suppose, in the first instance, that f{x) vanishes for all hut 
infinitely small values of x, for which it becomes infinite in such a way that 

f f{x)dx. = P\ (15) 

J -oc 

this will give us the eifect of an integral pressure P concentrated on an 
infinitely narrow band of the surface at the origin. Replacing G in (12) by 
Pi IT . S/iT, and integrating with respect to k between the limits 0 and oo , we 

obtain 

fcP P^(k — k) cos kx — jjLi sin kx 


gpy 


= ^ f it 

w . 0 


(k - k)- -h /J^i 


-dk. 


.(16) 


If we put f =/*-f 2 // 1 , where /*, yn are taken to be the rectangular co-ordinates of a variable 
point in a plane, the properties of the expression (16) are contained in those of the complex 
integral 

(17) 


/ 


It is known that the ^'aliie of this integral, taken round the boundary of any area 
which does not include the singular point (^=6), is zero. In the present case we have 
where k and are both i)ositive. 

Let us first suppose that x is positive, and let us apply the above theorem to the region 
which is bounded externally by the line m=0 and by an infinite semicircle, described with 
the origin as centre on the side of this line for which m is positive, and internally by a 
small circle surrounding the point (k, ^i). The part of the integral due to the infinite 
semicircle obviously vanishes, and it is easily seen, putting f - c=ra^®, that the part due to 
the small circle is 

if the direction of integration be chosen in accordance with the rule of Art. 32. We thus 
obtain 


r. 


- 00 X'— (ic + fftl) 
which is equivalent to 


r ■^=0, 

jo 


IIt- 




r 

J 0 


■ dk. 


.(18) 


-(k + IiXi) jo k+(K+lfli) 

On the other hand, when x is negative 'we may take the integral (17) round the contour 
made up of the line m= 0 and an infinite semicircle lying on the side for which m is 
negative. This gives the same result as before, with the omission of the term due to the 
singular point, which is now external to the contour. Thus, for x negative, 

jo k-{K^ifn) Jo k-h(K+ZfjLi) 


An alternative form of the last term in (18) may be obtained by integrating round the 
contour made up of the negative portion of the axis of k, and the positive portion of the 
axis of m, together with an infinite quadrant. We thus find 


-X k 


f-tor rx p-mx 

/ . — , . , 

-(K4*2/ii) jo zm-U-i-i/ii) 


zdm=0. 


which is equivalent to 


/: 


0 /* -I" (k -f- i/ij) 




0 W — }Mi + lK 


dm. 


( 20 ) 
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This is for w positive. In the case of x negative, we must take as our contour the 
negative portions of the axes of I*, ?/?, and an infinite quadrant- This leads to 

/ oc A—ikx fiinx 

rA I (21) 

0 + J 0 ni+fii—iK 

as the transformation of the second member of (19). 

In the foregoing argument /xj is positive. The corresponding results for the iotegi^al 

\ m) 

are not required for our immediate purpose, but it will be convenient to state them f«.>r 
future reference. For x positive, we find 

fiikx A~ikx p’~-mx 

f—p— r~.dk =\ ^,dk= - f - — (23) 

jo I'-iK-tyLi) J a k-\-{K-2fii) jo ra-^fii-htK 

whilst, for X negative, 

/*« ^ikx . N p-i^^ 

j- dk= - I y- A- ,-.dk 

J 0 k’ - (k - tfXi) j 0 

. . r=C ^7UX 

= —^dm (24) 

J o m — }ii — iK 

The verification is left to the reader^. 

If we take the real parts of the formulae (18), (20), and (19), (21), respectively, -we 
obtain the results which follow. 

The formula (16) is equivalent, for x positive, to 

Trap ^ ^ (k+ k) cos kx — imi sin kx „ 

. V = - sm KX -f 77 dk 

kF ^ Jo (k -i- k)- + JLLi' 

= — sm Ara? + / -“T ^ » (-^) 

and, for x negative, to 

KP'y~}^ + + ^ ^ 

The interpretation of these results is simple. The first term of (25) 
represents a train of simple-harmonic waves, on the down-stream side of the 
origin, of wave-length ^ird^jg, with amplitudes gradually diminishing according 
to the law The remaining part of the deformation of the free-surface, 

expressed by the definite integrals in (25) and (26), though very great for 
small values of x, diminishes very rapidly as x increases in absolute value, 
however small the value of the frictional coefficient /ij. 

When /x-i is infinitesimal, our results take the simpler forms 

Trap ^ . . ["^coskxjj 

. V = — 27r sin Arar 4- / -7 dk 

kP ^ Jo k+K 

= - 27rsin (27) 

Jo w- -f a:- 

* For another treatment of these integrals, see Dirichlet, Vorlemngen ueber d, Lekre v, d, 
einfachen u, mehrfacken bestimmten Integralen (ed. Arendt), Braunschweig, 1904, p- 170. 
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^.dm ( 28 ) 

for rc negative. The part of the disturbance of level which is represented 
by the definite integi*als in these expressions is now symmetrical with respect 
to the origin, and diminishes constantly as the distance from the origin 
increases- When /c.r is moderately large we find, by usual methods, the 
semi-convergent expansion 

( 28 ) 

It appears that at a distance of about half a wave-length from the origin, on 
the down-stream side, the simple-harmonic wave-profile is fully established. 

The definite integrals in (27) and (28) can be reduced to known functions as follows. 
If we put we hare, for x positive, 

cos(^d, 

J 0 I’ -j-K J KJC 

= — Ci kx cos (iTT - Si KX) sin K.r, (30) 

where, in conformity with the usual notation, 

cos 21 , Cl- f^^sinu J 

Jit Jo 

The functions Ci \i and Si u have been tabulated by Glaisher^. It appears that as u 
increases from zero they tend very rapidly to their asymptotic values 0 and respectively. 
For small values of k we have 

ClU = y+log!4-g-^ + ^-...,l 

c, . \ 

“^'“=“-v: 3: + 5T5:— - i 

where y is Euler’s constant *5772 

It is easily found from (25) and (26) that when fjbi is infinitesimal, the 
integral depression of the surface is 



exactly as if the fluid were at rest. 


244. The expressions (25), (26) and (27), (28) alike make the elevation 
infinite at the origin, but this difficulty disappears when the pressure, which 
we have supposed concentrated on a mathematical line of the surface, is 
diffused over a band of finite breadth. 

* “Tables of the Numerical Values of the Sine-Integral, Cosine-Integral, and Exponent ia 
Integral,’’ FMl, Tram. 1870; abridgments are given by Dale and by Jahnke and Emde. The 
expression of the last int^ml in (27) in terms of the sine- and cosine-integrals was obtained, in 

a different manner from the above, by Sehlomilch, ‘ ‘ Sur Fintdgrale ddfinie I 5 - e Crelle, 

J Q d- -h 

xxxiii. (1846); see also De Morgan, Diferential and Integral Calculus, London, 1842, p. 654, 

and Diriehlet, Vorlemugen^ p. 208. 
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243-244] Surface-Bisturhance of a Stream' 


To calculate the effect of a distributed pressure 

(3*1) 

it is only necessary to write - a for ^ in (27) and (28), to replace P by 
f {a) ha, and to integrate the resulting value of )j with respect to a between 
the proper limits. It follo’ws from known principles of the Integral Calculus 
that if po finite the integrals will be finite for all values of j\ 


In the case of a uniform pressure p^, applied to the part of the surface 
extending from — cx) to the origin, we easily find by integration of (25), for 


x>0, 


= - 2j>o cos AT.r + — 

TT j 0 


A:po r"® 


711- + fe- 


rn 


where has been put = 0. Again, if the pressure be applied to the part 
of the surface extending from 0 to + oc , we find, for x < 0, 




^2 f 
'ir J 0 


e^^^din 
in- -f K- 


(36) 


From these results we can easily deduce the requisite formulae for the case 
of a uniform pressure acting on a band of finite breadth. The definite 
integral in (35) and (36) can be evaluated in terms of the functions Ci v. 
Si u ; thus in (35) 


IC 


0 -f 


I dL‘ = (l-TT — Si /ex) cos /ex + Ci /ex sin /ex. . . .(37 ) 

j 0 


In this w’-ay the diagram on p. 382 was constructed; it represents the case 
where the band (A 5) has a breadth /e-\ or T59 of the length of a standing 
wave. 


The circumstances in any such case might be realized approximately by 
dipping the edge of a slightly inclined board into the surface of a stream, 
except that the pressure on the wetted area of the board would not be uniform, 
but would diminish from the central parts towards the edges. To secure 
a uniform pressure, the board would have to be curved towards the edges, to 
the shape of the portion of the wave-profile included between the points 
A, 5 in the figure. 

It will be noticed that if the breadth of the band be an exact multiple 
of the wave-length we have zero elevation of the surface at a distance, 

on the down-stream as well as on the up-stream side of the source of 
disturbance. 

The diagram shews certain peculiarities at the points A, B due to the 
discontinuity in the applied pressure. A more natural representation of a 
local pressure is obtained if we assume 

P h 


.( 38 ) 
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244-245] 


Wave-profile 


We may ■write this in the form 

P 1 P r“ 

Po = — • T — ^ “ I ( oD") 

TT 0— IX IT i) 

provided it is understood that, in the end, only the real part is to be retained. 
On reference to Art. 242 (9), (10), we see that the corresponding elevation of 
the free surface is given by 

irP 

9py ^ — I 1 ~dk ....( 40 ) 

TT J 0 fC — K — l/Mj 

By the method of Art. 243, Ave find that this is equivalent, for ^ > 0, to 

f p—imb—Tinx j 

TT ( J 0 771- fJLj-htK J ^ ^ 

and, for x < 0, to 

kP r 7 /(o. 

TT J 0 m + p^-z/c ' ^ 

Hence, taking real parts, and putting pj = 0, we find 

rv Ti • P f m cos 77 z 6 — /C sin , r 

qpy — — sin kx + — \ e~^ dm, [a? > 0], 

(‘^S) 

._P r cos mb -.sm 

TT J 0 7?l- 4- /C- ’ L J 

(44) 

The factor e~'^^ in the first term of (43) shews the effect of diffusing the 
pressure. It is easily proved that the values of y and dyjdx given by these 
formulae agree when a? = 0^. 


245 . If in the problem of Art. 242 we suppose the depth to be finite and 
equal to h, there will be, in the absence of dissipation, indeterminateness or 
not, according as the velocity c of the stream is less or greater than (gh)^, the 
maximum wave-velocity for the given depth; see Art. 229. The difficulty 
presented by the former case can be evaded by the introduction of small 
frictional forces ; but it may be anticipated from the preceding investigation 
that the main effect of these will be to annul the elevation of the surface 
at a distance on the up-stream side of the region of disturbed pressure, 
and if we assume this at the outset we need not complicate our equations by 
retaining the frictional terms f. 

JPor the case of a simple-harmonic distribution of pressure we assume 


^ == — .r4-^ cosh k{y+h) sin 

sinh ^ (y4-A) cosl*^, 


.( 1 ) 


* A dijQferent treatment of the problem of Arts. 243, 244 is given in a paper by Kelvin, “Deep 
Water Sbip-Waves,” Prcc. B, S. Edin. xxv, 562 (1905) {Papers, iv. 368]. 

*t* There is no difficulty in so modifying the investigation as to ts^e the frictional forces into 
account, when these are very small. 
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a« in Art. 233 (3;. Hence, at the surface 

kk cos Ar, ( ^ i 

we liave (ic^coshM-^sinhM) ooslx, (3) 

P 

SO that to the imposed pressure 

p^^—Ccoskx 

will correspond the suiface-form 

= ~ . j~r, — rn ♦ 1 ;T ' 

" p ke- cosh kh — g sinh kk 

As in Art. 242, the pressure is gi-eatest over the troughs, and least over the crests, of the 
waves, or nee versCt^ according as the wave-length is greater or less than that corresponding 
to the velocity c, in accordance with general theory. 

The generalization of (5) by Fourier’s method gives 
P f sinh kk cos Lv 

^""■TTp Jo X-c- cosh M — sinh M ‘ ^ 

as the representation of the effect of a pressure of integral amount F applied to -a narrow 
band of the surhice at the origin. This may be written 

^ 7 } 

P ^ jo wcoth 

Xow consider the complex integral 

j f cothf-prA/c-i^^’ 

where + The function under the integral sign has a singular point at f = + ? x , 
ciccordiog as x is jx^sitive or negative, and the remaining singular points are given by the 
roots of 

tanh f c- 

C gh 

Since (6) is an even function of a*, it will l>e sufficient to take the case of x positive. 

Let us fii’st suppose that e->gk. The roots of (9) are then all pure imaginaries ; viz. 
they are of the form ± where ^3 is a root of 



The smallest positive root of this lies betAveen 0 and Itt, and the higher roots approximate 
with increasing closeness to the values where s is integral. We will denote these 

roots in order by A, ft, .... Let us now take the integral (8) round the contour made 
up of the axis of m, an intinite semicircle on the positive side of this axis, and a series of 
small circles surrounding the singular points ^ftj — ‘ The part due to the 

infinite semicircle obviously vanishes. Again, it is known that if a be a simple root of 
the value of the integral 

J fiC) ^ 

taken in the positive direction round a small circle enclosing the point f =a is equal to 

“/I! <"> 

Now in the case of (8) we haA'e 

/'(a)=cotha-a(cotli3a-l) = i (^1- , (12) 

whence, putting a=ift, the expr^ion (11) takes the form 

(13,) 



Sti'eam of Finite Depth 




The theorem in question then gives 


u coth u - ghjc^ ^ 


0 ucothu—gh c- 


dv- ' Bj 


' = 0. 


If in the former integral we write - u for ii, this l>ecomes 

/ QO^iXU h) , r h 

ZiT T"^dii=7r^ B,e Ifi 

Jo ii eothu ~gh;e-^ ^ ‘ * 

The surface-form is then given by 

3' = 4-S" ,'17 

pt“ 0 

It appears that the surface-elevation (which is symmetrical with respect to the origin) 
is insensible beyond a certain distance from the seat of disturbance. 

When, on the other hand, c-<ghy the equation (9) has a pair of real roots (±a, say), the 
lowest roots (±^q) of (10) having now disappeared. The integral ,7) is then indeterminate, 
owing to the function under the integral sign becoming infinite within the range of 
integration. One of its values, viz. the ‘principal value,’ in Cauchy’s sense, can however 
be found by the same method as before, provided we exclude the points ±a from the 
contour by drawing semicircles of small radius e round them, on the side for which r is 
positive. The parts of the complex integral (8; due to these semicircles will be 

e-iaxih 

~ fj^)' 

where/' (a) is given by (12) ; and their sum is therefore equal to 

2ar.d[sin~, (18) 




The equation corresponding to (16) now takes the form 


{/r-o.- 


Qothu—gkic^ k ^1 ’ ■ ^ 


so that, if we take the principal value of the integral in (7), the surface-form on the side 
of positive is 

y = - 4 ^ sin X + 7 ,'31) 

^ hpor^i ^ * 

Hence at a distance from the origin the deformation of the surface consists of the 
simple-harmonic train of waves indicated by the first term, the wave-length being 

that corresponding to a velocity of propagation c relative to still water. 

Since the function (7) is symmetrical with respect to the origin, the corresponding 
result for negative values of x is 


F . . ax 
y j sm -j- - 
^ pcf h 




The general solution of our indeteiminate problem is completed by adding to (21) and 
(22) terms of the form 


y-y (XX , ~r\ • OJLt 

(7cos-T-+-Osm - 7 - . 

h h 


L. H. 


25 
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The practical solution, including the effect of infinitely small dissipative forces, is obtained 
bv so adjusting these terms as to make the deformation of the surface insensible at 
a'distance on the up-stream side. We thus get, finally, for positive values of a;, 


3 Sin -f 

h pc- 1 


^^xfh 


m 


and, for negative values of ar, 

w=—^ (25) 

^ p(P I 

For a different method of reducing the deiinite integral in this problem we must refer 
to the paper bj Kelvin cited below. 


246, The same method can be employed to investigate the effect on a 
uniform stream of slight inequalities in the bed* 

Thus, ill the case of a simple-harmonic corrugation given by 

J/rsr — -PyCOSib?, (1) 

the origin being as usual in the undisturbed surface, we assume 

^ — 47 -f (a cosh 4- jS sinh hy) sin j 

! ‘ 

n = -y 4- (a sinh hy-^^ cosh hy) cos 

The condition that (1) should be a stream-line is 


y= — asinh^/^+jScoshM 

The pressure-formula is 

^ = const, ~ (a cosh % + ^ sin %) cos (4) 


approximately, and therefore along the stream-line 

£. = const, -h {h(?a -^g^) cos F,r, 

P 

so that the condition for a free surface gives 

hc\-g^^O (5) 

The equations (3) and (5) determine a and A The profile of the free surface is given by 

v=acoslu’=-~-Trn“~^7 ••(^) 

^ ^ cosh hk —g/he - . sinh hh 

If the velocity of the stream be less than that of waves in still water of uniform depth 
of the same length as the corrugations, as determined by Art. 229 (4), the denominator is 
negative, so that the undulations of the free surface are inverted relatively to those of the 
bed. In the opposite case, the undulations of the surface follow those of the bed, but with 
a different vertical scale. When c has precisely the value given by Art. 229 (4), the solution 
fails, as we should expect, through the vanishing of the denominator. To obtain an in- 
telligible result in this case we should be compelled to take special account of dissipative 
foi*cea 

The above solution may be generalized, by FourieFs Theorem, so as to apply to the 
case where the inequalities of the bed follow any arbitrary law. Thus, if the profile of the 
bed be given by oo oo 

-h+f ix)=-A+- rdJtf f(S)coak(x-^)dS, (7) 

w J 0 Jf -00 

* Sir W. Thomson, “On Stationary Waves in Flowing Water,” Phil. Mag. (5), xxii. 35S, 
445, 517 (18S6), and sxiii. 52 (1887) IPapen^ iv. 270]- 
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that of the free surface will be obtained by superposition of terms of the type (6) due to 
the various elements of the Fourier-integral ; thus 

.==1 r /(g) 00^ 

^ TT J 0 J —x cosh H . sinh M ^ ^ ^ 

In the case of a single isolated inequality at the point of the bed vertically beneath 
the origin, this reduces to 

2 cos X-j* 

J 0 coshX'A — . sinh /*/> 

_Q ucos(xu7i) j 

ttA j 0 cosh sinh ^ 

w^here Q represents the area included by the profile of the inequality above the general 
level of the bed. For a depression Q will of course be negative. 

The discussion of the integral 

f .ON 

J C cc>sh . sinh ^ 

can be conducted exactly as in Art. 245. The function to be integrated differs only by 
the factor f/(sinh f) ; the singular points therefore are the same as before, and we can at 
once write down the results. 

Thus when > gh we find, for the surface-form, 

y=f (11) 

the upper or the lower sign being taken according as x is positive or negative. 

When < gk, the ‘ practical ^ solution is, for x positive, 

+ (12) 

^ k Sinh a A A ^ 1 sin 

and, for x negative, v=~ (13) 

A sin^a 

The symbols a, .4, have here exactly the same meanings as in Art. 245^, 


247. We may calculate, in a somewhat similar manner, the disturbance 
produced in the flow of a uniform stream by a submerged cylindrical obstacle 
whose radius h is small compared with the depth /of its axisf. The cylinder 
is supposed placed horizontally athwart the stream. 

We write 

cp = -cx{l+ -)+X, (1) 

where c denotes as before the general velocity of the stream, and r denotes 

* A very interesting drawing of the wave-profile produced by an isolated inequality in the bed 
is given in Kelvin’s paper, Phil. Mag. (5), xxii. 529 [Papers, iv. 295]. The effect of inequalities 
of various kinds has been investigated by Cisotti in recent volumes of the Rend, della r. Accad. 
dei Linceij on the supposition that is so large in comparison with gh that the influence of 
gravity may be neglected. The problems are accordingly of the type considered in Arts. 73.,. 
supra. 

t The investigation is taken from a paper “ On some cases of Wave-Motion on Deep Water,*^ 
Ann. di matematica (3), xxi. 237 (1913). I find that the problem had been suggested by Kelvin, 
Papers, iv. 369 (1904), 
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distance from the axis of the cylinder, viz. 

r = \J{x- + {y +fY\, * (^) 

the origin being in the undisturbed level of the surface, vertically above the 
axis. This makes d(pldr = 0 for r = b, provided x "be negligible in the neigh- 
bourhood of the cylinder. 


We assume 


X— j a (^‘) sin kxdk, 


where a{k) is a function of k, to be determined. For the equation of the free 
surface, assumed to be steady, we put 


7 ; = I ^ (k) cos kxdk (4) 

J 0 

The geometrical condition to be satisfied at the free surface is 

-^-c^ (5) 

wherein we may put 2 / = 0 . Since ( 1 ) is equivalent to 

rao 

(p z= cx -- b^c I sin kxdk -h %, — (6) 

J 0 

for positive values of y +/, this condition is satisfied if 

¥ce-^^a{k)^c^{k) (7) 

Again, the variable part of the pressure at the free surface is given by 


• — gy] — — b-c-j cos kxkdk + c ^ 


— — gyj cos kxkdk + c a (k) cos kxkdk, (8) 

Jo Jo 

where terms of the second order in the disturbance have been omitted. This 
expression will be independent of x provided 

(k) -f kca(k)=::Q (9) 

Combined with (7), this gives 

= = (10) 


where 

Bs in Art. 242. Hence 


K = g/c?, 


1 = 26= f 




ke~^ cos kxdk 
k — K 

^ cos kxdk 

+ 2x1^ j . 

Jo tc — K 


( 12 ) 
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- dm. 


.(13) 


The integral is indeterminate, hut if x be positive its principal value is equal 
to the real part of the expression 

rx Q—imf—mx 

-f { / d7n. 

Jo 1771— K 

Adopting this we have 

V = — ^TT/cb-e"'^'^ sin kx 

XT 

— f cos mf) 

J 0 

For large values of x the second term is alone sensible. 


4U) 


Since the value of rj in (12) is an even function of x we must have, for 
X negative, 

"2b-f Lo • Q 70 sin 77if— m cos 771 f) ^ . 

Tf = + 2irfcb"e sin kx - 2a:6- ^ ^ . . .(lo) 

a- 4-/- Jo m- + A:- ^ 


On the disturbances represented by these formulae we can superpose any 
system of stationary waves of length 2'7r/A:, since these could maintain their 
position in space, in spite of the motion of the stream ; and if we choose as 
our additional system 


77 = — 27r/c6“ sin kx (16) 

we shall annul the disturbance at a distance on the up-stream side {x < 0), 
as is required for a physical solution. The result is 
W-f 


v = 


2b:f 


4^7rfch^e~''^ sin fcx + &c. [^ > 0], 

-f&c. [-^<0], 


.(1^) 


aP+f- 

It appears that there is a local disturbance immediately above the obstacle, 
followed by a train of waves of length 27rcr/g on the down-stream side*. 


248 . If in the problems of Arts, 243, 245 we impress on everything a 
velocity — c parallel to a?, we get the case of a pressure distux'bance advancing 
with constant velocity c over the surface of otherwise still ’water. In this 
form of the question it is not difBcult to understand, in a general way, the 
origin of the train of waves following the disturbance. 

If, for example, equal infinitesimal impulses be applied in succession to 
a series of infinitely close equidistant parallel lines of the surface, at equal 
intervals of time, each impulse will produce on its own account a system of 
waves of the character investigated in Art. 239. The systems due to the 
different impulses will be superposed, with the obvious result that the only 
parts which reinforce one another will be those which have the wave-length 
appropriate to the velocity c ’with which the disturbing infl^uence advances 
over the surface, and which are (moreover) travelling in the direction of this 


^ If we investigate the asymptotic expansion of the definite integral in (13), when k / is large, 
we find on substitution in (12) that the most important term gives -252//(j:3+/2), and so cancels 
the first term in the above values of 77. 




advance. And the investigations of Arts. 236, 237 shew that the groups of 
waves, of this particular length, which are produced, are continually being 
left behind. 

The question can be investigated from a general standpoint, independent 
of the particular kind of waves considered, as follows*. 

We take the origin at the instantaneous position of the disturbing influence, 
which is supposed to travel with velocity c in the direction of ^-negative. The 
effect of an impulse St delivered at an antecedent time t is given by Art. 241 (7) 
if we replace a? by ct — x and multiply by St. Introducing the hypothesis of a 
small frictional force varying as the velocity, and integrating from t = 0 to 
f = oc , we get 

^TT J 0 (J 0 0 j 

The integration with respect to t gives 

1 r <^{h)e^dh 1 r <^{h)e-^^dk 

^~~27tJq — i (cr — kc)'^ 2 tt j q ^jM-i{cr + kc) 

The quantity is by hypothesis small, and will in the limit be made to vanish. 
The most important part of the result will therefore be due to values of k in 


the first integral which make 

(T = kc (3) 

approximately. Writing k=K-h k\ where a: is a root of this equation, we have 

<7-A-c = (^.-c)i-' = (77-c)i', (4) 


nearly, where U denotes the group-velocity corresponding to the wave-length 
iTs-jK. The important part of (2) is therefore 



dk' 


(5) 


since the extension of the range of integration to ^''==±00 makes no serious 
difference. Now if a be positive we havef 


whilst 

Hence if U<c 



f2Tre-«* 

[s > 0] 


a 4- im 

1 0, 

[®<0] 

(6) 


= 1"’ 

[^>0] 

(‘7) 

a — ini 

(2we<“. 

0] 


<f> (k) 

o-U 

g-hliX ic—U) 

or 0, 

(8) 


* PhiL Mag. (6), xxsi. m (191 B). 

t The results quoted are equivalent to the familiar formulae 



cos mar dm 


msin mxdm 
0 < 22 ^ 1^2 


(where the upper or lower sign is to be chosen according as x is positive or negative), but can be 
obl»ined directly by contour int^ration. 
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{V- 


according as a* ^ 0 : whilst if Z7 > c 

, 7 = 0 , or (9) 

U — c 

in the respective cases. If we now make /i. 0 we have the simple expression 



for the wave-train generated by the travelling disturbance. I This train follows 
or precedes the disturbing agent according as U $ c. Examples of the two 
cases are furnished by gravity waves on water, and capillary %vaves, respectively 
(Arts. 236, 266). 

The approximation in (4) is valid only if the quotient 

d^ajdl^.k' ^{U-c) (11) 

is small even when k'x is a moderate multiple of 27r. This requires that 

d^<Tldkr^(n-c)x .....(12) 

should be small. Unless JJ=c, exactly, the condition is always fulfilled if 
X be sufficiently great. It may be added that the results (8), (9) are accurate, 
in the sense that they give the leading term in the evaluation of (2) by 
Cauchy’s method of residues. Cf. Art. 242. 

In the case of waves on deep water, due to a concentrated pressure of 
integral amount P, w’e put 

^ (k) = iaPjgp, (13) 

to conform to Art. 239 (28). Since U = l-c, we obtain, on taking the real part, 

2P/C . . 

9P 

in agreement with (27) of Art. 243*. 

If there is more than one value of k satisfying (3), there will be a term of 
the type (10) for each such value. This happens in the case of water-waves 
due to gravity and capillarity combined (Art. 269), and in the case of super- 
posed fluids, to be referred to presently. 

249 . The preceding results have a bearing on the question of ‘wave- 
resistance.’ Taking for definiteness the case of U < c, let us imagine a fixed 
vertical plane to be drawn in the rear of the disturbing agency. If E be the 
mean energy of the ’waves, the space in front of this plane gains, per unit 
time, the additional energy cE, whilst the energy transmitted across the 
plane is UE, by Art. 237. Hence if R be the resistance experienced by the 
disturbing body, so far as it is due to the formation of waves, 

( 1 ) 

c 

* It is not difficnlt to derive from (2) the complete formula referred to, 
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If U>c, the fixed plane must be taken in advance, and the result is 

( 2 ) 

c 

Thus, in the case of a disturbance advancing with velocity c [< \/(gh)'] 
i n’er still water of depth h. we find, on reference to Art. 237, 

® 

where a is the amplitude of the waves. As c increases from 0 to \/{gh)^ fch 
diminishes from x to 0, so that i? diminishes from \gp(i^ to 0. When 
c>\f(gh), the effect is merely local, and = It must he remarked, 
however, that the amplitude a due to a disturbance of given type will also 
vary wuth c. For instance, in the case of Art. 244 (43), a cc where 

K = g;(p^ the depth being infinite. Hence 

R X (4) 

An interesting variation of the general question is presented when we have a layer of 
one fluid on the top of another of somewhat greater density. If p, p be the densities of 
the lower and iipj^er fluids, respectively, and if the depth of the upper layer be h\ whilst 
that of the lower fluid is practically infinite, the results of Stokes quoted in Art. 231 shew 
that two 'wave-systems may be generated, whose lengths are related to the velocity c 

f>f the disturbance by the formulae 

P-P 9 

k' p coth k/c p' ' k * ^ ' 

It is easily proved that the value of k determined by the second equation is real only if 

( 6 ) 

If c exceeds the critical value thus indicated, only one type of waves 'will be generated, 
and if the difference of densities be slight the i*esistance will be practically the same as in 
the case of a single fluid. But if c fall l>elow the critical value, a second type of waves 
may be produced, in which the amplitude at the common boundary greatly exceeds that 
at the up|>er surface; and it is to these waves that the ‘dead-water resistance^ referred to 
in Art. 231 is attributed +. 

The problem of the submerged cylinder (Art. 247) furnishes an instance where the 
wave- resistance to tlie motion of a solid can be calculated. The mean energy, per unit 
area of the water surflice. of the waves represented by the second term in equation (14) 

of tliat Art. is 

R = ( 4 37 k l^e ~ 

fsince we have from (1) 

E = AirgphVe ( 7 ) 

For a given depth (/) of immersion, this is greatest 'when or 

c^s!'‘gf} (8) 

* Cf. Sir W. Thomson, **Oii Ship Waves,” Proc. Inst. Mech. Eng. Aug. 3, 1887 [Popular 
JL^ctufis and Xtondon, 1S89-94, iii. 4503. ^ formula equivalent to (3) was given in a 

paper by the same author, Phil. Mag. (5), xxii. 451 [Papers, iv. 279], 

t Bkman, I.e. ante p. 349. See also the paper by the author, there quote, d. 
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In terms of the velocity c we have 

: 9 ; 

The graph of i2 as a function of e is appended^. 



250. The restriction to ‘ infinitely small ’ motions, in the investigations of 
Arts. 227, ..., implies that the ratio (a/X) of the maximum elevation to the 
wave-length must be small The determination of the wave-forms which 
satisfy the conditions of uniform propagation without change of type, when 
this restriction is abandoned, forms the subject of a classical research by 
Stokesf and of many subsequent investigations. 

The problem is most conveniently treated as one of steady motion. It was 
pointed out by Kayleigh| that if we neglect small quantities of the order 
the solution in the case of infinite depth is contained in the formulae 

i z=-~x 4- Be^ sin kx, ^ q. cos kx — (1) 

c c 

* Ann. di mat., l.c. The same law of resistance as a function of the Yelocity c has been 
obtained by Havelock, in the case of various types of surface disturbance, * **SMp Eesistance...,” 
Proe. R. S. Isxxit. 489 (1913). A previous paper by the same author on “The Wave-Making 
Besistance of Ships, Proa. R. S. Ixsxii. 276 (1909), may also be referred to. 

t “On the theory of Oscillatory Waves/' Camb. Trans, viii. (1847) [Papers, i. 197]. The 
method was one of successive approximation based on the exact equations of Arts. 9 and 20 ante. 
In a supplement of date 1880 the space-co-ordinates ij are regarded as functions of the inde- 
pendent variables <p, -ip [Papers, i. 314]. 

X l.c. ante p. 241. The method was subsequently extended so as to include all Stokes’ results, 
Phil. Mag. (6), xxi, 183 [Pajper^, vi. 11]. 
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The equation of the wave-profile {'^jr = 0) is found by successive approxima- 
tions to be 

1 / = cos kx = ^{l + ky + 1 + . . .) cos kx 

= P'/32 q- ^ (1 + cos kw + -|yL'/3“ cos 2kx 4 ^k^^^ cos U^x 4 .(2) 

or, if we put /3 (1 4 = ot, 

y — iia- = a cos kx 4 -l-Ara^ cos 2kx -h ^k^a^ cos 3kx 4- — (3) 

So far as we have developed it, this coincides with the equation of a trochoid, 
in which the circumference of the rolling circle is Stt/A’, or X, and the length 
of the arm of the tracing point is a. 

We have still to shew that the condition of uniform pressure along this 
stream-line can be satisfiied by a suitably chosen value of c. We have, from 


(1), without approximation 

^ == const. — gy — 11 — 2k cos kx 4 (4) 

and therefore, at points of the line y = cos kx, 

^ -2 = const. 4 ( A‘c- — a) 2 / — -i* 

P 

= const. 4 (kc'—g — y 4 (o) 

Hence the condition for a free surface is satisfied, to the present order of 
approximation, provided 

c- = 1 4 kFc^^ = |(1 4 i-a-) (6) 


This determines the velocity of progressive waves of permanent type, and 
shews that it increases somewhat with the amplitude a. 

The figure shews the wave-profile, as given by (3), in the case of = 
ora/X = -0796^ 



The approximately trochoidal form gives an outline which is sharper near 
the crests, and flatter in the troughs, than in the case of the simple-harmonic 
-waves of infinitely small amplitude investigated in Art. 229, and these 
features become accentuated as the amplitude is increased. If the trochoidal 
form were exact, instead of merely approximate, the limiting form would 
have cusps at the crests, as in the case of Gerstner s waves to be considered 
presently. 

In the actual problem, which is one of irrotational motion, the extreme 
form has been shewn by Stokes f, in a very simple manner, to have sharp 

* The approximation in (3) is hardly adequate for so large a value of ka; see equation (17) 
below- The figiure serfes however to indicate the general form of the wave-profile, 
t Papers, i. 227 ( 1880 ). 
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angles of 120°. The question being still treated as one of steady motion, 
the motion near the angle will be given by the formulae of Art 63 ; viz. if 
we introduce polar co-ordinates 6 with the crest as origin, and the initial 
line of 6 drawn vertically downwards, we have 

'\jr == cos m0j ( 7 ) 

■with the condition that 'i|r = 0 when d=^±a (say), so that 77ia=^^7r, This 
formula leads to 

q = mCf^~\ (S) 

where q is the resultant fluid- velocity. But since the velocity vanishes at the 
crest, its value at a neighbouring point of the free surface will be given by 

q" = 2grcos ct, ( 9 ) 

as in Art. 24 (2). Comparing (8) and (9), we see that we must have m = f , 
and therefore a — I tt*. 

In the case of progressive waves advancing over still water, the particles 
at the crests, when these have their extreme forms, are moving forwards with 
exactly the velocity of the wave. 

Another point of interest in connection with these waves of permanent 
type is that they possess, relatively to the undisturbed ivater, a certain 
momentum in the direction of -wave-propagation. The momentum, per wave- 
length, of the fluid contained between the free surface and a depth A (beneath 
the level of the origin), which we will suppose to be great compared with X, is 

— p [J^ dxdy^^ pchX, (10) 

since = 0, by hypothesis, at the surface, and =c/i, by (1), at the great depth 
h. In the absence of waves, the equation to the upper surface would be 
y=:\'ka\ by (3), and the corresponding value of the momentum would 
therefore be 

pc (A 4“ ^ Ad") X. ,...............*•••••••••’*-•(11) 

The difference of these results is equal to 

irpa^Cy - --(1^) 

which gives therefore the momentum, per wave-length, of a system of 
progressive waves of permanent type, moving over water which is at rest at 
a great depth. 

To find the vertical distribution of this momentum, we remark that the 
equation of a stream-line f = is found from (2) by writing y + A' for y, 
and for 0. The mean-level of this stream-line is therefore given by 

y = — A' -i- -(1^) 

* The wave-profile has been investigated and traced by Michell, “The Highest Waves in 
Water/* Phil, Maff. (5), xxxvi. 430 (1893). He finds that the extreme height is -142 X, and tha 
the wave-velocity is greater than in the case of infinitely small height in the ratio of 1*2 to 1. See 
also Wilton, Phil, Mag. (6), xxvi 1053 (1913). 
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Hence the momentum, in the case of undisturbed flow, of the stratum of 
fluid included between the surface and the stream-line in question would 

be, per wave-length, 

pcX [h' -{- ^kJ3- (1 — (14) 

The actual momentum being pch% we have, for the momentum of the same 
stratum in the case of weaves advancing over still water, 

TTpa-c (1 — (15) 

It appears therefore that the motion of the individual particles, in these 
progressive waves of permanent type, is not purely oscillatory, and that there 
is, on the whole, a slow but continued advance in the direction of wave- 
propagation^. The rate of this flow at a depth h' is found approximately by 
differentiating (15) with respect to h\ and dividing by p\, viz. it is 

(16) 

This diminishes rapidly from the surface downwards. 

The further approximation by Stokes, confirmed by the independent cal- 
culations of Rayleigh and others, gives as the equation of the wave-profile 
1/ = const, -h a cos kw — { ^ka- + ^k^a^) cos 2kx -f cos dkx 

— 4-/r^a^cos4i’a“H- ..., (17) 

with, for the wave- velocity, 

c- = I (1 + k^ar -h -f- . . .) (18) 

A question as to the convergence, both of the series which form the 
coefficients of the successive cosines when the approximation is continued, and 
of the resulting series of cosines, has been raised by Burnsidef, who even 
expresses a doubt as to the possibility of waves of permanent type. It is true 
that this has not, so far, been rigorously established, but Rayleigh in an 
extended investigation^ shews that the condition of uniformity of pressure at 
the surface can be satisfied for sufficiently small values of ka to a very high 
degree of accuracy, and infers the existence of permanent types up to the 
highest wave of Michell as practically certain. 

251. A system of exact equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, was given so long ago as 1802 
by Gerstner§, and at a later period independently by Rankinel!. The circum- 
stance, however, that the motion in these waves is not irrotational detracts 
somewhat from the physical interest of the results. 

* Stokes, l.r. ante p. B93. Another very simple proof of this statement has been given by 
Eayleigh, Lr. ante p. 241. 

f Proc. Lmd. JIath. Soc. (2), xv. 26 (1916). 

X Phil, Mag, |6}, xxxiii. 381 (1917) [Papers, vi. 478]. Beference may also be made to 
Havelock, Proc, So€, A, xcv. 38 (1918). 

§ Professor of Mathematics at Pragae, 1789-1823. His paper, “ Theorie der Wellen,*’ was 
pnHished in the Abh, i. k, hohm. Ges, d, TPfM. 1802 [Giibert^s Annalen d. Phijsik, xxxii. (1809)]. 

if ‘^On the Exact Form of Waves near the Surface of Deep Water,’^ Phil Tram. 1863 

[Papers, p. 4811, 
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If the axis of x he horizontal, and that of y be drawn vertically upwards, 
the formulae in question may be written 

ic = a + e** sin (a + ci), y = b—^^^cos,k{a + ct), (1) 

where the specification is on the Lagrangian plan (Art. 16), viz. a, b are two 
parameters serving to identify a particle, and x, y are the co-ordinates of this 
particle at time t. The constant k determines the wave-length, and c is the 
velocity of the waves, which are travelling in the direction of a:-negative. 

To verify this solution, and to determine the value of c, we remark, in the 
first place, that 

b{a,b) ® ’ 

SO that the Lagrangian equation of continuity (Art. 16 (2)) is satisfied. Again, 
substituting from (1) in the equations of motion (Art. 13), we find 

^ (- + 5'y) = sin k (a + ct), | 

^ ( 3 ) 


^fP 
db 


~ k (a 4- ct) + kcPe^^^ : | 


whence 

2 = const, — cos^r(<x4- ci)| — c-e*^cos^'(a -j- ct) -f ...(4) 

. For a particle on the free surface the pressure must be constant ; this 
requires 

<^—glh * (o) 

as in Art. 229. This makes 




const. 


ikb 


.( 6 ) 


It is obvious from (1) that the path of any particle (a, b) is a circle of 
radius 


It has already been stated that the motion of the fluid in these waves is 
rotational. To prove this we remark that 

= I S [e^ sin k {a + c^)} + Sa, (7) 

which is not an exact differential. 

The circulation in the boundary of the parallelogram whose vertices 
coincide with the particles 

(a, b), (d + ha, b), (a, b + hb)y (a + 8a,b + 8b) 
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is, therefore, — ^ (ce^ Sa) Bb, 

and the area of the circuit is 

Sa S6 = (1 - e“-®) Sa Sb. 

d(a, b) 

Hence the vorticity (o>) of the element (a, b) is 

2kce^^ 


CO = - 


1 - e 


.( 8 ) 


This is greatest at the surface, and diminishes rapidly with increasing depth. 
Its seme is opposite to that of the revolution of the particles in their circular 

orbits. 


A system of waves of the present type cannot therefore be originated 
from rest, or destroyed, by the action of forces of the kind contemplated in 
the general theorem of Arts. 17, 33. We may however suppose that by 
properly adjusted pressures applied to the surface of the waves the liquid is 
gradually reduced to a state of flow in horizontal lines, in which the velocity 
(?/) is a function of the ordinate (y ) only*. In this state we shall have 
dx'/da = 1, while y' is a function of b determined by the condition 



y) 

d (a, b) d (a, 6) ' 

( 9 ) 

or 

11 

1 

(10) 

This makes 

du dyf dy' « 3 / o 7 



(11) 

and therefore 

< 

11 

(12) 


Hence, for the genesis of the waves by ordinary forces, we require as a 
foundation an initial horizontal motion, in the direction opposite to that of 
propagation of the waves ultimately set up, which diminishes rapidly from 
the surface downwards, according to the law (12), where 6 is a function of y’ 
determined by 

y=^b-\k-^^^ (13) 

It is to be noted that these rotational waves, when established, have zero 

momentum. 

The figure shews the forms of the lines of equal pressure b = const., for 
a series of equidistant values of These curves are trochoids, obtained by 
rolling circles of radii on the under sides of the lines = 6 the 

distances of the tracing points firom the respective centres being Any 

one of these lines may be taken as representing the fi-ee surface, the extreme 

* For a fuller statement of the argument see Stokes’ Papers, i, 222, 

f The diagram is very similar to the one g^ven originalij by Gerstner, and copied more or less 
closely by subsequent writers. A version of Gerstner^s investigation, including in one respect a 
corr«stion, was given in the second edition of this work. Art. 233. 
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admissible form being that of the cycloid. The dotted lines represent the 
successive forms taken by a line of particles which is vertical when it passes 
through a crest or a trough. 



252 . Scott Russell, in his interesting experimental investigations*, was 
led to pay great attention to a particular type which he called the ‘ solitary 
wave.^ This is a wave consisting of a single elevation, of height not necessarily 
small compared with the depth of the fluid, which, if properly started, may 
travel for a considerable distance along a uniform canal, with little or no 
change of type. Waves of depression, of similar relative amplitude, were 
found not to possess the same character of permanence, but to break up into 
series of shorter waves. 

RusselFs ' solitary ’ tjrpe may be regarded as an extreme case of Stokes’ 
oscillatory waves of permanent type, the wave-length being great compared 
with the depth of the canal, so that the widely separated elevations are 
practically independent of one another. The methods of approximation 
employed by Stokes become, however, unsuitable when the wave-length 
much exceeds the depth; and subsequent investigations of solitary waves 
of permanent type have proceeded on different lines. 

The first of these was given independently by Boussinesqf and Rayleigh f. The latter 
writer, treating the problem as one of steady motion, starts virtually from the formula 

• A. 

= = ........( 1 ) 

where F{x) is real. This is especially appropriate to cases, such as the present, where 

* “Report on Waves,” Brit, Ass, Rep, 1844. 

t Comptes Rendus, June 19, 1871. 

J l.c, ante p. 241. 
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one of the family of stream-lines is straight. 


We derive from (1) 



where the accents denote ditfereiitiatioiis with respect to The stream-line yj/'—O here 


forms the bed of the canal, whilst at the free surface we have ^=:-ch, where c is the 
uniform velocity, and h the depth, in the parts of the fluid at a distance from the wave, 
whether in front or behind. 

The condititm of uniform pressure along the free surface gives 

u--i-v-=c--2g (y-h), (3) 

or, substituting from (2\ 

... (4) 

But, from (2 1 we have, along the same surface, 

yF'-^,F'"+ ...=-ch (5) 


It remains to eliminate F between (4) and (5) ; the result will be a differential equation 
to determine the ordinate y of the free surface. If (as we will suppose) the function F' {x) 
and its difierential coefficients vary so slowly with x that they change only by a small 
fraction of their values when x increases by an amount comparable with the depth A, the 
terms in (4) and (5) will be of gradually diminishing magnitude, and the elimination in 
question can be carried out by a process of successive approximation. 


Thus, from (5j 

rf{!+l/Q)'+...}, (6) 

and if we retain only terms up to the order last written, the equation (4) becomes 
y- 3*^ b/ w ’ 

or, on reductioii, 

y- 3 y 3 y- h? ^ ^ 

If we multiply by y\ and integi’ate, determining the arbitrary constant so as to make 
w'=o for we obtain 

^ I 1 y'", ^ , y-^ gka-W 
y^Z y~ Ifi ’ 

or <») 


Hence / vanishes only for y^k and y=<^:g>, and since the last factor must be positive, 
it appears that is a maximum value of y. Hence the wave is necessarily one of eleva- 
tion only, and, denoting by a the maximum height above the undisturbed level, we have 

c2=y(A-ha), (9) 


which is exactly the empirical formula for the wave- velocity adopted by EusselL 

The extreme form of the wave must, as in Art. 250, have a sharp crest of 120® ; and 
since the fluid is there at rest we shall have c^=2yt/. If the formula (9) were applicable to 
such an extreme case, it would follow that a—h. 


If we put, for shortness, 


y-h=% 


h^{h+a) 

3a ~ ’ 


.( 10 ) 
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.77=asech-ip ' 1 ‘ 2 ' 

if the origin of :€ be taken beneath the summit. 

There is no definite ‘ length ’ of the Tvave, but we may note, as a rough indication of 
its extent, that the elevation has one-tenth of its maximum value when u: 5=3*636. 

y 



o 


X 


The annexed drawing of the curve 

y=l 4-^sech2|u7 

represents the wave-profile in the case For lower waves the scale of y must be 

contracted, and that of x enlarged, as indicated by the annexed table giving the ratio 
5/5, which determines the horizontal scale, for various values of a L 

It will be found, on reviewing the above investigation, that the approximations consist 
in neglecting the fourth power of the ratio (5 -fa) '25- 

If we impress on the fluid a velocity — c parallel to x we get the case 
of a progressive wave on still water. It is not difficult to shew that, if the 
ratio ajk be small, the path of each particle is then an arc of a parabola 
having its axis vertical and apex upwards*. 

It might appear, at first sight, that the above theory is inconsistent 
with the results of Art. 187, where it was argued that a wave of finite 
height whose length is great compared with the dejith must inevitably 
sufier a continual change of form as it advances, the changes being the 
more rapid the greater the elevation above the undisturbed level. The 
investigation referred to postulates, however, a length so great that the 
vertical acceleration may be neglected, with the result that the horizontal 
velocity is sensibly uniform from top to bottom /Art. 169). The numerical table above 
given shews, on the other hand, that the longer the ^ solitary wave ’ is, the lower it is. In 
other words, the more nearly it approaches to the character of a ‘long’* wave, in the sense 
of Art. 169, the more easily is the change of type averted by a slight adjustment of the 
particle-velocities +. 

The motion at the outskirts of the solitary wave can te represented by a very simple 
formula. Considering a progressive wave travelling in the direction of .r-positive, and 
taking the origin in the bottom of the canal, at a point in the front part of the wave, we 
assume 

= A 0 ”’'" ~ cos my .(13) 


ajh 

blA 

'1 

1*915 

•2 

1-414 

•3 

1*202 

•4 

1*080 

! ‘5 

1-000 

i 

1 *943 

‘ *7 

1 *900 

! *8 

1 *866 

i *9 

' *839 

1*0 

! *816 


This satisfies = 0, and the surface-condition 




+ 9^=0 


.(14i 


* Bonssinesq, l.c. 

t Stokes, “On the Highest Wave of Uniform Propagation,” Froc. Camh. Phil. Soc. iv. 361 
(1883) {Papers, v. 140]. 


L. H. 
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will also be satisfied for provided 

, tan mil 



This will be found to agree approximately with Rayleigh’s investigation if we put 

The abjve remark, which was communicated to the author by the late Sir George 
Stokes*, was suggested by an investigation by McGowan t, who shewed that the formula 

sTy) 4- <x tanh {x-{-iy) (16) 

satisfies the conditions very approximately, provided 

tan mL (17) 

m 

and ma = f. sin- m> (k + %a\ u = a tan (A + cit), ( 18 ) 

where a denotes the maximum elevation above the mean level, and a is a subsidiary 
constant. In a subsequent paper J the extreme form of the wave when the crest has a 
sharp angle of 120® was examined. The limiting value of the ratio ajh was found to be *78, 
in which case the w*ave- velocity is given by c“ = l*56y^. 

253. By a slight modification the investigation of Rayleigh and Boussinesq 
can be made to give the theory of a system of oscillatory waves of finite height 
in a canal of limited depth|. 

In the steady-motion form of the problem the momentum per wave-length (X) is repre- 
sented by 

j l^p-udxdy= -p jj^dxd^=-pfi\ (19) 

where ^|rl corresponds to the free surface. If h he the mean depth, this momentum may be 
equated to pc//X, whei*e c denotes (in a sense) the mean velocity of the stream. On this 
understanding we have, at the surface, = — cA, as before. The arbitrary constant in 
(3), on the other hand, must be left for the moment undetermined, so that we write 

>1^ + C~ ^gij - (20) 

We then find, in place of (8), 

(21) 

where kij are the upjxjr and lower limits of y, and 



It is implied that I cannot be greater than A3. 

If we now' write y = hi cos^ x + ^^2 sin‘^ (^8) 

we find ^ v/'|l - sin^ x), (24) 

* Cf. Papen, v. 162. 

t “On the Solitary Wave,” Phil. Mag. (5), xxxii. 45 (1891). 
t “On the Highest Wave of Permanent Type,” PhiL Mag. (5), xxxviiL 351 (1894). 

§ Korteweg and De Vries, “ On the Change of Form of Long Waves advancing in a Rect- 
angular Ciinal, and on a New Type of Long Stationary Waves,” Phil. Mag. (5), xxxix. 422 (1895). 
The method adopted by these writera is somewhat different. Moreover, as the title indicates, the 
|»per includes an examination of the manner in which the wave-profile is changing at any 
instant, if the conditions for permanency of type are not satisfied. 

For other modiications of Rayleigh’s method reference may be made to Gwyther, PhU. Mag. 
(-51, 1. 213, 308, 349 (1900). 
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Heuce, if the origin of x be taken at a crest, we have 


—hTi 


•r=,8 Tm ■ =j?.F;Y, >{•;■, 

J 0 Jil - k- tiin- x) ^ 




;2f>} 


and 


^ — ko) eu- ~ . [nnxi. X*] '27)* 


The wave-length is given by 

X = 28/‘”’ 

J 0 - A- sm- x) ^ ^ " 


.(28) 


Again, from (23) and (24), 

Jl^dx=2^ (i) + (/<x-0 £^ (M (-29) 

Since this must be equal to AX, we have 


(A— (A) — (Aj — 1) El [k) (30; 

In equations (25), (28), (30) we have four relations connecting the six quantities Aj, Ao, 
A, ky X, so that if two of these be assigned the rest are analytically determinate. The 
wave-velocity c is then given by (22) f. For example, the form of the vraves, and their 
velocity, are determined by the length X, and the height hi of the crests aliM^ve the bottom. 

The solitary wave of Art. 252 is included as a particular case. If we put l—h^y we 
have A=l, and the formulae (28) and (30) then shew that X = oc , A^ = A. 


254. The theory of waves of permanent tj^pe has been brought into rela- 
tion with general dynamical principles by Helmholtz:^. 

If in the equations of motion of a ‘gyxostatic" system, Art. 141 (23), we 

put 




.( 1 ) 


• “■ Vq., ■ ' — oqn ■ 

where V is the potential energj-, it appears that the conditions for steady 
motion, with q^, q^, ... constant, are 


|-(r + A-).0, |(F+A,-0. |.(F+A)-0,...(2, 

where K is the energy of the motion corresponding to any given values of 
the co-ordinates q-iy ... qn when these are prevented from varying by the 
application of suitable extraneous forces. 


This energy is here supposed expressed in terms of the constant momenta 
corresponding to the ignored co-ordinates and of the palpable 

co-ordinates q^, ... It may however also be expressed in terms of the 


* The waves represented by (27) are called ‘cnoidal waves’ by the authors cited. For the 
method of proceeding to a higher approximation we must refer to the original paper. 

t When the depth is finite, a question arises as to what is meant exactly by the ‘velocity of 
propagation.’ The velocity adopted in the text is that of the wave-profile relative to the centre of 
inertia of the mass of fluid included between two vertical planes at a distance apart equal to the 
wave-length. Cf. Stohes, FaperSy i. 202. 

t **I>ie Energie der Wogen und des Windes,” BerL Monatsber* July 17, 1800 [fFfM. dbk. 
iii. 333]. 
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Telocities ... and the co-ordinates qi, ••• ^ this form we denote 

it by To. It may be shewn, exactly as in Art. 142, that BT^jdqr = — dKjdqr, so 
that the conditions (2) are equivalent to 

A(F-n = 0, |;(F-2’.).0, .... 3 |;(F-W = 0. ...(3) 

Hence the condition for free steady motion with any assigned constant 
values of qi, q,, ... is that the corresponding value of F + or of F— Tq, 
should be stationary. Cf. Art. 203 (7). 

Further, if in the equations of Art. 141 ^\e write — dVjdqr + Qr for Qr, so 
that Qr noAv denotes a component of extraneous force, we find, on multiplying 
by gi, ^ 2 , ... in order, and adding, 

^ + V K) = Q\qi + Q252 + . .. + Qnqni 

where ® is the part of the energy which involves the velocities gi, q^, ... 

It follow^s, by the same argument as in Art. 205, that the condition for 
‘ secular ' stability, when there are dissipative forces affecting the co-ordinates 
gij g 2 > ••• qn> hut not the ignored co-ordinates x> X> ^hat F-f iT should 
be a minimum. 

In the application to the problem of stationary waves, it will tend to clearness if we 
eliminate all infinities from the question by imagining that the fluid circulates in a ring- 
shaped canal of uniform rectangular section (the sides being horizontal and vertical), of 
very large radiiLs. The generalized velocity x corresponding to the ignored co-ordinate 
may l^e taken to be the flux per unit breadth of the channel, and the constant momentum 
of the circulation may be replaced by the cyclic constant k. The co-ordinates gi, gg? 9 [n 
of the general theory are now represented by the value of the surface-elevation (77) 
considered as a function of the longitudinal space-co-ordinate x. The corresponding 
components of extraneous force are represented by arbitrary pressures applied to the 
surface. 

If I denote the whole length of the circuit, then considering unit breadth of the canal 

we have 



where 77 is subject to the condition 



If we could with the same ease obtain a general expression for the kinetic energy of 
the steady motion corresponding to any prescribed form of the surface, the condition in 
either of the forms above given would, by the usual processes of the Calculus of Varia- 
tions, lead to a determination of the possible forms, if any, of stationary waves 

* For some general considerations bearing on the problem of stationary waves on the common 
surface of two currents reference may be made to Helmholtz’ paper. This also contains, at the 
end, some speculations, based on calculations of energy and momentum, as to the length of the 
waves which would be exeitai in the first instance by a wind of given velocity. These appear to 
intolfe the assumption that the waves will necessarily be of permanent type, since it is only on 
some such hypothesis that we get a determinate value for the momentum of a train of waves of 
small amplitude. 



254-255] Dynamical Condition for Permanent Type 


405 


Practically, this is not feasible, except by methods of successive approximation, but 
we may illustrate the question by reproducing, on the basis of the present theory, the 
results already obtained for ‘ long ' waves of infinitely small amplitude. 

If A be the depth of the canal, the velocity in any section when the surface is maintained 
at rest, with arbitrary elevation 77, is x/(A4-7?), where x Hence, for the cyclic 

constant, 

>c=xjfMr,)-^dxJ^ n) 

approximately, where the term of the first order in rj has been omitted, in virtue of (6). 

The kinetic energy, may be expressed in terms of either x thus obtain 

the forms 



The variable part of F— is 



and that of V-\-K is 



It is obvious that these are both stationary for 77=0; and that they will be stationary 
for cmy infinitely small values of rj, provided jc—gh% or K-=gklK If we put 
K — cl, this condition gives 

. , . <i^=gfh ( 12 ) 

in agreement with Art. 175. 

It appears, moreover, that 77=0 makes F+ A a maximum or a minimum according as 
is greater or less than gk. In other words, the plane form of the surface is secularly 
stable if, and only if, c<*J{gh), It is to be remarked, however, that the dissipative forces 
here contemplated are of a special character, viz. they affect the vertical motion of the 
surface, but not (directly) the flow of the liquid. It is otherwise evident from Art. 175 
that if pressures be applied to maintain any given constant form of the surface, then if 
c^>gh these pressures must be greatest over the elevations and least over the depressions. 
Hence if the pressures be removed, the inequalities of the surface will tend to increase, 

W ave-Propagation in Two Dimensions. 

255. We may next consider some cases of wave-propagation in two 
horizontal dimensions x, y. The axis of ^ being drawn vertically upwards, we 
have, on the hypothesis of infinitely small motions. 


, 1 ) 

where ^ satisfies = 0 — .(2) 


The arbitrary function F{t) may be supposed"^merged in the value of d^ijdt 

If the origin be taken in the undisturbed surface, and if ^ denote the 
elevation at time t above this level, the pressure-condition to be satisfied at 
the surface is 
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and the kinematical surface-condition is 


dt 

(4) 

cf. Art. 227. Hence, for 2 = 0, we must have 


= 

0k ^ dz 

(5) 

or, in the case of simple-harmonic motion, 




(6) 


if the time-factor be 


The fluid being supposed to extend to infinity, horizontally and down- 
wards, we may briefly examine, in the first place, the effect of a local initial 
disturbance of the .surface, in the case of symmetry about the origin. 

The typical solution for the ease of initial rest is easily seen, on reference 
to Art. 100, to be 

, sin ot , r , 
j)=g ^ (htsr) 

<T 

^ == COS crt Jq {k’ur), 

provided o^-=gk, (8) 

as in Art. 228. 



To generalize this, subject to the condition of symmetry, we have recourse 
to the theorem 

/(zr)=J ^ J„(krs)kdk^ ^f(a)Jo{l:a)ada. ( 9 ) 

of Art. 100 (12). Thus, corresponding to the initial conditions, 

?=/(®-X ^0 = 0, (10) 


we 


have 


cos (rt J (^•sr) kdh f f acZa, 

0 Jo 


.(11) 


If the initial elevation be concentrated in the immediate neighbourhood 
of the origin, then, assuming 

J*/(“)2wada= 1, (12) 

wehave 

Expanding, and making use of (8), we get 

+ — ( 14 ) 
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If we put s = — r cos 9, cr = rsm0, flo) 

r“ 1 

we have ^J„{kisr)dk= - (16) 

Jo ^ 

hy Art. 102 (9), and thence* 

r J. (k^) k^dk- = fi)" ( 17 ) 

where //- = cos 9 (cf. Art. 85). Hence 

gt f P,(/r) _ ^ 2lP„Af,) ^ [g^ P,(g) _ ] ■ 

9 27r( 3! 7*® .> ! '**1 

From this the value of f is to be obtained by (3). It appears from 
iVrts. 84, 85 that 

p^+,(0)=0, P.n(0)=(-y- ^'"^”~^\ (19) 

whence 

_L Jl; .!? _ + li-Jl-i' « , - ...1 (20)-- 

27r'cr^(2l -ST 6! V-zsT/ 10! Vtzr ^ ^ 


It follows that any particular phase of the motion is associated with 
a particular value of and thence that the various phases travel radially 
outwards from the origin, each with a constant acceleration. 

No exact equivalent for (20). analogous to the formula (21) of Art. 238 
which was obtained in the two-dimensional form of the problem, and accord- 
ingly suitable for discussion in the case where gt"j^ is large, has been dis- 
covered. An approximate value may however be obtained by Kelvin's method 
(Art. 241). Since Jo (^) is a fluctuating function which tends as -s' increases 
to have the same period 27r as sin.s^, the elements of the integral in (13) will 
for the most part cancel one another with the exception of those for which 

t dcrjdk = -sr, or k'sr = 4 t 3 j, — 21) 

nearly. Now when kzr is large we have 

Jo(kw) = sin (i’OT -f Jtt), (22) 

approximately, by Art-. 194 (15), and we may therefore replace (13) by 

A = — I cos (crt — ktn — 1 7r)dk. (23) 

2^7r^tzr5-/o 


Comparing with (7) and (9) of Art. 241, and putting now ^ = 0, we find as 
the surface value of d> 


<f>Q 


27rtzr^ V i td^crjdk ^ ! 


sin(<Tt — A?cr), 


(24) 


* Hobson, Pr<w. Jjmd. Math. Soc. xsv. 7*i, 73. This formula may, bowever, be dispensed 
with ; see the first footnote on p. 362 ante. * 

t This result was given by Cauchy and Poisson. 



40S 


Surface Waves 


[chap. IX 


where k and <r are to be e.’cpressed in terms of is- and t by means of (8) and 
( 21 ). Note has here been taken of the fact that d-a'dk- is negative. Since 

crt = (gktf = 2k^, td~(T i'dk~ — — \ftk ■ = — 


we have 




0 


Sin 


TTtar- 


4®* * 


.(26) 


The surface elevation is then given by (3). Keeping, for consistency, only the 
most important term, we find 




at- at- 

cos I— , 

4^ 


.(27) 


2 " 

which agrees with the result obtained, in other ways, by Cauchy and Poisson. 

It is not necessary to dwell on the interpretation, which will be readily 
understood from what has been said in Art. 240 with respect to the two- 
dimensional case. The consequences were worked out in some detail by 
Poisson on the hypothesis of an initial paraboloidal depression. 

When the initial data are of impulse, the typical solution is 
p(f) = cos arte^JQ (Jc'Sj), 


.(28) 


.(29) 


f = sin crt Jq (k'nr), 1 

9P ) 

which, being generalized, gives, for the initial conditions 

= 0, 

the solution 

1 |-X .X 

(p=:~ cos a-te^ Jq (k'or) kdk I F (a) Jq (ka) ada, 
pJ 0 . 0 

^ _ Jl f o- sin /o (k'sr) kdk [ F (a) Jq {ko^) ada. 

gp Jo Jo 

In particular, for a concentrated impulse at the origin, such that 

F{a)2'irada=-l, (31) 


.(30) 


I. 


we find 
Since this mav be written 




cos Jq {km) kdk (32) 




we find, performing 1/gp.d/dt on the results contained in (18) and (20), 

< 6 = - 2 _ ^ (sEf 1 ■ 

^ 27rp ^ 21 r® 41 ' ' ’J ’ 

r = - JL_ 1 1 _ ^ fsdy 1* ■ 3^ 5® ] 

2irpxs^\ 51 \'sr) ^ 91 i CT j 


( 34 ) 
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Again, when is large, we have, in place of (27), 




gf . qf 
sm . 


.{mr 


256. We proceed to consider the etfect of a local disturbance of pressure 
advancing with constant velocity over the surface-^. This will give us, at all 
events as to the main features, an explanation of the peculiar system of waves 
which is seen to accompany a ship moving through sufficiently deep water. 

A complete investigation, after the manner of Arts. 242, 243, would be 
somewhat difficult ; but the general characteristics can readily be made out 
with the help of preceding results, the procedure being similar to that of 
Art. 249. 


Let us suppose that we have a pressure-point moving with velocity c 
along the axis of x, in the negative direction, and that at the instant under 
consideration it has reached the point 0. The elevation f at any point P may 



be regarded as due to a series of infinitely small impulses applied at equal 
infinitely short intervals at points of the axis of x to the right of 0. Of the 
annular wave-systems thus successively generated, those only will combine 
to produce a sensible effect at P which had their origin in the neighbourhood 
of certain points Q, which are determined by the consideration that the phase 
at P is ' stationary ’ for variations in the position of Q. Now if t is the time 
which the source of disturbance has taken to travel from Q to 0, the phase of 
the waves at P, originated at Q, is 


4137 


+ 


( 1 ) 


where tsr = QP (Art. 255 (35)). 


Hence the condition for stationary phase is 

2'cj 




•( 2 ) 


* The waves due to various tjrpes of explosive action beneath the surface have been studied 
bj Terazawa, Proc. Moij. Bac. A, xeii. 57 (1915), and by the author of this work, l.c, ante p. 387, 
and Proc. LonA, Math, Soe. (2), xxi. 359 (1922). 

t For a more general treatment of such questions reference may be made to a paper by the 
author, “On Wave-Patterns due to a Travelling Disturbance,” Phil Mag. (6), xxxi. 539 (1916). 
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Since, in this differentiation, 0 and P are regarded as fixed, we have 

= c cos 6, 

where 6 = OQP ; hence 

OQ = = 2t*r sec 6 ,(3) 

It is further evident that the points in the immediate neighbourhood 
of P, for which the resultant phase is the same as at P, will lie in a line 
perpendicular to QP. A glance at the figure on p. 409 then shews that a curve 
of uniform phase is characterized by the property that the tangent bisects 
the interval between the origin and the foot of the normal. If p denote the 
perpendicular from the origin to the tangent, and 6 the angle which p makes 
with the axis of x, we have, by a known formula, 



The forms of the curves defined by (5) are shewn in the annexed figure 
which is traced from the equations 


ar=jocos(9-^sm0= i a (5 cos ^ - cos 30),] 

I (6) 

y sin 0 + ^cos 0 = - (sin 0 -t- sin 30). 

* Cf. Sir W. Thomson, “On Ship Waves,’’ Proc. Imt, Mech, Eng. Aug. 3, 1887 [Fopular 
Lecturm, iii. 482], where a similar drawing is given. The investigation there referred to, based 
apparentij on the theory of * groap- velocity,’ was not published. See also E. E. Fronde “On 
Ship [^sistanee, ’ Papen of the Greenock Phil. Soc. Jan. 19, 1894. It will appear presently that 
fliere is a difference of phase between the two branches meeting at a cusp, so that the drawing 
does not repr^ent quite accurately the eonffgnration of the wave-ridges. 
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The phase-difference from one curve to the corresponding portion of the next 
is 27r. This implies a difference ^ir&jg in the parameter a. 

Since two curves of the above kind pass through any assigned point P 
within the boundaries of the wave-system, it is evident that there are tim 
corresponding effective positions of Q in the foregoing discussion. These are 
determined by a very simple construction. If the line OP be bisected in (7, 
and a circle be drawn on CP as diameter, meeting the axis of x in Ri, i?., 
the perpendiculars PQi, PQo to PRi, PRo, respectively, will meet the axis in 
the required points Qi, Qo. For OR^ is parallel to PQ^and equal to -|PQi; the 
perpendicular from 0 on PR^ produced is therefore equal to PQj. Similarly, 
the perpendicular from 0 on PR^ produced is equal to PQ..* 



The points Qi, Qa coincide when OP makes an angle sin“^ or 19"" 2S\ with 
the axis of symmetry. For greater inclinations of OP they are imaginary. It 
appears also from (6) that the values of a?, y are stationary when sin- ^ ; 

this gives a series of cusps lying on the straight lines 

|=±^ = ±tenl9“28'. (7) 


To obtain an approximate estimate of the actual height of the waves, 
in the different parts of the system, we -have recourse to the formula (35) of 
Art. 255. If Pq denote the total disturbing pressure, the elevation at P due 
to the annular wave-system started at a point § to the right of 0 may be 
written 


8r=- 


8 ^27rp'ST^ 4'sr ® 


(b) 


where 


w — PQ, t=OQjc. 


This is to be integrated with respect to t, but (as already explained) the only 
parts of the integral which contribute appreciabl}^ to the final result will be 
those for which t has very nearly the values (tj, to) corresponding to the 
special points Qi, Q., above mentioned. 


As regards the phase, we have, writing t = T + t\ 


4'sj 



( 9 ) 


where, in the terms in [ ], ^ is to be put equal to Ti or as the case may be. 
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The second term vanishes by hypothesis, since the phase at P for waves 
started near Qi or Qo is ‘stationary.’ Again, we find 


•(10) 


dP 

Since tzr = c cos d, 

this gives, with the help of (2), 


II 

. 

_ ^ 

+^l 

^2nr- '33'\ 

V4®’7 2-51 


4 ' 

V 'Bj-y 


- sin- 6 


dt^ \4tir;' 


= ~ (| — tan- 6 ) (11) 

tzr 


Owing to the fluctuations of the trigonometrical term no great error 
will be committed if we neglect the variation of the first factor in (8), or if, 
further, we take the limits of integmtion with respect to it' to be ± oo. We 
have then, approximately, 


where 


: X 

2'UTi 


r 

sin 1 


dt' 


S\/27rp'STj^j 

V4«-i ) 



. 9 T/P 0 r 

sin 1 


dt' 

("12) 

8 \/27rp'sr2‘^ J 




- (J- - tan-^i), 

1 


= 9 J: e 

-iUTo 

.-h), - 

(13) 

the points Qi, 

Q .2 of the last figure. 


mH'^df f 

J —00 

sin jnrt'^dt' — V(4'7r)/ m, 

(14) 


Since 


where the positive value of 7n is understood, we find 




gr-^Pii . fgr-c 


gripQ 

■"T’ ■ 


.sm 


8 P'ST^^yi.y 




.( 16 ) 


The two terms give the parts due to the transverse and lateral waves 
respectively. Since = PQi = cos = PQo = Ictq cos ^ 2 , it appears 
that if we consider either term by itself, the phase is constant along the 
corresponding part of the curve 

= ct cos- 6, 

whilst the elevation varies as 

V%^-P o sec?e 



At the cusps, where the two systems combine, there is a phase-difference 
of a <|uarter-period between them*. 

* The investigation In tlie edition of 1906 was defective through an oversight, hut was 
corrected in the German translation, Leipzig, 1907. Kelvin returned to the subject in 1905 : 
“Beep Sea Ship- Waves/’ Tram* R. S. Edin. xxv, 1060 {Papers^ iv. 407]- The distribution of 
sarfwse elevation arrived at differs however from that found in the text, owing to the adoption 
of a special law of pressure-intensity which is unfortunately not an adequate representation of a 
l&calized disturbance. See also Havelock, Proc. Motf. Soc, A, Ixxxi. 898 (19'08). The waves due 
to a local obstacle at the bottom of a stream were investigated by Ekman, “ On Stationary 
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The formulae make f infinite at a cusp, where sin- 6 = 1, but this is 
merely an indication of the failure of our approximation. That the elevation 
at a point P in the neighbourhood of a cusp would be relatively great might 
have been foreseen, since, as appears Irom (9) and (11), the range of points on 
the axis of x which have sent waves to P in sensibly the same phase is then 
abnormally extended. The infinity which occurs when 5 = | tt is of a some- 
what different character, being due to the artificial nature of the assumption 
we have made, of a pressure concentrated at a point. With a diffused pressure 
this difficulty wmuld disappear. 

It is to be noticed, moreover, that the whole of this investigation applies 
only to points for which is large ; c£ Arts. 240, 255. It will be found 

on examination that this restriction is equivalent to an assumption that the 
parameter a is large compared with ^Trcrjg. The argument therefore does not 
apply without reserve to the parts of the wave-pattern near the origin. 



Although the mode of disturbance is different, the action of the bow's of 
a ship may be roughly compared to that of a pressure-point of the kind we 
have been considering. The figure on p. 410 accounts clearly for the two 
systems of transverse and lateral waves which are in fact observed*, and 
for the especially conspicuous ‘ echelon ' waves at the cusps, where these twn 
systems coalesce. These are well shewn in the annexed drawdng4 by 
Mr R. E. Froude of the waves produced by a model. 

Waves in Eunning Water,” Arhiv for Matem. iii. (1906). More elaborate investigations have been 
carried out by Hopf in a dissertation of date Munich, 1909, and Hogner, Arhw for Matem. 
xvii. (1923). Tbe latter writer examines in particular the shape of the waves near the * cusps,’ 
where the two systems cross. 

* A diagram of the forms of the wave-ridges, in which account is taken of the change of phase 
at the cusps, is given hy Ekman, Z.c. The whole system is best seen when viewed almost verti- 
cally from a great height on the precipitous sides of a lake (such as Garda). If the water be 
quite smooth except for the passage of a steamer, the wave-pattern is seen beautifully developed 
in accordance with the diagram. 

+ Copied, by permission, from a paper by the late W. Froude, On the Effect on &e Wave- 
Making Eesistance of Ships of Length of Parallel Middle Body,” Tram. In$t. Nav. Arch, xviL (1877). 
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A similar system of waves is generated at the stern of the ship, which 
may roughly be regarded as a negative pressure-point. With varying speeds 
of the ship the stern-waves may tend partially to annul, or to reinforce, 
the etfect of the bow-waves, and consequently the wave-resistance to the 
ship as a whole for a given speed may fluctuate up and down as the length 
of the ship is increased*. Cf. Art. 244. 

To examine the modification produced in the wave-pattern when the 
depth of the water has to be taken into account, the preceding argument 
must be put in a more general form. If, as before, t is the time the pressure- 
point has taken to travel from Q to 0, it may be sheivn that the phase of the 
disturbance at P, due to the impulse delivered at Q, will differ only by a 
constant from 

kiVt-V7), ( 17 ) 

if 27 r/I' be the predominant wave-length in the neighbourhood of P, and Fthe 
corresponding wave-velocityj". This predominant wave-length is determined 
by the condition that the phase is stationary for variations of the wave-length 
only, i.e. 

or (18) 


where U, -d(kV)ldk, is the group-velocity (Art. 236). 


For the effective part of the disturbance at P, the phase (17.) must 
further be stationary as regards variations in the position of Q ] hence, 


differentiating partially "vrith respect to t, we have 

= F, or V = 6 cos 0, (19) 

since ^ = c cos 6, Now, referring to the figure on p. 409, we have 

pz=z ct cos 0 — zzr=Fj^ — 137 ( 20) 


Hence for a given wave-ridge p will bear a constant ratio to the wave- 
length X, and in passing from one wave-ridge to the nest this ratio will 
increase (or decrease) by unity. Since X is determined as a fanction of 0 by 
(19), this gives the relation between p and 0, 

Thus in the case of infinite depth, the formula (19) gives 

mcos=^ = 7* = |^, (21) 


^ See W. Fronde, and B. E. Fronde, “On the Leading Phenomena o! the ‘Wave-MaloBg 
Kesistance of Ships,” Tram, Imt. Nai\ Arch. xxii. (1881), where drawings of actual wave- 
patterns under varied conditions of speed are given, which are, as to their main features, in 
striding agreement with the results of the above theory. Some of these drawings are reproduced 
in Kelvin’s paper in the Proc. Imt, Meeh, Png. above cited. 

For a discussion of the wave-resistance encountered by an ideal form of ship see Idichell, 
PML Mag. (5), xlv. 106 (1898). 

t The symbol c, which was previously employed in this sense, now denotes the velocity of 
the pressure-point over the water. 



415 


256-257] Effect of Limited Depth 

and the required relation is of the form 

p — ams^6, ( 22 ) 

as above. 

When the depth Qi) is finite, we have 

c- cos- ^ = F- = ^ tanh , ( 23 ) 

and the relation is 

~ tanh - = cos- 9, (24) 

a p gh ^ 

where the values of a for successive wave-ridges are in arithmetic progression. 
The forms of the curves in various cases have been sketched bj Ekman*. 
Since the expression on the left-hand side cannot exceed unity, it appears 
that if (F > gh there will be an inferior limit to the value of 6, determined by 

cos- 6 = gh I (f (25) 

It follows that when the speed of the disturbing influence exceeds \f(gh) 
the transverse waves disappear, and we have only the lateral waves. This 
tends to diminish the wave-making resistance (cf. Art. 249)t. 

Some important extensions of the preceding theory are contained in a 
series of papers by Havelock. He has investigated, for instance, the disturb- 
ance due to the translation of a submerged sphere and also of a cylindrical 
solid whose generating lines are vertical§. In the latter problem the influence 
of the shape of the section on the wave-resistance is specially studied. In 
another paper |j the wave-resistance in shallow water due to a travelling 
pressure-point is discussed. 

Standing Waves in Limited Masses of Water. 

257. The problem of free oscillations in two horizontal dimensions (w, y), 
in the case where the depth is uniform and the fluid is bounded laterally by 
vertical walls, can be reduced to the same analytical form as in Art. 190. 

If the origin be taken in the undisturbed surface, and if f denote the 
elevation at time t above this level, the conditions to be satisfied at the fi^ee 
surface are as in Art. 255 (3), (4). 

* Lc, ante p. 412. 

t It is found that tlie power required to propel a torpedo-boat in relatively shallow water 
increases with the speed up to a certain critical velocity, dependent on the depth, then decreases, 
and finally increases again. See papers by Basmussen, Tram. ImL Nav. Arch. xli. 12 {1899} ; 
Eota, ibid. xlii. 2B9 (1900); Yarrow and Marriner, ibid, xlvii 339, 344 (1905). 

J Proc. Ro'y. Soc. A, xciii. 530 (1917) and xcv.354 (1918). The graph of wave-resistance has 
a resemblance to that on p. 393. See also Green, Phil. Mag. (6), xxxvi. 48 (1918). 

§ Proc. Roy. Soc. A, ciii. 571 (1923). 

I| Proc. Roy. Soc. A, c. 499 (1922). 
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The equation of continuity, V2^ = 0, and the condition of zero vertical 
motion at the depth z — — h, are both satisfied by 

(f> = (j)j cosh k(z + h), ( 1 ) 

where is a function of x, y, such that 

^^ + ^^■+*=<^1 = 0 (2) 

da- 0y- 

The form of <j>i and the admissible values of k are determined by this equation, 
and by the condition that 

^ = 0 , ( 3 ) 

01 

at the vertical walls. The corresponding values of the 'speed’ (a) of the 
oscillations ai'e then given by the surface-condition (6), of Art. 255 ; viz. we 


have 

or- = gk tanh kh (4) 

ik 

This makes f = — sinh kh ,(^i (5) 

<x 


The conditions (2) and ("S) are of the same form as in the case of small 
depth, and we could therefore at once write down the results for a rect- 
angular or a circular* tank. The values of k, and the forms of the free surface, 
in the various fundamental modes, are the same as in Arts. 190, 191 f, but 
the amplitude of the oscillation now diminishes with increasing depth below 
the surface, according to the lavr (1) ; whilst the speed of any particular mode 
is given by (4). 

When kh is small, we have c^ — k-gh, as in the Arts, referred to. 

We may also notice in this connection the case of a long and narrow rectangular tank 
having near its c-eiiti*e one or more cylindrical obstacles, whose generating lines are vertical. 



The origin being taken at the centre of the free surface, and the axis of x parallel to 
the length ^ we imagine two planes to be drawn, such that is moderately large 

compared with the horizunial dimensions of the obstacles, whilst still small in comparison 
with the length {1). Beyond these planes we shall have 

‘^+^^<#> 1 = 0 . ( 6 ) 

* For references to the original investigations by Poisson and Eayleigh of waves in a circular 
tank see p. 269. The probiem was also treated by Merian, TJeher die Bewegung tropfbarer Flus~ 
gigkeitm in Gf/iimen^ Basel, 1828 [see VonderMiihll, Math. Ann. xxvii. 575] and by Ostrogradsky, 
“ Memoire snr la propagation des ondes dans un bassin cylindrique/^ Mdm. dee Sav. ^^trang. 
iii (1832). 

t It may be remarked that either of the two modes figured on p. 268 may easily be excited 
by properly-timed horizontal agitation of a tumbler containing water. 
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approximately, and therefore, for 


whilst, for X < — 


cjii — A sin kx + B cos i'jc, (7) 

<1)1 = A sin hj — B cos kx^ ( 8 ) 


since in the gravest mode, which is alone here considered, <^ must be an odd function of x. 


In the region hetween the planes x=±x' the configuration of the lines <^i = const, is, 
for a reason to be explained in Art. 290 in connection with other questions, sensibly the 
same as if in (2) we were to put I’ = 0. So far as this region is concerned, the problem is 
in fact the same as that of conduction of electricity along a bar of metal which has the 
same form as the actual mass of water, and has accordingly one or more cylindrical 
perforations occupying the place of the obstacles. The electrical resistance between the 
two planes is then equivalent to that of a certain length 2^ a of an unperforated bar of 
the same section. The difference of potential between the phases may be taken to be 
%{kAx'AB), by (7), since kx' is small; and the cuiTent per unit sectional area is kA, 


approximately. Thus 

2 (kAx' + B) = {2x' q- a) X'A , (9) 

whence BjA^Hu (10) 

and (^ 1 — A (sinX*a:q--JZ*acosZ*a?), (11) 

for x> x'. 


The condition d<p/dx = Q^ to be satisfied for x=hl, gives 


cos ^kl - sin K, (12) 

or, since ka is a small quantity, 

cos 'll* (^qa)=0 (13) 


The introduction of the obstacles has therefore the effect of virtually increasing the 
length of the tank by a. The period of the gravest mode is accordingly 


where l'=l+a. 


277 

cr 





.(14) 


The value of a is known for one or two cases. In the case of a circular column of radius 
h, in the centre of the tank, the formulae (11) and (13) of Aj^. 64 shew that <f>i varies as 
A'-f <7, or x+Trh-jay practically, when x is comparable with the breadth a of the tank. 
Comparing with (11) above we see that 

a=27r&^/a, (15) 

subject to the condition that the ratio h!a must not exceed about 


When the plane ay — O is occupied by a thin rigid diaphragm of breadth a, having a 
central vertical slit of breadth c, the formula is 


2a. 

a = — log sec 

77 


'n-ia-c) 

2a 


.(16) 


258. The number of cases of motion with a variable depth, of which the 
solution has been obtained, is very small. 

V, We may notice, first, the two-dimensional oscillations of water across a channel 
whose section consists of two straight lines inclined at 45® to the verticalt. 

* The formula (14) was in this case found to be in good agreement with experiment (Lamb 
and Cooke, Phil. Mag. (6), xx. 303 (1910)). The experiments were made chiefly with a view to 
test the above method of approximation, which has other more important applications; see 
Arts; 306, 307. 

t Kirchhoff, “ Ueber stehende Schwingungen einer schweren Fliissigkeit,” Monatsber. 
May 15, 1879 Abh. 428]; GreenhiU, l.c. ante p. 350. 


L. H. 
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The ases of j/, s teiiig respectively horizontal and vertical, in the plane of a cross- 

section, we assume 

fcoshl-Oz-f xVi+COS A*(3/4'^2)}, U; 

the tarn e-factor cos (erf -f- e; being understood- This gives 

ij) — A (cosh cos h + cos ly cosh l'z% (sinh ly sin h — sin ly sinh h) — (2) 

The latter fomiiila shews at once that the lines y=±z constitute the stream-line \lr=0, 
and mav therefore be taken as hxed boundaries. 


The condition to be satisfied at the free surface is, as in Art. 227, 


o , C(f> 


,.(3) 


Substituting from (2) we find, if /i denote the height of the surface above the origin, 
cr" (cosh ly cos M -f cos ly cosh k'K}=gh ( — cosh ly/ sin M cos ly sinh lA). 


This vvill be satisfied for all values of y, provided 

< 7 - cos M = - gl sin M, cosh kh—gh sinh kh, (4) 

whence tanh kh— — tan kh (fi) 


This determines the admissible values of k ; the corresponding values of cr are then given 
by either of the equations (4). 

Since (2) makes (p an even function of y, the oscillations which it represents are sym- 
metrical with respect to the medial plane y=0. 

The asymmetrical oscillations are given by 

p + ip = iA {cosh k(y+ iz) — cos (y + 1 ?)}, (fi) 

or <|>= -A (sinh iy sin /‘z + sin i*y sinh ^- 2 ), i|r=A (cosh^y cos^* 2 -cos^cosh^ 2 ). (7) 
The stream -line consists, as before, of the lines y= ±z ; and the surface-condition (3) 

gives 

cr- (sinh ly sin M + sin ly sinh kA) == gk (sinh ly cos kA + sin ly cosh kA). 

This requires 

0-2 sin kA = gk cos kh, <r- sinh kA =gk cosh kA, (8) 

whence tanh kh — tan kh (9) 


The equations (5) and (9) present themselves in the theory of the lateral vibrations of 
a bar free at both ends ; viz. they are both included in the equation 

cos m cesh m— 1, (10)^ 

where m = 2M. 

The root M=0, of (9/, which is extraneous in the theory referred to, is now important; 
it corresponds in fact to the slowest mode of oscillation in the present problem. Pufting 
Ai*-= B, and making k infinitesimal, the formulae (7) become, on restoring the time-factor, 

and taking the real parts, 


whilst from (8) 


p=: ^2Byz . cos (orf-f 6), p=B (y^--’Z^) . cos (erf -be), 

n-2=-? 


.( 11 ) 

.( 12 ) 


The corresponding form of the free surface is 

_^=2<r5%.sin(o-J+f) (13) 


The surface in this mode is therefore always plane. The annexed figure shews the lines oi 
motion const.) for a series of equidistant values of p. 

* Cl Eayleigh, Theory of Sound, i, 277, where the numerical solution of the equation is 
folly discussed. 
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The next gravest mode is symmetrical, and is given by the lowest finite root of (5), 

which is /7<i =2*3650, whence o-=T5244 (^/A)y. The profile of the surface has now two 
nodes, whose positions are determined by putting ^=0, z~k^ in (2); whence it is found 
that 

|=±-5516* 

The next mode corresponds to the lowest finite root of (9), and so onf. 



2h Greenhill, in the paper already cited, has investigated the si^mmetrical oscillations 
of the water across a channel whose section consists of two straight lines inclined at 60® 
to the vertical. In the (analytically) simplest mode of this kind we have, omitting the 


time-factor, 

^ + = Q4J 

or ^=Ay(f-Zz^), (15) 

the latter formula making =0 along the boundary y = ± ^'3 . z. The surface-condition (3) 
is satisfied for provided 

(r-—ff;7i, B~^Ah\ (16) 

The corresponding form of the free surface, viz. 

“V + (17; 


is a parabolic cylinder, wfith two nodes at distances of *5774 of the half-breadth from the 
centre. The slowest mode, which must evidently be of asymmetrical type, has not yet 
been determined. 

3h If in any of the above cases we transfer the origin to either edge of the canal, and 
then make the breadth infinite, we get a system of standing waves on a sea bounded by a 
sloping bank. This may be regarded as made up of an incident and a reflected system. 
The reflection is complete, but there is in general a change of phase. 

When the inclination of the bank is 45® the solution is 

(cos ky - sin ky) -h (cos kz -f sin kz)} cos (o-t -he). (18) 

* Eayieigh, Theory of Sounds Art. 178. 

t An experimental verification of the fre<iuencies, and of the positions of the loops (places of 
maximum vertical amplitude), in various fundamental modes, was made by Kirchhoff and 
Hansemann, “TJeber stehende Schwingungen des Wassers,” Wied» Ann. x* (1880) [Kkchhoff, 
Ges. Ahh. p. 442]. 


27--2 
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For an inclination of 30“ to the horizontal we have 

<^=:H sin /{-y sin W (y - yJZz) 

— JZe~ -* '■ cos \lc (y + ^ 80 )} cos (o-i + e) (19) 

In each case cr~gl\ as in the case of waves on an unlimited sheet of deep water. 

These results, which may easily be verified ah initio^ were given by Kirchhoif {l.c,). 


259. An interesting problem w^hich presents itself in this connection is 
that of the transversal oscillations of water contained in a canal of circular 
section. This has not yet been solved, but it may be worth while to point 
out that an approximate determination of the frequency of the slowest mode, 
in the case where the free surface is at the level of the axis, can be eflfected 
by Eayleigh's method, explained near the end of Art. 168. 


If we assume as an ‘ approximate type ’ that in which the free surface remains always 
plane, making a small angle B (say) with the horizontal, it appears, from Art. 72, 3°, that 
the kinetic energy T is given by 



where a is the radius, whilst for the potential energy V we have 

^y=%gpd?6‘^. ( 2 ) 

If we assume that B x cos {at -l- e), this gives 


whence or = 1-169 


g 

48-35r2a’ 


.( 3 ) 


In the case of a rectangular section of breadth 2a, and depth a, the speed is given by 
Art. 257 (4), where we must put k^7rj2a from Art. 178, and h=a. This gives 


0-2= tanh W (4) 

or cr= 1*200 (gja)^. The frequency in the actual problem is less, since the kinetic energy 
due to a given motion of the surface is greater, whilst the potential energy for a given 
deformation is the same. Cf. Art. 45. 


260. We may next consider the free oscillations of the water included 
between two transverse partitions in a uniform horizontal canal. Before 
proceeding to particular cases, we may examine for a moment the nature 
of the analytical problem. 

If the axis of x be parallel to the length, and the origin be taken in one 
of the ends, the velocity -potential in any one of the fundamental modes 
referred to may, by Fourier's Theorem, be supposed expressed in the form 
<f> = (Pq + Pj cos kx + Ps cos 2kw + + P^ oosskx + . . . ) cos (o-i -b e), . . .(1) 
where k = w/Z, if I denote the length of the compartment. The coefficients Pg 
are here functions of £. If the axis of z be drawn vertically upwards, and 
that of y be therefore horizontal and transverse to the canal, the forms of 

* Hydrodynamics, 2nd ed. (1895). B&yleigh finds, as a closer approximation, (r= 1*1644 
see FML Mag, (5), xlvii. 566 (1899) [Papers, iv. 407]. 
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these functions, and the admissible values of cr, are to be determined from 


the equation of continuity 

= ( 2 ) 

with the conditions that ^=0 (g ) 

Cn 

at the sides, and that cr-<^ 


at the free surface. Since d(^ldx must vanish for x — 0 and ^ it follows 
from known principles^ that each term in (1) must satisfy the conditions (2), 
(3), (4) independently; viz. we must have 


lil 

+ 

(5) 

df 

dz- 

with 

11 

o 

(6) 

at the lateral boundary, and 

at the free surface. • 

= 

* ^ C3 

(0 


The term Pq gives purely transverse oscillations such as have been dis- 
cussed in Art. 258. Any other term Pg cos skx gives a series of fundamental 
modes with s nodal lines transverse to the canal, and 0, 1, 2, 3, ... nodal lines 
parallel to the length. 

It will be sufficient for our purpose to consider the term Pj cos kx. It is 
evident that the assumption 

(f> = Pi cos kx . cos (cr^ -f e), (8) 

with a proper form of Pj and the corresponding value of <r determined as 
above, gives the velocity- potential of a possible system of standing waves, 
of arbitrary wave-length 27r/A?, in an unlimited canal of the given form of 
section. Now, as explained in Art. 229, by superposition of two properly 
adjusted sj^stems of standing weaves of this type we can build up a system 
of progressive waves 

(j} = P^ cos {kx + at) ( 9 ) 

We infer that progressive waves of simple-harmonic profile, of any assigned 
wave-length, are possible in an infinitely long canal of any uniform section. 

We might go further, and assert the possibility of an infinite number of 
types, of any given wave-length, wdth wave- velocities ranging from a certain 
lowest value to infinity. The types, however, in which there are longitudinal 
nodes at a distance from the sides are from the present point of view of 
subordinate interest. 

* See Stokes, ‘‘On the Critical Values of the Sums of Periodic Series,” Tram* viii 

( 1847 ) IPapers, L 236 ]. 
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Two extreme cases call for special notice, viz. where the wave-length is 
very gi'eat or very small compared with the dimensions of the transverse 

section. 

The most interesting tyjjes of the former class have no longitudinal nodes, 
and are covered % the general theory of dong’ waves given in Arts. 169, 170. 
The only additional information we can look for is as to the shapes of the 
wave-ridges in the direction transverse to the canal 

In the case of relatively short waves, the most important type is one in 
which the ridges extend across the canal with gradually varying height, and 
the wave-velocity is that of free waves on deep water as given by Art. 229 (6). 

There is another type of short waves which may present itself when the 
banks are inclined, and which we may distinguish by the name of ^ edge- 
waves,' since the amplitude diminishes exponentially as the distance from the 
bank increases. In fact, if the amplitude at the edges he within the limits 
imposed by our approximations, it will become altogether insensible at a 
distance whose projection on the slope exceeds a wave-length. The wave- 
velocity is less than that of waves of the same length on deep water. It does 
not appear that the type of motion here referred to is very important. 

A general formula for these edge-waves has been given by Stokes^. 
Taking the origin in one edge, the axis of 5 vertically upwards, and that 
of y transverse to the canal, and treating the breadth as relatively infinite, 


the formula in question is 

^ = Ee-^ o/eos^-zsin^) (10) 

where ^ is the slope of the bank to the horizontal, and 

c = (^^sm^y ( 11 ) 


The reader will have no difficulty in verifying this result. 

261. We proceed to the consideration of some special cases. We shall 
treat the question as one of standing waves in an infinitely long canal, or in 
a compartment hounded by two transverse partitions wffiose distance apart 
is a multiple of half the arbitrary wave-length (27r/&), but the investigations 
can easily be modified as above so as to apply to progressive waves, and we 
shall occasionally state results in terms of the wave-velocity. 

1*". The solution for the case of a rectangular section, with horizontal bed and vertical 
sides, could be written down at once from the results of Arts. 190, 257. The nodal lines 
are transverse and longitudinal, except in the case of a coincidence in period between two 
distinct modes, when more complex forms are ^lossibie. This will happen, for instance, in 
the case of a square tank. 

2°. In the ease of a canal whose section consists of two straight lines inclined at 45* 
to the vertical we have, first, a tji>e discovered by Kellandt : viz. if the axis of x coincide 

* “Eeport on Recent Eesearches in Hydrodynamics,’* JBrit. Ass. Jtep. 1846 [Papers, i. 167]. 

t “On Waves,” Trans. M. S. Edin. xiv. (1839). 
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with the bottom line of the canal, 

<^« == J[ cosh cosh ~~ cos kx . cos o-if + .1 

This evidently satisfies v2^ = 0, and makes 

Cl/ ' 

fory= ±c, respectively. The siirface-cundition ^^Art. flOO 4;,; then t^fives 

cr- = tanh -7;^ , ' 3 , 

where Ji is the height of the free surface above the t^ottom line. If we put cr the 
wave- velocity c is given by 

o t/ , . kk 

A; 

V -A \' - 


'where Z’=27r/X, if X be the wave-length. 

When h /X is small, this reduces to 



in agreement with Art. 170 (13), since the mean depth is now denoted l;»y hh. 
When, on the other hand, /c/X is moderately large, we have 



Jij 


The formula (1) indicates now a rapid increase of amplitude towards the sides. We have 
here, in fact, an instance of ‘ edge-waves,’ and the wave- velocity agrees with that obtained 
by putting /3=45" in Stokes’ formula. 


The remaining types of oscillation which are symmetrical with resj>eet to the medial 
plane y=;0 are given by the formula 

<j)=C (cosh a (/ cos -h cos j3y cosh azj cos kx . cos ( cr/ -f , 7 ; 

provided a, ft o* are properly determined. This evidently satisfies (5), and the equation of 
continuity gives 

'8) 


The surface-condition, Art. 260 (4), to be satisfied for z~k^ requires 

o*^ cosh ah = ga sinh aA, o-- cos sin i"9) 

Hence ah tanh ah -f tan fti = 0 10; 

The values of a, ^ are determined by (3) and (10), and the corresponding values (.»f cr are 
then given by either of the equations ^9). If, for a moment, we write 

x=cJi, y—^h Jl; 

the roots are given by the intersections of the curve 

jrtanhx-f y tany=0, (12; 

'whose general form can be easily traced, with the hyperbola 

x--f=-kVi\ (13; 


There are an infinite number of real solutions, with values of ^h lying in the second, 
fourth, sixth, ... quadrants. These give respectively 4, 6, ... longitudinal nodes of the 
free surface. When AA is moderately large, w^e have tanh aA=l, nearly, and ^A is (in the 
simplest mode of this class) a little greater than Itt. The two longitudinal nodes in this 
case approach very closely to the edges as X is diminished, whilst the wave- velocity becomes 
practically equal to that of waves of length X on deep water. As a numerical example, 
assuming ^A = IT x |7r, we find 

o/< = 10-910, 10-772, 0=1-0064 (|)\ 

The distance of either nodal line from the nearest edge is then T2A. 
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We riiaj next consider tbe asj^mmetrical modes. The solution of this type which is 
aiialogoiis to Kellandls was noticed by Greeuhill (Lc.). It is 


with 


(p = A sinh -f- sinh “ cos l:x . cos (a-t + e), 


gl' kh 


(14) 

(15) 


When Ih is small, this makes cr—g’Ji^ so that the ^speed’ is very great compared with 
that given by the theor}' of ‘long'’ waves. The oscillation is in fact mainly transversal, 
with a ver}' gradual variation of phase as we pass along the canal. The middle line of 
the surface is of course nodal. When on the other hand kh is great, we get ‘edge- waves,’ as 
in the case of Kelland’s solution. 

The remaining asymmetrical oscillations are given by 

(j) — A (sinh a?/ sin -f sin sinh oc) cos . cos (cr^ •+■ e) (16) 


This leads in the same manner as before to 


a— 32=^2^ ( 17 ) 

and cr- sinh aA= /7a cosh ct/^, or sin ^A=^j3cos/3A, (18) 

whence ak coth ah=^^h cot (19) 


There are an infinite number of solutions, with values of in the third, fifth, seventh, ... 
quadrants, giving 3, 5, 7, ... longitudinal nodes, one of which is central. 

Z"". The case of a canal with plane sides inclined at 60® to the vertical has been treated 
by Macdonald* He has discovered a very comprehensive type, which may be verified as 
foUows. 


The assumption <^ = P cos kjs . cos (erf 4- e), (20) 

where P=i cosh sinh /u-f cosh cosh ^ 4- sinh , (21) 

evidently satishes the equation of continuity ; and it is easily shewn that it makes 

eg ^ cz 

fi>r 3^= ± JZz, provided C=2A, D— — 2P ..(22) 

The surface-condition, Art. 260 (4), is then satisfied, provided 

^ ( A cosh M 4* B sinh hk ) = A sinh M 4- P c osh hh , | 

i p ■ . . ,hh „ .Ml" 

cosh — - P smh — j = A sinh ^ - P cosh ~ . 


The former of these is equivalent to 

A=:^^coshM -JjsinhMj, P=P'^ cosh sinh , (24) 

and the latter then leiids to 

(25) 

Also, substituting from (22) and (24) in (21), we find 
F—H |cosh 1” {z — k) 4“ ~ sinh I* (5 - /^} | 

+2Hcosh^^ |«»*^‘(|+A)-^siiittI:(|+A)|. ...(26) 


* “Waves in Canals/’ Pmc. Lond, Math, Soc, xxv. 101 (1894). 
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The equations (25) and (26) were arrived at by Macdonald, by a difterent process. 
The surface- value of P is 




1-1-2 cosh 




9 


a- . 


The equation (25) is a quadratic in In the case of a wave whose length (27r/l*) 

is great compared with /i, we have 


nearly, and the roots of (25) are then 

o 

cr 

gk~ 


coth ^ 

2 


Zkk 



hl'h and 

0— 

- 



cm 


approximately. If we put (r=^l‘e, the former result gives in accordance with the 

usual theory of ‘long’ waves (Arts. 169, 170). The fomiiila (27) now makes F=SH‘j 
approximately ; this is independent of y, so that the wave-ridges are nearly straight. The 
second of the roots (28) makes giving a much greater wave-velocity ; but there is 

nothing paradoxical in this. The ^row^-velocity is in fact relatively small. It will be found 
on examination that the cross-sections of the waves are para]3olic in form, and that there 
are two nodal lines parallel to the length of the canal. The period is almost exactly that 
of the symmetrical transverse oscilktion discussed in Art. 258. 


When, on the other hand, the wave-length is short compared with the transverse 
dimensions of the canal, M is large, and coth §X'A=1, nearly. The roots of (25) are then 


-^ = 1 and ^ = i-, 
gk gl: 


...(29) 


approximately. The former result makes nearly, so that the wave-ridges are 

straight, experiencing only a slight change of altitude towards the sides. The si}eed. 


cr — {gk)^^ is exactly what we should expect from the general theory of waves on relatively 
deep vrater. 


If in this case we transfer the origin to one edge of the water-surface, writing s-f A for 
and y - JZh fory, and then make h infinite, we get the case of a system of waves travelling 
parallel to a shore which slopes downwards at an angle of 30“ to the horizon. The result is 

+ cosZ-a:. cos((ri4-e), (30) 

where o=(gji)i. This admits of immediate verification. At a distance of a wave-length 
or so from the shore, the value of 0, near the surface, reduces to 

(j) = Ei^^ cos I’x . cos (c^^ + f), (31 ) 

practically, in conformity with Art. 228. Near the edge the elevation changes sign, there 
being a longitudinal node for which 

2^i-i,=log,2, (32) 

or y/X= *127. 

The second of the two roots (29) gives a system of edge- waves, the results being equi- 
valent to those obtained by making ^=30° in Stokes’ formula. 


Oscillations of a Spherical Mass of Liquid, 

262. The theory of the gravitational oscillations of a mass of liquid about 
the spherical form is due to Kelvin*. 

* Sir W. Thomson, “Dynamical Problems regarding Elastic Spheroidal Shells and Spheroids 
of Incompressible Liquid/’ Phil, Tram. 1863 [Papers, iii. 384]. 
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Taking the origin at the centre, and denoting the radius vector at any 
point of the surface by a 4- where a is the radius in the undisturbed state, 

we assume 

( 1 ) 

1 

where is a surface-harmonic of integral order n. The equation of con- 
tinuity = 0 is satisfied by 

X 

<^ = 2-5., ( 2 ) 

1 dn 

where is a surface-harmonic, and the kinematical condition 

3( cr 

to be satisfied when r = a, gives 



The gravitation-potential at the free surface is (see Art. 200) 

4Tr7pa® S47r7pa 

3r i 2 n + l^’‘ 

where 7 is the gravitation- constant. Putting 

g = ^'ir-/pa, r = a + ^^, 

= const. + g'l Si ( 6 ) 

Substituting from ( 2 ) and ( 6 ) in the pressure-equation 

- = “ — n -f const., ( 7 ) 

we find, since p must be constant over the surface, 

as„_ 2 (u-i) ^ 

k 2>i + 1 

Eliminating between (4) and ( 8 ), we obtain 

dt^ ^ 2n + l 

This shews that x cos (aj + e), where 

^ 2n (n — 1) a 

"•““lirprl CO) 

b or the same density ot liquid, g x a, and the frequency is therefore 
independent of the dimensions of the globe. 

The formula makes 0-1 0 , as we should expect, since in the deformation 

expressed by a surface-harmonic of the first order the surface remains spherical, 
and the period is therefore infinitely long. 
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“For tlie case = 2, or an ellipsoidal deformation, the length of the 
isochronous simple pendulum becomes fa, or one and a quarter times the 
earth’s radius, for a homogeneous liquid globe of the same mass and diameter 
as the earth ; and therefore for this case, or for any homogeneous liquid globe 
of about 5i times the density of water, the half-period is 47 m. 12 s.” 

“ A steel globe of the same dimensions, without mutual gravitation of its 
parts, could scarcely oscillate so rapidly, since the velocity of plane waves 
of distortion in steel is only about 10,140 feet per second, at which rate 
a space equal to the earth’s diameter would not be travelled in less than 
1 h. 8 m. 40 s.^ ” 



■When the surface oscillates in the form of a zonal harmunic spheroid of the second 
order, the equation of the lines of motion is const., where zs denotes the distance of 
any point from the axis of symmetry, which is taken as axis of x (see Art. 95 (ll)y. The 
forms of these lines, for a series of equidistant values of the constant, are shewn in the 
figure. 

263. This problem may also be treated very compactly by the method 
of ‘ normal co-ordinates ’ (Art. 168). 

The kinetic energy is given by the formula 

T=lpjlcl>fjS, ( 11 ) 

* Sir W. Thomson, Lc. The exact theory of the vibrations of an elastic sphere gives, for the 
slowest oscillation of a steel globe of the dimensions of the earth, a period of 1 h. 18 m. See a 
paper “On the Vibrations of an Elastic Sphere, ’’ Proc. Lond. Math. Soc. xiii 212 (1882), The 
vibrations of a sphere of incompressible substance, under the joint influence of gravity and 
elasticity, have been discussed by Bromwich, Proc. Lond. Math. Soc. xxx. 98 (1898). The in- 
fluence of compressibility is examined by Love, Some Problems of Geodymmics (Adams Prize 
Essay), Cambridge, 1911, p. 126. 
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where ZS is an element of the surface r = a. Hence, when the surface 
oscillates in the form r=a-hf„, we find, on substitution fi:om (2) and (4), 

( 12 ) 

To find the potential energy, we may suppose that the external surface 
is constrained to assume in succession the forms r = a + where (9 varies 
from 0 to 1. At any stage of this process, the gravitation potential at the 
surface is, by (6), 

fi = const. + * 


Hence the work required to add a film of thickness is 


ffgff • ~ 2/1 -f- 1 ^ (14) 

Integrating this from 0 = 0 to d — 1, we find 

(15) 


The results corresponding to the general deformation (1) are obtained by 
prefixing the sign X of summation with respect to n, in (12) and (15); since 
the terms involving products of surface-harmonics of different orders vanish, 
by Art. 87. 

The fact that the general expressions for T and V thus reduce to sums 
of squares shews that any spherical-harmonic deformation is of a ‘normal 
type.’ Also, assuming that oc cos (crnt+ e), the consideration that the total 
energy T-f Fmust be constant leads us again to the result (10). 

In the case of the forced oscillations due to a disturbing potential 
fl' cos (< 7 ^ q- e) which satisfies the equation V-O' = 0 at all points of the 
fluid, we must suppose to be expanded in a series of solid harmonics. 
If be the equilibrium-elevation corresponding to the term of order n, 
we have, by Art. 168 (14), for the forced oscillation, 




2 f ^ 


.(16) 


1 — 

where cr is the imposed speed, and that of the free oscillations of the same 

type, as given by (10). 


The numerical results given above for the case n — 2 shew that, in a non- 
rotating liquid globe of the same dimensions and mean density as the earth, 
forced oscillations having the characters and periods of the actual lunar and 
solar tides would practically have the amplitudes assigned by the equilibrium- 
theory. 


264. The investigation is easily extended to the case of an ocean of any 
uniform depth, covering a symmetrical spherical nucleus. 



4-29 
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Let 6 be the radius of the nucleus, a that of the external surface. The surface-form 


r = a + 2i 


■we assume, for the velocity-potential, 




where the coefficients have been adjusted so as to make c(^;cr==0 for i*=6. 


The condition that 


for gives 


H Ir ’ 




For the gra-vitation-potential at the free surface {1; %ve have 
£>= _ . 


o— _ _ /r- y 

3r 

where po is the mean density of the whole mass. Hence, putting gf=f.n-ypy«, we find 

a = const.-py2rfl-,5-;^ "V- 


-211+1 pj 

The pressure-condition at the free surface then gives 


■(« + !) 


fl) } ct \ 2; 


2b4-1 Po/ 


The elimination of between (4) and (7) leads to 






tt-ri 2.n-hl poj a' 


If p =P oj we have ci =0 as we should expect. When p > p© the value of cri is imaginary ; 
the equilibrium configuration in -which the external surface of the fluid is concentric with 
the nucleus is then unstable. (Cf. Art. 200.) 

If in (9) we put 5=0, we reproduce the result of tbe preceding Art. If, on the other 
hand, the depth of the ocean be small compared with the radius, w’e find, putting 5 = 5, 

and neglecting the square of A/a, 

+ flO) 

provided n he small compared with ajh. This agrees with Laplace's result, obtained in a 
more direct manner in Art. 200. 

But if n be comparable with a/' A, we have, putting n = Aa, 


©■-c 




so that (9) reduces to o -*^ = gk tanh kh, ...(11) 

as in Art. 228, Moreover, the expression (2) for the velocity-potential becomes, if we 
write r=a-f S', 

^ = coshI-( 2 +A), (12) 

where (pi is a function of the co-ordinates in the surface, which may now be treated as 
plane. Gf. Art, 257. 
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The formulae for the kinetic and potential energies, in the general case, are easily found 

bv tlie same method as in tlie preceding Art. to be 

. /a\» 

+1m 1 1 +91 ( ") 

\^/ \<V ffr (13) 

■ ' ’ 






,.(14) 


and 

The latter result shews, again, that the equilibrium configuration is one of minimum 
potential energy, and therefore thoroughly stable, provided p<po- 

In the case where the depth Ls relatively small, whilst n is finite, we obtain, puttmg 

<“> 

whilst th© expression for 1 is of course unaltered. 

If the amplitudes of the harmonics be regarded as generaHzed co-ordinates, the 
formula (15) shews that for relatively small depths the ‘inertia-coefficients’ vaiy inversely 
as the depth, We have had frequent illustrations of this principle in our discussions of 
tidal waves. 


Capillarity. 

265. The part played by Cohesion in certain cases of fluid motion has 
long been recognized in a general "way, but it is only within comparatively 
recent years that the question has been subjected to exact mathematical 
treatment. We proceed to give some account of the remarkable investigations 
of Kelvin and Rayleigh in this field. 

It is beyond our province to discuss the physical theory of the matter*. 
It is sufficient, for our purpose., to know that the free surface of a liquid, or, 
more generally, the common surface of two fluids which do not mix, behaves 
as if it were in a state of uniform tension^ the stress between two adjacent 
portions of the surface, estimated at per unit length of the common boundary- 
line, depending only on the nature of the two fluids and on the temperature. 
We shall denote this ‘ surface-tension/ as it is called, by the symbol The 
‘ dimensions * of are M T*”*" on the absolute system of measurement. Its 
value in G.G.S. units (dynes per linear centimetre) appears to be about 74 for 
a water-air surface at 20^C.t; it diminishes somewhat with rise of tem- 
perature. The corresponding value for a mercury-air surface is about 540. 

An equivalent statement is that the ^free"* energy of any system, of which 
the surface in question forms part, contains a term proportional to the area 
of the surface, the amount of this 'superficial energy’ (as it is usually termed) 

* For this, see MaxweU, Mmye. Britann. Art. “Capillary Action” [Papers, Cambridge, 1890, 
li. 541], where references to the older writers are given. Also, Eayleigb, “ On the Theory of 
Snrface Forces,’’ Phil. 3Iag, (5), xxx. 285, 456 (1890) [Papers, iii. 397]. 

•f* Rayleigh, *^‘011 the Tension of Wafcer-Snrfaces, Clean and Contaminated, investigated by 
the method of Bipples/’ Pkil. Mag. (5), xxx. 386 (1890) [Papers, iii. 394]; Pedersen, Phil. 
Trans. A, cevii. 341 (1907); Bohr, Phil Trans. A, eeix. 281' (1909). 
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per unit area being equal to T^*. Since the condition of stable equilibrium 
is that the free energy should be a minimum, the surface tends to contract as 
much as is consistent with the other conditions of the problem. 

The chief modification which the consideration of surface-tension will 
introduce into our previous methods is contained in the theorem that the 
fluid pressure is now discontinuous at a surface of separation, viz. we have 


P-P'^T, 



Rj’ 


where p, fl are the pressures close to the surface on the two sides, and i?i, 
are the principal radii of curvature of the surface, to be reckoned negative 
when the corresponding centres of curvature lie on the side to which the 
accent refers. This formula is readily obtained by resolving along the normal 
the forces acting on a rectangular element of a superficial film, bounded by 
lines of curvature ; but it seems unnecessary to give here the proof, which 
may be found in most modern treatises on Hydrostatics. 


266. The simplest problem we can take, to begin with, is that of waves 
on a plane surface forming the common boundary of two fluids at rest. 

If the origin be taken in this plane, and the axis of y normal to it, the 
velocity-potentials corresponding to a simple-harmonic deformation of the 
common surface may he assumed to be 

= Cel'J cos kx . cos {at -j- e), | ^ 

(j>' = (7'e"^ cos kx . cos (at + e), J 

where the former equation relates to the side on which y is negative, and 
the latter to that on which y is positive. For these values satisfy V-^ = 0, 
= 0, and make the velocity zero for y = + oo , respectively. 

The corresponding displacement of the surface in the direction of y will 
be of the type 

7j = a cos kx . sin (at 4 - e) ; (2) 

and the conditions that 

077 __ d(f) d(f>' 
dt~ dy^ dy' 

for y = 0, give 

= kC' (^) 


If, for the moment, we ignore gravity, the variable part of the pressure is 
therefore given by 


p _d<f> __ a-a 
p dt h 

p ^ _ a-a 

p dt k 


\ 

cos kx . sin (at + e), 


cos kx . sin (at -f- e). 


,(4) 


* The distinction between ‘free’ and ‘intrinsic’ energy depends on thermo-dynamicai 
principles. In the case of changes made at constant temperature with free communication of 
heat, it is with the ‘ free ’ energy that we are concerned. 
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To find the pressure-condition at the common surface, we may calculate 
the forces which act in the direction of y on a strip of breadth See. The fluid 
pressures on the two sides have a resultant {p' —p) Sx, and the difference of 
the tensions parallel to y on the two edges gives S{Tid7]jdx). We thus get the 



to be satisfied when y = 0 approximately. This might have been written 
down at once as a particular case of the general surface-condition (Art. 265). 
Substituting in (5) from (2) and (4), we find 


P + P’ 


( 6 ) 


which determines the speed of the oscillations of wave-length ^Trjk. 

The energy of motion, per wave-length, of the fluid included between two planes 


parallel to jry, at unit distance apart, is 



If we assume 17 = a cos (8) 

where a depends on t only, and therefore, having regard to the kinematical conditions, 

cosi*^, —k~'^de ^^^ cos kx^ (9) 

wefind T^^{p-\‘p)k'~'^d^ (10) 

Again, the energy of extension of the surface of separation is 

<") 

Sutoituting from (8), this gives 

r=|TiX-V.X (12) 


To find the mean enei^y, of either kind, per unit area of the common surface, we must 
omit the factor X. 


If we assume that a xcus(cr^ + €), where o- is determined by (6), we verify that the 
total energy T-f F is constant Conversely, if we assume that 

7/ = S (a cos kx -f j8 sin kx), (13) 

it is easily seen that the expressions for T and V will reduce to sums ut squares of a, ^ 
and a, A respectively, with constant coefficients, so that the quantities a, ^ are ‘normal 
co-ordinatm? The general theory of Art. 168 then leads independently to the formula (6) 

for the spee<i. 


By compounding two systems of standing waves, as in Art. 229, we obtain 

a progressive wave-system 

r} = acos Qcx + at), .(14) 

travelling with the velocity 


c = 

or, in terms of the wave-length, 

c = 



,(15) 

(16) 


The contrast vrith Aii}* 229 is noteworthy ; as the wave-length is diminished. 
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the period diminishes in a more rapid ratio, so that the wave-veiocity 

increases. 

Since c varies as the group- velocity is, by Art. 236 ( 3), 

t7 = c-X^=|c. (I7j 


The verification of the relation between grou[Hvelocity and transmission of energy is of 
some interest. Taking 

= a cos I' \ ct — x}, .'T8; 


we find that the total energy ].>er unit area of the surface is 

^ (p-hp') ( 10 , 

by (10), (12). The mean rate at which work is done by fluid pressure at a plane perpendicular 
to X is found by a calculation similar to that of Art. 237 to be 

+ (20; 

The rate at which surface-tension does work at such a plane is 

Ti sin2 k {fit - x). 

the mean value of which is 

(21j 


If we add this to (20), and divide by the second meml>er of (19), the quotient is |c, in 
agreement with (IT). 

The fact that the group-velocity for capillary weaves exceeds the wave- 
velocity helps to explain some interesting phenomena to be referred to later 
(Arts. 271, 272). 

For numerical illustration we may take the case of a free water-surface; 
thus, putting p = l, p' = 0, 2\ = 74, we have the following results, the units 
being the centimetre and second*. 


Wave-length 

: Wave-velocity 

Frequency 

I -50 

: 30 

61 

TO 

68 

680 

*05 

96 

1930 


267. When gravity is to be taken into account, the common surface, in 
equilibrium, will of course be horizontal Taking the positive direction of y 
upwards, the pressure at the disturbed surface will be given by 
p d(f> /'c- ' ' 

j)' ^ (cr 


dt 


gj a cos lex . sin {at + e), 
gy r= g\a COS Icx . siH {at -f e), 


-( 1 ) 


* Of. Sir W. Thomson, Papers^ iii. 520. 

The above theory gives the explanation of the crispations observed on the surface o! water 
contained in a finger-bowl set into vibration by stroking the rim with a wetted finger. It is to be 
observed, however, that the frequency of the capillary waves in this experiment is doudle that of 
the vibrations of the bowl; see Eayleigh, ‘‘On Maintained Yibrations,’' Phil Mag. (5), xv. 220 
(1883) [Papers, iL 188 ; Theory of Sound, 2nd ed., c. xx.]. 


L. H. 


28 
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approximately. Substituting in Art. 266 (5), we find 

p P 7 Tilf' 

P+P P+P 

Putting a = kc, we find, for the velocity of a train of progi-essive waves^ 

p + P k P+P 


where we have written 


P'-s ^ 

• b, 




( 3 ) 

-r 

( 4 ) 


p p-p 

In the particular cases of Ti — 0 and g = 0, respectively, we fall back on 
the results of xlrts. 231 and 266. 

There are several points to be noticed with respect to the formula (3). 
In the first place, although, as the wave-length (27rjk) diminishes from oo to 
0, the speed (<r) continually increases, the vrave-velocity, after falling to a 
certain minimum, begins to increase again. This minimum value say) is 
given by 


1-5 

1+5 


(5) 


and corresponds to a wave-length 



In terms of and the formula (3) may be written 


c- 




'X I 


.( 7 ) 


shewing that for any prescribed value of c, greater than c^, there are two 
admissible values (reciprocals) of X/X^. For example, corresponding to 
_c_ 

Cm 

we have 

A. 

X|3a 

to which we add, for future reference, 

. c. 


1-2 

1-4 

1-6 

1-8 

2-0 

f2-476 

3-646 

4-917 

6-322 

7-873 

I -404 

■274 

■203 

■158 

■127, 


sm-^^=56" 26' 
c 


45" 35' 38" 41' 33" 45' 30". 


For sufficiently large values of X the first term in the formula (3) for c^ 
is large compared with the second ; the force governing the motion of the 
waves being mainly that of gravity. On the other hand, when X is very 
small, the second term preponderates, and the motion is mainly governed 

* The theory of the mmimain wave-velocity, together with most of the substance of Arts. 266, 
267, was given by Sir W. Thomson, “ Hydrokinetic Solutions and Observations,’^ Phil. Mag. (4), 
xlii. S74 (1871) [Baltimore Lectures^ p. 598]; see also Naturiy v. 1 (1871). 
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by cohesion, as in Art. 266. As an indication of the actual magnitudes here 
in question, we may note that if X/Xj^ > 3, the inhiience of cohesion un the 
wave- velocity amounts only to about 5 per cent., whilst gravity becomes 
relatively ineffective to a like degree if X X^i < I . 


It has been proposed by Kelvin to distinguish by the name of ripples ’ 
Avaves whose length is less than 

If we substitute from tT) in the general formula fxXrt. 236(3)) for the 
group-velocity, Ave find 


{/ = c-X 


dc 

~dX 




iS) 


Hence the group-velocity is greater or less than the Avave- velocity, according 
as X g Xji^. For sufficiently long waves the group- velocity is practically equal 
to Avhilst for A^ery short AA’aA^es it tends to the value fc*. 


The relati\^e importance of gravity and cohesion, as depeiiding on the value of X, may 
be traced to the form of the expression for the potential energy of a deformation of the 

r] = aQOSk'X, \v} 

The part of this energy due to the extension of the buimding surface is, per unit area, 



whilst the part due to graAuty is 

P — P j ^ “ ' 41) 

As X diminishes, the former becomes more and more important compared with the latter. 


For a Avater-surface, using the same data as before, Avith ^=981, we find from (5) 
and (6) 

Xa=l-73, = 

the units being the centimetre and the second. That is to say, roughly, the minimum 
wave-velocity is about nine inches |>€r second, or *45 sea-miles per hour, with a wave- 
length of two-thirds of an inch. Combined with the numerical results already obtained, 
this giA’es, 


for 

27*8 

32*5 

37*1 41*8 

46*4 


V f 4*3 

6*3 

8*5 10*9 

13*6 

the values 

^ = { -70 

*47 

*35 *27 

‘22 


in centimetres and seconds. 


The relations between wave-length and waA*e-velocity are shewn graphically on the 
next page, Avhere the dotted curves refer to the cases vrliere graAuty and capillarity act 
separately, whilst the full ciuwe exhibits the joint effect. As explained in Art. 236, the 
group- velocity is represented by the intercept made by the tangent on the axis of ordinates. 
Since two tangents can be drawn to the curve from any point on this axis (beyond a certain 
distance from 0), there are two values of the wave-length corresponding to any prescribeii 
value of the group-velocity U, These two A'alues of X coincide when U has a certain 
(minimum) value, indicated by the point where the tangent to the curve at the point of 
inflexion cuts Oc ; and it may be easily shewn that we then have 

A=v'( 3 + 2V3) = 2-542, Cr=-767Cm, 

where Cm is the minimum Erare-velocity as above. 


* Of. Bayleigh, ll.cc. ante p. 360. 


28—2 
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A further consequence of (2) is to be noted. We have hitherto tacitly supposed that 
the lower fluid is the denser {i.e. p > p), as is indeed necessary for stability when is 
neglected. The formula referred to shews, however, that there is stability even when 

P < provided 



i.e, provided X be less than the wave-length Xm of minimum velocity when the denser fluid 
is below. Hence in the case of water above and air below the maximum wave-length con- 
sistent with stability is ITS cm. If the fluids be included between two parallel vertical 
walls, this imposes a superior limit to the admissible wave-length, and we learn that there 
is stability (in the two-dimensional problem) provided the interval betvreen the walls does 
not exceed *86 cm. We have here an explanation, in principle, of a familiar experiment in 



which water is retained by atmospheric pressime in an inverted tumbler, or other vessel, 
whose mouth is covered by a gauze with sufficiently fine meshes^. 

268 . W e next consider the case of waves on a horizontal surface forming 
the common boundary of two parallel currents fT, U^f. 

* The case where the fluids are contained in a cylindrical tube was solved by Maxwell, Encyc* 
Britann. Art. “Capillary Action” [PapeTS, ii. 585], and compared with some experiments of 
Bnprez. The agreement is better than might have been expected when we consider that the 
special condition to be satisfied at the line of contact of the surface with the wall of the tube has 
been left out of account. 

t Cf. Sir W. Thomson, Phil. Mag. (4), xlii. 368 (1871) [Baltimore Lectures, p. 590]. 
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If we apply the method of Art. 234, we find without difficulty that the 

condition for a stationary wave-profile is now 


pr= + pT-==|(p-p') + A-r„ (1) 

the last term being due to the altered form of the pressure-condition which 
lias to be satisfied at the surface. This may be written 


( pU + __g p 


~ 4- ^ 


kZ 


PR 


-.iT-r'f (2 1 


\ p -f />' / k‘ p + p ^ p + p (p i- p f 

The relative velocity of the waves, which is superposed on the mean 
velocity of the cun'ents (Art. 232), is ± e, provided 

PP 


C- = Co^ - 


(P + P) 




43) 


where denotes the wave-velocity in the absence of currents. 


The various inferences to be drawn from ’Z} are miieli as in tlie Art. cited, with the 
important qualification that, since has now a minimum value, viz, the Cm of Art. 267 (o';, 
the equilibrium of the surface when plane is stable for disturbances of all wave-lengths so 
long as 


where s—p;p. 


r- r 



ClO 5 


■{ij 


When the relative velocity of the two currents exceeds this value, c becomes imaginary 
for wave-lengths lying between certain limits. It is evident that in the alternative method 
of Art. 232 the time-factor will now take the form where 


"{ili?*''- : f-p: (5! 

The real part of the exponential indicates the ]x>ssibility of a disturbance of continually 
increasing amplitude. 

For the case of air over water we have 5== 00129, em = 23-2 (c.s.j, whence the maximum 
value of j U—U' \ consistent with stability is about 646 centimetres second, or (roughly) 
12'5 sea-miles per hour'^. For slightly greater values the instability will manifest itself by 
the formation, in the firet instance, of wavelets of about tvro-thirds of an inch in length, 
w^hich will continually increase in amplitude until they transcend the limits implied in our 
approximation- 


269. The waves due to a local impulse on the surface of still water may 
be investigated to a certain extent by Kelvin’s method (Art. 24*1). 

Since at the surface, the effect of a unit impulse at the 

origin is 

(h =r i I cos cos kxdk, 7} = — — f cos kxkdk. . . .(1) 

^ Trp Jo ‘TrpJo <r 

Hence to conform to (6) of Art. 241 we must put 

<f>{k) — ikip<r (2) 

* The wind-velocity at which the surface of water actually begins to be raffled by the forma- 
tion of capiUary waves, so as to lose the power of distinct reflection, is much less than, this, and 
is determined by other causes. This question is considered later (Chapter xi.). 
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If in Art. 267 (2) we put p' = 0 and write, for shortness, 

T,ip=r, (3) 

we have a- = gk + T'H^ (4) 

Let us first suppose that capillarity alone is operative, so that 

<7= = T'k\ (5) 

Since = I ~ = I r^k (6) 

we find = o' = Tr^ 3 ’ 


The procedure of Art. 241 then gives 

^ ^ ( 272 ^ “ 

The test-fraction (10) of Art. 241 is now comparable with and the 

approximation therefore cannot claim great accuracy except as regards the 
earlier stages of the disturbance at any point. It appears also from (8) that 
the wave-length and period at any point begin by being infinitesimal, and 
continually increase. These several circumstances are in contrast with what 
holds in the case of gravity waves (Art. 240). 

We have seen (Art. 267) that when gravity is taken into account there are 
two wave-lengths corresponding to any assigned value of the group-velocity TJ 
which exceeds the minimum Uq. The particular wave-lengths corresponding to 
given values of x and t may be found by the geometrical methods of Art. 241. 
Analytically, putting da/dk = !7= xft^ they are determined by the real values 
of k satisfying the equation 

{g + 3 ri-y = (g)' = ^ (gk + T']^) (9) 

The approximate expression for 7 will accordingly consist of two terms of the 
type (9) of Art. 241, so that we have two systems of waves superposed. For 
x< Kelvin's method indicates that the disturbance is unimportant*. 
When xfU^t is suflSciently large the real solutions of (9) are 

( 10 ) 

approximately, as if gravity and capillarity were respectively alone operative. 
The conditions for the validity of Kelvin's approximation in this case, viz. 
that gt^jx and should both be large, are to some extent opposed, but 

admit of being reconciled if x and t are both suflSciently great. The wave- 
length must in ^h case be small compared with x. 

The effect of a travelling disturbance c^n be written down from the general 
formulae of Art. 248. If 27r//ci, 27r/% be the two wave-lengths corresponding 

* Bayleigh, PMl. (6), xxi. (1911) [Papers, vi, 9]. 
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to the wave- velocity c, it appears from the figure on p. 4*36 that if < k«, we 
shall have < c,U.> c. The result will be 


U,-c^ 




7)^ 


[a;>0]' 

[x<0] 

j 


(II) 


If we put <!> (k) = iPjp<r, .(12) 

this will be found to agree, as an approximation, with the result of the more 
complete investigation which follows. 


270. We resume the more formal investigation of the effect of a steady 
pressure-disturbance on the surface of a running stream, by the methods of 
Arts. 242, 243, including now the effect of capillary forces. This will give, in 
addition to the former results, the explanation (in principle) of the fringe of 
ripples which is seen in advance of a solid moving at a moderate speed through 
still water, or on the up-stream side of any disturbance in a uniform current. 

Beginning with a simple-harmonic distribution of pressure, 'we assume 

^ ^ 4 - sin kx, ^ — y -f cos kx, (1) 

G c 

the upper surface coinciding with the stream-line = 0, whose equation is 

y = y8 cos (^) 

approximately. At a point just beneath this surface we find, as in Art. 242 (8). 
for the variable part of the pressure, 

Po = Pp cos fcr + /xc sin kx}, (3) 

where p. is the frictional coeflScient. At an adjacent point just above the 
surface we must have 

Pa' = i’o + ^ -g-h^T') COS kx + pc smkx], (4) 

where T' is written for T^lp. This is equal to the real part of 

^p {k<^ -g — kFT-- ipic) e^. 

We infer that to the imposed pressure 

p^ — Gcmkx •“•( 5 ) 

will correspond the surface-form 

^ {k& -g- k^T) cos kx — fxc sin ^ 

{k(^^g-^¥T'f ^ 

Let us first suppose that the velocity c of the stream exceeds the minimum 
wave-velocity ( 0 ^) investigated in Art. 267. We may then write 

hf^g^l^T'=^r(k-K,){K,-k), (7) 

where jcj, fc^ are the two values of k corresponding to the wave- velocity c on 
still water; in other woiffs, 27 r//ci, 27r/% are the lengths of the two systems 
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of free waves which could maintain a stationary position in space, on the 
surface of the flowing stream. We will suppose that k .2 > fCi, 

In terms of these quantities, the foxmiula (6) may be written 
C (k “ Ki) {fc. - k) cos kw — fi sin kx 

+ ’ ^ 

Avhere f = fjLc!T'. This shews that if // he small the pressure is least over 
the crests, and greatest over the troughs of the waves when k is greater 
than or less than atj, whilst the reverse is the case when k is intermediate 
to /Cl, /cg. In the case of a progi*essive disturbance advancing over still water, 
these results are seen to be in accordance with Art. 168 (14). 

271. From (8) we can infer as in Art. 243 the effect of a pressure of 
integral amount jP concentrated on a line of the surface at the origin, viz. 
we find 

JP (Jh — /Cj) (/Co — A/) cos kx fx sin kx 

+ 

The definite integral is the real part of 

C (10) 

The dissipation-coefficient pf has l>een introduced solely for the purpose of making the 
problem determinate ; we may therefore avail oiii’selves of the slight gain in simplicity 
obtained by siip|K)siiig p to be infinitesimal. In this case the two roots of the denominator 
in (10) are 

X* = Ki -t- IV, h=K‘l— iv, 

p' 

where i- — . 

The integral (10) is therefore equivalent to 

1 r ^dk 1 


1 [ P _ 

1C2-K1 — 2 zV ij 0 X* — (#:i + jfi/) J 0 

The5?e integrals are of the forms discussed in Art. 243. Since k 2> kx , v is positive, 
and it appears that when x is positive the former integral is equal to 


- (<2 - il'), 




and the latter to 


J 0 k-ir <2 


On the other hand, when x is negative, the former reduces to 


0 AT-f-Kl 


and the latter to 




r 

j Q X*4*/c2 


We have here simplifi^ the formulae by putting after the transformations. 

If we BOW discard the imaginary parts of our expimsions, we obtain the results which 

imm^istely follow. 

When pf is infinitesimal, the equation (9) gives, for x positive, 

'^Ti Itt __ . , 


-sin kiX-{-F{x\ 


( 16 ) 
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and, for x negative, 

where F{x) = — 


27r 


sin kqOij + F (x), ...(IT) 

+ /Cl J 


Ko — fCi 

f COS kx 


cos kx ,, I 

r a /bt . 

k-h/c, ) 


.(13) 


This function F (x) can be expressed in terms of the 
known functions Ci /c^x, Si/c^x, Ci/c^Xj Si/CqX, by Art- 
243 (30). The disturbance of level represented by 
it is very small for values of x, whether positive or 
negative, which exceed, say, half the greater wave- 
length (27rlKj). 


Hence, beyond some such distance, the surface is 
covered on the down-stream side by a regular train 
of simple-harmonic waves of length Stt/'/Ci, and on 
the up-stream side by a train of the shorter wave- 
length 27r//c2. It appears from the numerical results 
of Art. 267 that when the velocity c of the stream 
much exceeds the minimum wave-velocity (GuJ the 
former system of waves is governed mainly by gravity, 
and the latter by cohesion. 


It is worth notice that, in contrast with the case 
of Art. 243, the elevation is now finite when 5? = 0, 
viz. we have 


TT^i 

Q 




1 


/Cs-ATi 



(19) 


This follows easily from (16) and (18). 


The figure shews the transition between the two 
sets of waves, in the case of 


The general explanation of the effects of an 
isolated pressure-disturbance advancing over still 
water is now modified by the fact that there are 
two wave-lengths corresponding to the given velo- 
city c. For one of these (the shorter) the group- 
velocity is greater, whilst for the other it is less, 
than c. We can thus understand w^hy the waves of 
shorter wave-length should be found ahead, and those 
of longer wave-length in the rear, of the disturbing 
pressure. 



It will be noticed that the formulae (16), (17) make the height of the 
up-stream capillary waves the same as that of the down-stream gravity 
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waves ; but this result will be greatly modified when the pressure is diffused 
over a band of sensible breadth, instead of being concentrated on a mathe- 
matical line. If, for example, the breadth of the band do not exceed one-fourth 
of the wave-length on the down-stream side, whilst it considerably exceeds 
the -wave-length of the up-stream ripples, as may happen with a very 
moderate velocity, the different parts of the breadth will on the whole 
reinforce one another as regards their action on the down-stream side, whilst 
on the up-stream side w^e shall have ‘interference,' with a comparatively 
small residua] amplitude. 

This may be illustrated by assuming that the integral surface-pressure F has 

the distribution 



h 


.( 20 ) 


which is more diffused, the greater the value of h. 

The method of calculation will be understood from Art. 244. The result is that on the 


down-stream side 


2/> , 



pT (k2-ki) 

(21) 

and on the up-stream side 


rrv “ ^‘^®smK257 + ..., 

(22) 


where the terms which are insensible at a distance of half a wave-length or so from the 
origin are omitted. The exponential factors shew the attenuation due to diffusion ; this is 
greater on the side of the capillary waves, since R 2 > 


When the velocity c of the stream is less than the minimum wave-velocity, 
the factors of 

are imaginary. There is now no indeterminateness caused by putting yu = 0 
ab initio. The surface- form is given by 






COS 

Jo 


cos ka: 


dk 


.(23) 


■k(f + g 

The integral might be transformed by the previous method, but it is evident 
d priori that its value tends rapidly, with increasing x, to zero, on account 
of the more and more rapid fluctuations in sign of cos kx. The disturbance of 
level is now confined to the neighbourhood of the origin. For a; = 0 we find 


y=- 


(l + — sin“^ — 

V TT C„ 


.(24) 


Finally we have the critical case where c is exactly equal to the minimum 
wave-velocity, and therefore ic^ = k^. The first term in (16) or (17) is now 
infinite, whilst the remainder of the exprei^on, when evaluated, is finite. To 
get an intelligible result in this case it is necessary to retain the frictional 
coefficient /i'. 

If we put w© have 

+ 


,(25) 



443 


271-272] Waves and Ripples 


SO that the integral (10) may now be equated to 

4't37 [_/ () k — (k — ’uT -{- IoT'^ j j) k — (/C '2^ — ' iaJj 


] 26 i 


The formulae of Art. 243 shew’ that when -ur is small the most important |>art of this 
expression, for points at a distance from the origin on either side, is 


It appears that the surface-elevation is now given by 

TT 


IT 

— cos {kx — f ttI. 


.128) 


272. The investigation by Eayleigh^, from which the foregoing differs 
principally in the manner of treating the definite integrals, wurs undertaken 
with a view to explaining more fully some phenomena described by Scott 
Russellf and Kelvin;^. 


“ When a small obstacle, such as a fishing line, is moved forward slowly 
through still water, or (which of coiii*se comes to the same thing) is held 
stationary in moving water, the surface is covered with a beautiful wave- 
pattern, fixed relatively to the obstacde. On the up-stream side the wave-length 
is short, and, as Thomson has shewn, the force governing the vibrations is 
principally cohesion. On the down-stream side the waves are longer, and are 
governed principally by gravity. Both sets of waves move with the same 
velocity relatively to the water; namely, that required in order that they 
may maintain a fixed position relatively to the obstacle. The same condition 
governs the velocity, and therefore the wave-length, of those parts of the 
pattern where the fronts are oblique to the direction of motion. If the angle 
between this direction and the normal to the wave-front be called 6 , the 
velocity of propagation of the waves must be equal to cos 8 , where 
represents the velocity of the water relatively to the fixed obstacle. 


Thomson has shewm that, whatever the wave-length may be, the velocity 
of propagation of waves on the surface of water cannot be less than about 
23 centimetres per second. The water must run somewhat faster than this 
in order that the wave-pattern may be formed. Even then the angle 8 is 
subject to a limit defined by % cos 0 = 23, and the curved wave-front has a 
corresponding asymptote. 


“The immersed portion of the obstacle disturbs the flow of the liquid 
independently of the deformation of the surface, and render the problem in 
its original form one of great difficulty. We may however, without altering 
the essence of the matter, suppose that the disturbance is produced by the 
application to one point of the surface of a slightly abnormal pre&sure, such 


* Le, anU p. 376. 

t “ On Waves,” Brit Ass. Eep. 1844. 
t l.c. ante p. 434. 



444 


Surface Wccves [chap.ix 


as might be produced by electrical attraction, or by the impact of a small 
iet of air. Indeed, either of these methods — the latter especially — gives very 
beautiful wave-patterns*.” 

The character of the wave-pattern can be made out by the method 
e.xplained near the end of Art. 256. If we take account of capillarity alone, 
the formula ( 19) of that Art. gives 

c-^cos==5 = F= = ^-, (1) 

A. 


by Art. 266, and the form of the wave-ridges is accordingly determined by 

the equation 

^ = asec-/9 (2)t 

This leads to 

X = n sec 5 (1 — 2 tan- 6\ y = "da sec 8 tan 6 (3) 

When gravity and capillarity are both regarded, we have, by Art. 267, 


Hence, if we put 

we have 

where co^a = cj^c 

The relation between p and 6 is therefore of the form 


c- cos- 6 = V-- 

g\ ^ 277 

277 ^ X 

(4) 

= agTf, 



(5) 

COS- 6 , 

/X b\ 

(6) 

— ^-=1- 
cos- a 

ib^xh 


cos- 6 

COS' 


r a ^ \a cos- a 


+ - 


a cos- a 


P 


.(7) 

.( 8 ) 


or ^ = cos- 6 + V(cos^ 8 — cos^ a) (9) 

The four straight lines for which 8 = ±a are asymptotes of the curve thus 
determined. The values of ^tt — a for several values of the ratio c/Cj^ have 
been given in Art. 267. 

When the ratio c/c^ is at all considerable, a is nearly equal to -Itt, and 
the asymptotes make very acute angles with the axis of x. The upper figure 
on the following page gives the part of the curve which is relevant to the 
physical problem in the case of c = lOCjn];. The ratio of the wave-lengths of 
the ' waves ’ and the ‘ ripples ' in the line of symmetry is then, of course, very 
great. The curve should be compared with that which forms the basis of the 
figure on p. 410. 

As the ratio is diminished, the asymptotes open out, whilst the two 
cusps on either side of the axis approach one another, coincide, and finally 

* Bayleigh, tc. 

t Since U is now > V, it appears from Art. 2r56 (20) that the constant a must be negative. 

J The necessary calculations were made by Mr H. J. Woodall. The scale of the figure does 
not admit of the asymptotes being shewn distinct from the curve. 
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disappear*. The wave-system has then a configui’alion of the kind shewn in 
the lower diagram, which is drawn for the case w'here the ratio of the wave- 
lengths in the line of symmetry is 4:1. This corresponds to a = 26° 34', or 
c = 1T2C,,,-!-. When c< c,„, the wave-pattern disappears. 


273. Another problem of great interest is the determination of the nature 
of the etpiilibrium of a cylindrical column of liquid, of circular section. This 
contains the theory of the well-known experiments of Bidone, Savart, and 
others, on the behaviour of a jet issuing under pressure from a small orifice 
in the wall of a containing vessel. It is obvious that the uniform velocity in 
the direction of the axis of the jet does not affect the dynamics of the question, 
and may be disregarded in the analytical treatment. 

We will take first the two-dimensional vibrations of the column, the 
motion being supposed to be the same in each section. Using polar co-ordi- 
nates r, 6 in the plane of a section, with the origin in the axis, we may write, 
in accordance with Art. 63, 

(j> — A —COS sd. COS e\ (1) 


where a is the mean radius. The equation of the boundary at any instant 
wdll then be 

= a + (2) 

where ^ = cos^^. sin (cr^ + e), (3) 

(Td 

the relation between the coeflScients being determined by 

dt~ dr’ 

for r = a. For the variable part of the pressure inside the column, close to 
the surface, we have 

^ ^ — a A cos s0. sin (at + e) (5) 

p at V / V / 

The curvature of a curve which differs infinitely little from a circle having 
its centre at the origin is found by elementary methods to be 

1 1 ^ 

R r 7'^ ’ 

or, in the notation of (2), 

R~a 

Hence the surface-condition 

T 

j} = ^4-const -.....(7) 


* A tentative diagram shewed that they were nearly coincident for c = 2c„ {a=e0°). 
t The figure may be compared with the drawing, from observation, given by Scott Bussell, l.c. 
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gives, on substitution from (5), 

cr- = 5 — 1 ) ^ S)* 


For 5^ = 1, we have cr==0; to our order of approximation the section 
remains circular, being merely displaced, so that the equilibrium is neutral 
For all other integral values of s, a- is positive, so that the equilibrium is 
thoroughly stable for two-dimensional deformations. This is evident cl priori, 
since the circle is the form of least perimeter, and therefore least energy, for 
given sectional area. 

In the case of a jet issuing from an orifice in the shape of an ellipse, an 
equilateral triangle, or a square, prominence is given to the disturbance of 
the type 5 = 2, 3, or 4, respectively. The motion being steady, the jet exhibits 
a system of stationary waves, whose length is equal to the velocity of the jet 
multiplied by the period (27r/cr)t. 

274. Abandoning now the restriction to two dimensions, we assume that 

<j> = <pi cos kz.oos( at eX (9 ) 

where the axis of z coincides wuth that of the cylinder, and (j>i is a function 
of the remaining co-ordinates x, y. Substituting in the equation of continuity, 
= 0, we get 

( 10 ) 

where = c^jdx" 4- d^^;dy-. If we put x = r cos 6, y = r sin 0, this may be written 


+ + 

c?r- r dr r- du- 

( 11 ; 

This equation is of the form considered in Arts. 101, 191, except for the sign 
of P; the solutions which are finite for r = 0 are therefore of the type 

cos * 

<p,= BO{kr)°^l-sd, 

^ ^ ■ sinj 

where, as in Art. 210 (11), 

( 12 ; 

r / \ ^ 

|1 + 2 ( 2 s + 2 )'*' 2 . 4 ( 2 s + 2 )( 2 s + 4 )‘‘' ■■■ 

!'. ...( 13 ) 

Hence, wTiting 


cj) = (kr) cos s0 cos kz . cos {at + €% 

we have, by (4), 

O Tk kdJig {kd ) y, y ‘ / I \ 

^ — ■ cos sd cos kz.sm (at + eX 

ad 

( 14 ) 

( 15 ) 


To find the sum of the principal curvatures, we remark that, as an obvious 
consequence of Euler s and Meunier s theorems on curvature of surfaces, the 

* For the original investigation, bj the method of energy, see Eayleigh, On the Instability 
of Jets,” FroCn Lond, Math, Sac. x. 4 (1878), and On the Capillary Phenomena of Jets,” Pmc. 
Boy, Sac. xxix. 71 (1879) [Papers, i. 361, 377 ; Theory of Sound, 2nd ed. c. xx.]. The latter paper 
contains a comparison of the theory with experiment. 

t It is assumed that this wave-length is large compared with the circumference of the jet. 
Otherwise, the formula (18) must be employed, with <r=kc, where c is the velocity of the jet 
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curvature of any section differing infinitely little from a principal normal 
section is, to the first order of small quantities, the same as that of the 
principal section itself. It is sufficient therefore in the present problem to 
calculate the curvatures of a transverse section of the cylinder, and of a 
section through the axis. These are the principal sections in the undisturbed 
state, and the principal sections of the deformed surface will make infinitely 
small angles with them. For the transverse section the formula (6) applies, 
whilst for the axial section the curvature is -3-^/3^-: so that the required 
sum of the principal curvatures is 

JJ. j;, o 

— 1 _ j5 (J^a- + s- — 1) cos sd cos kz . sin {at + e) (16) 

a <ra^ 


Also, at the surface, 


p dt 


crBIg {ha) cos s9 cos kz . sin {at + e). 


The surface-condition of Art. 265 then gives 

kals (ka) 

1$ (ka) 


( 7 - = 


T, 




( 17 ) 

( 18 ) 


For 5 > 0, is positive ; but in the case {s = 0) of symmetry about the axis 
< 7 ^ will be negative if te < 1 ; that is, the equilibrium is unstable for disturb- 
ances whose wave-length {^Trjk) exceeds the circumference of the jet. To 
ascertain the type of disturbance for which the instability is greatest, we 
require to know the value of ka which makes 


kaX^ {ka) 


■k^a^) 


a maximum. For this Eayleigh finds A2a- = *4858, whence, for the wave- 
length of maximum instability, 

27r/k = 4*508 x 2a. 


There is a tendency therefore to the production of bead-like swellings 
and contractions, of this wave-length, with continually increasing amplitude, 
until finally the jet breaks up into detached drops*. 


275. This leads naturally to the discussion of the small oscillations of 
a drop of liquid about the spherical form-f*. We will slightly generalize the 

* The argument here is that if we have a series of possible types of disturbance, with time- 
factors where ai>a‘i>a3> and if these be excited sinmitaneously, the 

amplitude of the first will increase relatively to those of the other components in the ratios 
^ ^ ^ component with the greatest a will therefore ultimately predominate. 

The instabilty of & cylindrical jet surrounded by other fluid has been discussed by Rayleigh, 
“ On the Instability of Cylindrical Fluid Surfaces,** Phil. Mag. (5), xxxiv. 177 (1892) [Papers, iii, 
594]. For a jet of air in water the wave-length of maximum instability is found to be 6-48 x 2a. 

t Rayleigh, Lc. ante p, 447 ; Webb, Meu. of Math. ix. 177 (1880). 
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question by supposing that we have a sphere of liquid, of density p, surrounded 
by an infinite mass of other liquid of density p'. 

Taking the origin at the centre, let the shape of the common surface at 
any instant be given by 

7* = a + f = a -f . sin {at + e), ( 1 ) 

where a is the mean radius, and is a surface-harmonic of order n. The 
corresponding values of the velocity-potential will be, at internal points, 


*S'a.cos(cr^ -f e), 1,2) 


and, at external points, 


since these make 




dd> ^ 36' 
dt dr dr ’ 


for r = a. The variable parts of the internal and external pressures at the 
surface are then given by 

p= ... + ^^S,t.sin((Tt + e), p' = sin (<rt + e). ...(4) 

To find the sum of the curvatures we make use of the theorem of Solid 
Geometry that if X, ju, v be the direction-cosines of the normal at (j;, y, z) to 
that surface of the family 

F{x, y, z) = const 

W’hich passes through the point, viz. 




Fx. Fy, F^ 


+ F/ -p Fi) ’ 


1 1 dX ciM dv 



Since the square of f is to be neglected, the equation (1) of the harmonic 
spheroid may also be written 

.( 6 ) 


where 


^n = ~nSn>^iri{at + e), ( 7 ) 


i.e. is a solid harmonic of degree n. We thus find 

_y y\ 

T dy r- 

p p 'fl — Q 

r dz I 
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whence 

1 , 1 _ -2 , n(n + l) 


2 ^ (>i-1)0i-f2) 
a 


Sn •sin (at -h e), ...(9) 


Substituting from (4) and (9) in the general surface-condition of Art. 265, 

we find 


cr- = 71 {}1 -f 1) — 1) (71 + 2) 




[(ti + 1) p + np'] 


( 10 ) 


If we put p' = 0, this gives 

o-== 71 (ft -!)(« + 2) A (11) 

pa'" 

The most important mode of vibration is that for which ?z = 2; we then have 

pa^ ' 

Hence for a drop of water, putting Ti = 74, p= 1, we find, for the frequency. 


o-/ 27 r = 3*87 a v vibrations per second, 

if a be the radius in centimetres. The radius of the sphere which would 
vibrate seconds is a = 2*47 cm. or a little less than an inch. 


The case of a spherical bubble of air, surrounded by liquid, is obtained 
by putting p = 0 in (10), viz. we have 

<r==(ft + l)(ft-l)(» + 2)A (12) 

For the same density of the liquid, the frequency of any given mode is 
greater than in the case represented by (11), on account of the diminished 
inertia: c£ Art. 91 (7), (8). 
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276. A TREATISE on Hydrodynamics would hardly be complete without 
some reference to this subject, if merely for the reason that all actual fluids 
are more or less compressible, and that it is only when we recognize this 
compressibility that we escape such apparently paradoxical results as that of 
Art. 20, where a change of pressure wms found to be propagated instantaneously 
through a liquid mass. 

We shall accordingly investigate in this Chapter the general law’s of 
propagation of small disturbances, passing over, however, for the most part, 
such details as belong more properly to the Theory of Sound. 


In most cases which w’e shall consider, the changes of pressure are small, 
and may be taken to be proportional to the changes in density, thus 




K . 


P ’ 


where /c (= pdpjdp) is a certain coefficient, called the 'elasticity of volume/ 
For a given liquid the value of k varies with the temperature, and (very 
slightly ) wuth the pressure. For wmter at 15® C., /c = 2-045 x 10^^^ dynes per 
square centimetre. The case of gases will be considered presently. 


Plane Waves. 

277. We take first the case of plane waves in a uniform medium. 

The motion being in one dimension (x), the dynamical equation is, in the 
absence of extraneous forces, 

du du_ 1 dp ^ 1 dp dp ... 

dt ^ dx p dx p dpdx’ 

whilst the equation of continuity. Art. 7 (5), reduces to 


l + ® 

If wn put p = py (I -f A (3) 


where po is the density in the undisturbed state, s may be called the " con- 
densation' in the plane x. Substituting in (1) and (2), we find, on the 
supposition that the motion is infinitely small, 



du K ds 

0) 


dt pQ dx ' 

and 

ds du 
dt dx’ 

(5) 


29—2 
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if 

as above. 


Eliminating .s* we have 


.^rfpjp=p 


d^u __ 

dP ^ dx- ' 


( 6 ) 


where 


^ po 


L^. 


.( 8 ) 


The equation (7) is of the form treated in Art. 170, and the complete 

solution is 


II ^ f\ct — x) + F{ct-^x), ( 9 ) 

representing two systems of waves travelling with the constant velocity c, 
one in the positive and the other in the negative direction of x. It appears 
from (5) that the corresponding value of ^ is given by 

cs—f{€t — x)—F{ct-{'x) ( 10 ) 

For a single'wave we have ?£ == + cs, (11) 

since one or other of the functions /, F is zero. The upper or the lower sign 
is to be taken according as the wave is travelling in the positive or the 
negative direction. It is easily shewn in this case that the approximations 
involved in (4) and (5) are valid provided is everywhere small compared 
w-ith c. 

There is an exact correspondence between the alx)Te approximate theory and that of 
‘long’ gravity-waves on water. If we write Tjjh for s, and gh for /c/po, the equations (4) and 
(5), above, become identical with Art. 169 (3), (5). 


278 . With the value of ic given in Art. 276, we find for water at 15° C. 
c= 1480 metres per second. 

The number obtained directly by Colladon and Sturm* in their experiments 
on the lake of Geneva was 1437, at a temperature of 8° C.“f“ 

In the case of a gas, if we assume that the temperature is constant, the 
value of tc is determined by Boyle’s Law 

PiPo = PlPo, ( 1 ) 

viz. fc=Pii, (2) 

so that c = V(PoIpq) -(3) 

This is known as the 'Newtonian' velocity of sound If we denote by 
jET the height of a ‘ homogeneous atmosphere ’ of the gas, we have po = gp^H^ 
and therefore 

c = {3H)K ( 4 ) 

* Ann. de CMm. et de Phgs. xxxvi. (1827). It maybe mentioned that the velocity of sound in 
water contained in a tube is liable to be appreciably diminished by the yielding of the wall. See 
Helmholtz, pGrtBehritte d. Physik, iv. 119 (1848) [IFm. Ahh. i. 242]; Korteweg, Wied. Ann. v. 
526 (1878); Lamb, Maneh. Mem. xlii. No. 1 (1898). 

t Eecent experiments in sea- water give a velocity of 4956 ft. per sec. at a temperature of 
17° C., with an increment of about 11 ft. i>er sec. for each degree centigrade (Wood and others, 
Proe. Mog. Soc. A, ciii. 284 (1923)). 

J P'rineipia, Tib. ii. Sect. viii. Prop. 48. 
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which may be compared with the formula (13) of Ai*t. 170 for the velocity of 
'long’ gravity- waves in liquids. For air at 0“ C. we have as corresponding values 
Po = 76 X 13-60 X 981, po= ’00129, 
in absolute C.G.S. units ; whence 

c = 280 metres per second. 

This is considerably below the value found by direct observation. 

The reconciliation of theory and fact is due to Laplace*. When a gas is 
suddenly compressed, its temperature rises, so that the pressure is increased 
more than in proportion to the diminution of volume ; and a similar state- 
ment applies of course to the case of a sudden expansion. The formula (1) is 
appropriate only to the case where the expansions and rarefactions are so 
gradual that there is ample time for equalization of temperature by thermal 
conduction and radiation. In most cases of interest, the alternations of density 
are exceedingly rapid; the flow of heat from one element to another has 
hardly set in before its direction is reversed, so that practically each element 


behaves as if it neither gained nor lost heat. 

On this view we have, in place of (1), the 'adiabatic’ law 

piPo = ipip<^, (5) 

where y is the ratio of the two specific heats of the gas. This makes 

( 6 ) 

and therefore c = 's/{yPo!po) = dijgS) (7) 


If we put 7 = l*402f, the former result is to be multiplied by 1*184, whence 

c = 332 metres per second, 

which agrees very closely with the best direct determinations. 

The confidence felt by physicists in the soundness of Laplace’s view is so complete that 
it is now usual to apply the formula (7) in the inverse manner, and to infer the values of y 
for various gases and vapours from observation of wave-velocities in them. 

In strictness, a similar distinction should be made between the * adiabatic’ and 
* isothermal ’ coeifficients of elasticity of a liquid or a solid, but practically the difference 
is unimportant. Thus in the case of water the ratio of the two volume-elasticities is 
calculated to be 1*0012 J. 

The effects of thermal radiation and conduction on air-waves have been studied 
theoretically by Stokes § and Rayleigh jj. When the oscillations are too rapid for equalim- 

* The usual reference is to a paper “ Sur la vitesse du son dans Fair et dans Feau,” Ann. df 
Chim. et de Phys. iii. 2$B (1816) [Mecanique Celeste, Livre 12“% c. iii. (1823)]. But Poisson in 
a memoir of date 1807 (see p. 459) refers to this explanation as having been already given by 
Laplace. 

t The value found by the most recent direct experiments. 

X Everett, Units and Physical Constants. 

§ “An Examination of the possible effect of the Radiation of Heat on the Proi»gatioii of 
Sound,” Phil. Mag. (4), i. 305 (1851) [Papers, iii. 142]. 

|i Theory of Smind, Art 247. See infra Art. S60. In a paper “ On the Celling of Air by 
Radiation and Conduction, and on the Propagation of Sound/’ Phil. Mag. (5), xlvii. 308 (1809) 
[Papers, iv. 376], Rayleigh concludes on experimental grounds that conduction is much more 
effective in this respect than radiation. 
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tioo of temperature, but not so rapid as to exclude communication of heat between adjacent 
elements, the waves diminish in amplitude as they advance, owing to the dissipation of 
energy which takes place in the thermal processes. The effect of conduction will be noticed, 
along with that of viscosity, in the next Chapter. 

According to the law of Charles and Dalton 

p = Rp6, (8) 

where $ is the absolute temperature, and i 2 is a constant depending on the 
nature of the gas. The velocity of sound will therefore vary as the square 
root of 0, For several of the more permanent gases, which have sensibly the 
same value of 7 , the formula (7) shews that the velocity varies inversely as 
the square root of the density, provided the relative densities be determined 
under the same conditions of pressure and temperature. 

279. The theory of plane waves can also be treated very simply by the 
Lagrangian method (Arts. 13, 14). 

If ^ denote the displacement at time t of the particles whose undisturbed 
abscissa is x, the stratum of matter originally included between the planes w 
and a? + Sir is at the time t-b St bounded by the planes 

and + ^l + ^^Sa?, 
so that the equation of continuity is 



where po is the density in the undisturbed state. Hence if s denote the 
' condensation ’ (p — po)/po, we have 



The dynamical equation, obtained by considering the forces acting on unit 
area of the above stratum, is 


These equations are exact. 


and 

Substituting in (3) we find 


where The solution of ( 6 ) is the same as in Arts. 170, 277. 

280. The kinetic energy of a system of plane waves is given by 

= ip© J ^jyrdxdydz, 

where u is the velocity at the point {x, y, z) at time t. 


<■• 5—1 ® 

but in the case of small motions we may write 

p=p^ + KS, ( 4 ) 

S (5) 

w 


( 1 ) 
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The calculation of the intnmic energy requires a little care. The work 
done by unit mass in expanding through a small 
range, from the actual volume v to the standard 
volume Vq, is given to the second order of small 
quantities by the expression 

^(P + Po){%-v\ 

as is obvious on inspection from Watt's diagram. 

Putting 

+ Vq-v = svo, (- 2 ) 

we have 

2 (p +Po) (vo -v)^po (vo -v) + i(p- po) (vo “ v) 

= Po (% -v)-jr (3) 

If we take the sum of the corresponding expressions for all the mass-elements 
of the system, the term pQ (vq — v) will disappear whenever the conditions are 
such that the total change of volume is zero. This being assumed, %ve have, 
for the work done by the gas contained in any given region, in passing from 
its actual state to the normal state, the expression 

W = ^fcjjjs-dosdyds (4) 

So far, no assumption has been made as to the precise manner in which the 
transition takes place; this will affect the value of k. It is only in the case 
of adiabatic expansion that the expression (4) can be identified with the 
‘intrinsic energy’ in the strict sense of the term. When the expansion is 
isothermal, the expression gives what is known in Thermodynamics as the 
‘ free energy/ 

In a progressive plane wave we have ca = ± n, and therefore T—W. The 
equality of the two kinds of energy, in this case, may also be inferred from 
the more general line of argument given in Art. 174. 

In the Theory of Sound special interest attaches, of course, to the case of 
simple-harmonic vibrations. If a be the amplitude of a progressive wave 
of period ^ir^jcr, we may assume, in conformity with Art. 279 (6), 

I = a- cos {hx — + e), (5) 

where k^crjc, and the wave-length is accordingly X — ^Trjh The formulae 
(1) and (4) then give, for the energy contained in a prismatic space of 
sectional area unity and length X (in the direction x), 

jP + TP= (6) 

the same as the kinetic energy of the whole mass when animated with the 
maximum velocity era. 

The rate of transmission of energy across unit area of a plane moving with the particles 
situate in it is 

p ^ = paa sin {kx — cr^ c). 



/ 7 ) 
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The work done hy the ei nistant part of the pressure in a complete period is zero. 

Vctriable part we liave 

A^=: K sin {kx -(Tt-\-€) 


For the 
....( 8 ) 


Substituting in < 7 1, we find, for the mean rate of transmission of energy, 

Kcrka-—^ (9) 

Hence the energy transmitted in any number of complete periods is exactly that corre- 
sponding tf) the waves which pass the plane in the same time, as we should expect, since, c 
being independent of X, the group- velocity is identical with the wave-veloeity (ef. Art. 237). 


Waves of Finite Amplitude, 

281. If p be a function of p only, the equations (1) and (3) of Art. 279 
give, without approximation, 

^=£1 # ( 1 ) 

at- p^ dp' dcc^ 


On the ^ isothermal ’ hypothesis that 

r/po=p/po, 


this becomes 




( 2 ) 

( 3 ) 


In the same way, the ' adiabatic ' relation 

p:pi>=(plpoy 


leads to 




(4) 

( 5 ) 


These exact equations .;3) and (5) may be compared with the similar equation for ‘long' 
waves in a uniform canal, Art. 173 (.3). 

It appears from (1) that the equation (6) of Art. 279 could be regarded as exact if the 
relation between p and p were such that 

a dp „ „ 

P'rfp 

Hence plane waves of finite amplitude can be propagated without change of type if, and 

only if, 

(7) 

A relation of this form does not hold for any known substance, whether at constant 
temperature or when free from gain or loss of heat by conduction and radiation* Hence 
sound-waves of finite amplitude must inevitably undergo a change of type as they proceed. 


282. The laws of propagation of waves of finite amplitude, on the above 
assumption that je? is a definite function of p, have been investigated inde- 
pendently by Eamshaw and Riemann. It is proposed to give here a brief 
® The relation wotild make p negative when p falls below a certain value. 
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account of the results, referring for further details to the original papers, 
and to the very full discussion of the matter by Rayleigh^. 


The Eiilerian equations (1) and (2) of Art. 277 may be written 



dll du 

b M — = 


dsT ^ fell 

(1) 


ct ex 

dx ’ 

ct dx dx 

'here 

1ST = 

f^dp 
ho P ’ 

'V(I) 

(2) 


The quantity c is the wave-velocity for small amplitudes ; it is in general a 
function of p, and therefore variable. If we now write 


d^sT = cd(o, 

the equations (1) become 

du dll 

-7 q- f 

at ex 




fp pp' 


or 

00 = 

Imp. 


9o) 

doo 

dm 

on 

dx ^ 

¥ 




.( 3 ) 


.(4) 


Hence by addition and subtraction 

+ { a + 6) ( ft) 4- u) = 0, (5) 

{6t ' ' ex) 

and {u — c)^ ( {o) — a) = Q l6) 

[ct ' ox\ 


Hence o) -f ti is constant for a geometrical point moving with the velocity 



whilst ft) — is constant for a point whose velocity is 



Hence, any given value of a? + w moves forward, and any value of — zc moves 
backward, with the velocity given by (7) or (8), as the case may be. 

These are Riemann s resultsf. They enable us to understand, in a general 
way, the nature of the motion in any given case. Thus if the initial disturb- 
ance be confined to the space between the two planes we may 

suppose that m and u both vanish for a? > a and for x<h. The region "within 
which m + u is variable will advance, and that within which m-u is variable 
will recede, until after a time these regions separate and leave between them 
a space for which « = 0, = 0, and in which the fluid is therefore at rest and 

of the normal density po- The original disturbance has thus been split up into 
two progressive ’waves travelling in opposite directions. In the advancing 
wave we have g> = u, so that both the density and the particle-velocity are 

* “Aerial Plane Waves of Finite Amplitade,” Proc, Boy, Soc. A, ixxxiv. 247 (1910) [Paper^r, 
V. 573], See also Theory of Sounds c. xi. 

t “Ueber die Fortpflanzmig ebener Luftwellen von endlicher Schwingniigsweite,’* GBtL AbL 
viii. 43 (1858-9) IWerke, Anfl., Leipzig, 18^)2, p. 157]. 
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propagated forwards at the rate given by (7). Whether we adopt the isothermal 
or the adiabatic law of expansion, this velocity of propagation will be greater, 
the greater the value of p. The law of progress of the wave may be illustrated 
by drawing a curve with o) as abscissa and p as ordinate, and making each 
point of this curve move forward with the appropriate velocity, as given by 
(7). Since those parts move faster which have the greater ordinates, the 
curve will eventually become at some point perpendicular to x. The quantities 
du;dx, cpjdx are then infinite ; and the preceding method fails to yield any 
information as to the subsequent course of the motion. Cf. Art. 187. 

283. Similar results can be deduced from Earnshaw’s investigation*, 
■which is, however, somewhat less general in that it applies only to a pro- 
gressive wave supposed already established. 

For simplicity we will suppose p and p to be connected by Boyle’s Law 

P==c2p (1) 

If we write so that y denotes the absolute co-ordinate at time t of the particle 

whose undisturbed abscissa is the equation (3) of Art. 281 becomes 



CX^J Kcx) 

(2) 

This is satisfied by 

Ct '' \f!x) ’ 

(3) 

provided 

{/'(Diwdf 

(4) 

Hence a first integral of (2) is 



(5)t 

Since 

(1 

(6) 

the velocity (u) of the particle x 

is 



it=^=C+clog£2 

ct p 

(7) 


On the outskirts of the wave we shall have 0, p=po. It follows that (7=0, and 
therefore 

: ( 8 ) 


Hence in a progr^ive wave p and u must be connected by this relation. 

Again, to find the rate at which any particular value of the particle-velocity is pro- 
pagated, we note that the value of u which holds for the particle x at time t will be 
transmitted to the particle x+bx at time provided 




0 , 


.(9) 


whence, from (5) and (6), bx±c-^bt=0 (10) 

Po ^ 

The value of w is therefore propagated from particle to particle at the rate p/po - a The 
rate of propagation in zpace is given by 

( 1 ^) 

by (6) and (10), and is accordingly +c+u. 

* On the Mathematical Theory of Sound , FhiL Trans, cl. 133 (1858). 
t This result, together with an analogous one for * long * waves in water, seems to have been 
first noticed by Be Morgan. See Airy, Phil. Mag. (3), xxsiv. 401 (1849). 
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This is in agreement with Pdemann’s results, since the c of Ai’t. 283 is now a constant. 

For a ware travelling in the positive direction we must take the lower signs. If it be^ 
one of condensation (p>po), u is positive, by (8). It follows that the denser parts of the 
wave are continually gaining on the rarer, and at length overtake them ; the subsequent 
motion is then beyond the scope of our analysis. 

It follows from (11) that for a wave travelling in the positive direction, 

“=/&'-(«+“)*!> (^2) 

where /is an arbitrary function. This/ormula is due to Poisson^. Its interpretation, 
leading to the same results as above, for the mode of alteration of the wave as it pro- 
ceeds, formed the subject of a paper by Stokes t. 

284. The conditions for a wave of permanent type have heen investigated 
in a very simple manner by Rankine]:. 



t 

‘ Q 

o 

< 
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Let J., jB be t\vo points of an ideal tube of unit section drawn in the 
direction of propagation, which is (say) that of oc positive, and let the values 
of the pressure, the density, and the particle-velocity at A and B be denoted 
by Pi, Pi, Ui and po, po, respectively. 

If, as in Art. 175, we impress on everything a velocity c equal and opposite 
to that of the wave, we reduce the problem to one of steady motion. Since 
the same amount of matter now crosses in unit time each section of the 
tube, we have 

pi{c-'ih) = po{c-u,) = m, ( 1 ) 

say ; where m denotes the mass swept past in unit time by a plane moving 
with the wave, in the original form of the problem. This quantity m is called 
by Rankine the ' mass- velocity ’ of the wave. 

Again, the total force acting on the mass included between A and B is 
Po-^Pi> ill direction BA, and the rate at which this mass is gaining 
momentum in the same direction is 


Hence 


m (c — Uj) — m{G- u^. 


Combined with (1) this gives 


m- m- 


( 2 ) 

(3) 


^ “M4moire sur la throne du son,” Journ. de VEcole JPolytechn, vii. 367 (1807). 

+ ‘‘On a Difficulty in the Theory of Sound,” PML Mag. (3), xxiii. 349 (1848) [Papers, ii. 51]. 
4; “ On the Thermodynamic Theory of Waves of Finite Longitudinal Disturbance,” Phil. 
Tram. clx. 277 (1870) [Papers, p. 530]. , , 
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Hence a wave of finite amplitude could not be propagated unchanged except 

in a medium such that 

p-\ = const, or jO -h ^ = const., (4?) 


if V he the volume of unit mass. This conclusion has already been arrived at, 
in a different manner, in Art, 281. It may he noticed that the relation (4) is 
represented on Watt’s diagram by a straight line. 

If the variation of density be slight, the relation (4) may, however, be 
regarded as holding approximately for actual fluids, provided m have the 


proper value. Putting 

p = Po(l + 5), + 771 = poC, (5) 

we find c^ = kIpq, (6) 

as in Art. 277. 


The fact that in actual fluids a progressive wave of finite amplitude 
continually alters its type, so that the variations of density towards the front 
become more and more abrupt, has led various writers to speculate on the 
possibility of a wave of discontinuity, analogous to a ' bore ' in water-waves 
(cf. Art. 187). 

It was shewn, first by Stokes*, and afterwards by several other . writers, 
that the conditions of constancy of mass and of constancy of momentum can 
both be satisfied for such a wave. The simplest case is when there is no 
variation in the values of p and u except at the plane of discontinuity. If, 
in the preceding argument, the sections A, B he, taken, one behind, and the 
other in front of this plane, we have, by (3), 


(Pi-Po Y 

U ’ 

(0 

\pl — Po } 



(8) 

Po Vpi Po pj 

,J _ ™ ™ j (Pi - i^o) (pl - Po)\^ 

(9) 

po Pl V PiPo / 


The upper or the lower sign is to be taken according as p^ is greater or less 
than according as the wave is one of condensation or of rarefaction. 

The results involve differences of velocity, as we should expect, since any 
uniform velocity of the whole medium may be superposed. 

We may assume, for instance, that the quantities po, which define 
the condition of the medium ahead of the wave, are given arbitrarily ; also 
that the density pi of the air in the advancing wave is prescribed. Further, 
some definite relation between pi, pi and po> po> based on physical considera- 
tions, is presupposed. The remaining quantities m, c, Ui are then determined 


* l,c* ante p. 4o9- 
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by (7), (8), (9). The formula (8) gives the velocity with Avhich the ^wave 
invades the region in front of it. 

These results are, however, open to the criticism^ that in actual fluids 
the equation of energy cannot be satisfied consistently with (1) and (2). 
Calculating the excess of the work done per unit time on the fluid entering 
the space AB oX B over that done by the fluid leaving at jI, and subtracting 
the gain of kinetic energy, we obtain 

Po {o - u^) - Pi (c - ui) - \m [(c ~ ihf - (c - UoY], 

or p^Ui - Polio - 1 771 {u-c - uf}, 

or i (pi 4-po) (Wi - Wo): (10) 

these forms being equivalent in virtue of the dynamical equation (2). The 
corresponding result per unit mass is obtained by dividing by m. If we 
substitute for Uj — Uq fi:om (1), we obtain 

i(Pi+Po)(%-Vi), (11) 

where v is written as before for 1/p. 

If the two states of the medium be represented by two points J., -B on 
Watt’s diagram, the expression (11) is equal to the area included between 
the straight line AB, the axis of v, and the ordinates oi A, B. If the transi- 
tion from B to A could be eflfected without gain or loss of heat at any stage 
of the process, the points in question would lie on the same 'adiabatic curve/ 
and the gain of intrinsic energy would be represented by the area included 
between this curve, the axis of and the extreme ordinates. For an actual 
gas, the adiabatic is concave upwards ; and the latter area is accordingly less 
(in absolute value) than the former. If we have regard to the signs to be 
attributed to the areas, we find that for a wave of condensation (v^ < Vo) the 
work done on the medium would be more than is accounted for by the in- 
crease of the kinetic and intrinsic energies ; whilst in a wave of rarefaction 
(vi > Vq) the work given out is more than the equivalent of the apparent loss 
of energy "f. 

It follows that the equation of energy cannot be satisfied for discon- 
tinuous waves, except in the case of a hypothetical medium whose adiabatic 

* Rayleigh, Theory of Sound, Art. 253. The comparison with Art. 187 ante is interesting, 
t In some investigations by Hagoniot, which are expounded by Hadamard in his Legons siir 
la propagation des ondes et les equations de Vhydrodynamique, Paris, 1903, the argument given in 
the text is inverted. The possibility of a wave of discontinuity being assumed^ it is pointed out 
that the equation of energy will be satisfied if we equate the expression (10) to the increment of 
the intrinsic energy (for which see Art. 11 (8)). On this ground the formula 

ilPi+Po) {i!o-n)=Ai(pin-povo) 

is propounded, as governing the transition from one state to the other : “ Telle est la relation 
qu^Hugoniot a substitute ^ const.] pour exprimer que la condensation ou dilatation brusque 

se fait sans absorption ni dtgagement de chaleur. On lui donne actuellement le nom de loi adia- 
hatique dynamique, la relation const.], qui convient aux changements lents, etant designte 

sous le nom de loi adiahatique statique’^ (Hadamard, p. 192). But no physical evidence is adduced 
in support of the proposed law. 
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lines are straight. This is identical with the condition already obtained for 
permanency of tj^e in continuous waves. 

In the above investigation no account has been taken of dissipative forces, 
such as viscosity and thermal conduction and radiation. Practically, a wave 
of discontinuity would imply a finite difference of temperature between the 
portions of the fluid on the two sides of the plane of discontinuity, so that, 
to say nothing of viscosity, there would necessarily be a dissipation of energy 
due to thermal action at the junction. The fact that a permanent wave of 
rarefaction -would involve a supply of energy indicates that a wave of this 
type is impossible. It is easily seen moreover that such a wave, even if once 
established, Avould be unstable. 

The question whether when dissipation is allowed for the relation between 
the twm states can be reconciled with the equation of energy has been dis- 
cussed by Rankine and (more fully) by Rayleigh"^. In these investigations 
the transition from one uniform state to another is supposed to be continuous, 
though possibly very rapid. Since the temperature-gradient {dO/dx) is zero 
in front of and behind the wave, the total gain of heat by unit mass in its 
passage from state B to state A must be zero. The heat required to effect 
infinitesimal changes Sp, Bv is given by the thermodynamical formula 



T 

7-1 

(12) 

By hypothesis 8p = 

— 711" Bv, by (4), and therefore 





(13) 

Hence, expressing that | = 0, 



P + i (7 + 1) iPo + Pi) 

(14) 

In particular 

^■'^1 = i (7 - l)Pi + i (7 + 1) Po, ] 
mHo = 4 (7 + l)Pi + i (7 - l)Po- [ 

(15) 

From (13) and (14) 

we derive 





(16) 

and thence 

^-2(j-l}m^^P^-P^^P-P'>'> 

(17) 


This gives the total heat absorbed by unit mass up to the stage to which p 
refers. 


If conduction alone be considered the flux of heat into the region lying 
to the left of a plane situate between A and B is hddjdx, where k is the 


Uc* ante p. 457. 
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Ranhine's Investigation 


conductivity, whilst in unit time an amoimt mQ is carried across the plane 
by convection. Since the region to the left neither gains nor loses heat we 
have 




(IS) 


Eliminating 6 by means of the formula ^v=^R6, Eankine proceeds to find 
the relation between x and p. Combined with (14), this formula gives 

^ {l(7 + l)(ffo + Pi)-j?}p 

m-R ' 


Hence 


^ — (7*-!)^' ( 7 4- 1 ) (po -hpi) -- 4p 

dp dp/ “ (7-4- 1) mR * (pi -p) (p — Po) ’ 


,( 20 ) 


by (18). At some point in the wave we must havep= ^(po +Pi) in virtue of 
the assumed continuity, and at this point the above value of dxjdp is negative. 
Moreover dxjdp cannot change sign, since otherwise we should have two 
different values of p for the same value of x. Hence po<Pi, and therefore 
Vo>Vi, i,e, the wave must be one of condensation. As x increases, p falls 
steadily fi'om pi to po, and the denominator of the second fraction in (20) is 
accordingly positive. In order that the numerator should be positive 'we 
must have 


Pi ^ 7+1 

Po 3-7 


( 21 ) 


For air this limiting ratio is about f . 


The integral of (20) is 

k 


X — 


(7 + 1) mCi, 


('Y-l)(jPo+i?i) 




p-p. 




■P')(P-P0) 


(Pi-poT 


.( 22 ) 


if the origin of x be taken at the point where p = i (po 4-pi)* 
utilized the thermodynamic relation 

jR = (7-l)0,;, 


We have here 
(23) 


where 0^ is the specific heat at constant volume. As p changes from pi to po, 
X increases from — 00 to +cc, but if the ratio pi/po differs appreciably from 
unity the space within which the transition is practically effected is very 
minute, so that the circumstances closely approach those of a discontinuity 


In the case of air we may take 

>^=5*22 xlO-^ 7=1-40, (7^=-1715, po='00129, po=l'013xl06 

in 0. G.s. units. Hence, assuming for examplepi/po= 1’4:, we find from (15) m=49-6, and thence 

)e/(7+l)m(7«=2-559x 10-6 


* Bayleigh, Z.c. Similar conclusions were arrived at independently by G. I. Taylor, “ The 
Conditions Necessary for Discontinuous Motion in Gases,” Proc. Roy, 80 c, A, Ixxxiv. 371 (1910). 
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From these data we deduce that the pressure changes from 

9.1 9 , 1 

+ to 

ill a space of 2*7 x 10~^ cm. 

The velocity of advance of the disturbance, relatively to quiescent air, is 

^7^/p^=3•84 X 104 cm./sec. 

It appears from Rayleigh's investigations that the general character of 
the results is unaltered when viscosity is taken into account. The range of 
admissible values of pi/po is then considerably extended. 


Sphemcal Waves. 

285. The general equations of small motion are 




^’’dt 


Writing p = Po + c- = fc/pQ 

and integrating with respect to t, we have 


sdt + Uq, 


sdt + Vo 


' = — 5cZ^ + ^(;o, ...(3) 


where tio^ Vq, tVo are the values of u, v, w at the point (x, y, jz) at the instant 
t = 0. If this initial motion is irrotational, with a velocity-potential <j>Q, we 
have 

3^ /,A 

ex ’ 


ds 


where 


sdt "4“ cj)Q (o) 


This continued existence of a velocity-potential has been proved more 
generally in Arts. 17 and 33. 

From (5) we have 

(6) 

We will now suppose that the disturbance is symmetrical wdth respect 
to a fixed point, which we take as origin. The motion is then necessarily 
irrotational, so that a velocity-potential ^ exists, which is here a function 
of r, the distance from the origin, and t, only. 

To form the equation of continuity we remark that, owing to the difference 
of flux across the inner and outer surfaces, the space ' included between the 
spheres r and r 4- Sr is gaining mass at the rate 

Since the same rate is also expressed by dpjdt.4t7rr^Br we have 


^dp _ d 
^ dt dr 


( 7 ) 
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This might also have been arrived at by direct transformation of the general 
equation of continuity, Art. 7 (5). In the case of infinitely small motions, it 
becomes 


dt dr \ dr) ' 

(8) 

'whence, substituting from (6), 


dt- dr \ dr ) 

(9) 

This may be put into the more convenient form 


9^ . r<^ „ 3' . r(j> 

dff ^ dr^ ’ 

(10) 

the solution of which is 


=f(r ^ct) + F(r+ ct) 

(11) 


Hence the motion is made up of two systems of spherical waves, travelling, 
one outwards, the other inwards, with velocity c. Considering for a moment 
the first system alone, we have by (6) 

cs = -\f'{r-ct). 


which shews that a condensation is propagated outwards with velocity c, but 
diminishes as it proceeds, its amount varying inversely as the distance from 
the origin. The velocity due to the same train of waves is 

dr 7 -*' ^ ^ 


As r increases the second term becomes less and less important compared 
with the first, so that ultimately the velocity is propagated according to the 
same law as the condensation. 


We notice that whenever diverging or converging waves are alone present 
we have from (11) 

l|,(r^) = + c.: (12) 

this corresponds to Art. 277 (11). 

For some purposes the formula for a system of divergent waves is more 
conveniently written 

477r,^=/(i-0 (13) 

Since this makes 


lim,.=o 



=/(«)= 


(14) 


the waves in question may be regarded as due to a source of strength f(t) 
at the origin ; cf. Art. 196. 


L. H. 
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If the source is in action only for a finite time the value of as given by 
(13) will vanish outside the limits of the wave. Hence from (6) 

Jsdt = 0, (15) 

where the integral extends over the whole time of transit of the disturbance 
past the point considered. The fiict that a diverging spherical wave must 
necessai'ily contain both condensed and rarefied portions was first remarked 
by Stokes^. Of. Art. 197. 

As in the case of plane progressive waves (Art. 280), the energy of a finite 
system of divergent spherical waves is half kinetic and half potential. 

This follows from the general argument of Art. 174, and may be verified independently 
as follows. We have, identically, 



this gives, by (13), in the case of a divergent wave-system, 

^ 

Hence j ^ 

if vanishes at the inner and outer boundaries of the system t. 


,(17) 


286. The determination of the functions /and F in (11), in terms of the 
initial conditions, for an unlimited space, can be effected as follows. 

Let us suppose that the distributions of velocity and condensation at time 
^ = 0 are determined by the formulae 

<P = ^!r(r), ^ = X0') (18) 

where -ijr, ^ are arbitrary functions. Comparing with (11), we have 

f(z)+F(z)-=2f(2), (19) 

the latter of which gives on integration 

-/(z) + F(z)==^f%x(^)+0. ( 20 ) 

0 J 0 

Again, the condition that there is no creation or annihilation of fluid at the 
origin gives 

f(-z) + F{z)^0 ( 21 ) 

The formulae (19) and (20) determine the functions /and F for positive values 
of and (21) then determines /for negative values of 

^ On Some Points in the Eeceived Theory of Sound,” Fhil. Mag. (S), xssiv. 52 (1849) [FaperSf 
ii, 82]. See also Eayleigh, Theory of Sound, Art. 279. 
t Proc. Land. Math. Son. (1), xxxv. 160 (1902). 

} Bajieigh, Theory of Sound, Art. 279. 
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The final result may be written 

2 rr-rct 

i.(r— Ci^)-i-i-(r4-c0'^(^+c0+^ / zx{^)dz, ...(22) 

~iCj r—ct 
1 ret+f 

or r^=_i(ci-r)->|>-(ci-r)+-|-(ci+r-)i|r(ci+r)+^ | 2xC)ch, ...(23) 

•^C J ct~-v 

according as r is greater or less than ct This may be immediately verified. 

As a very simple example we may suppose that the air is initially at rest, and that the 
initial disturbance consists of a uniform condensation extending through a sphere of 
radius a. We have then ^lr {z) = 0, whilst ^ (z)^c^so or 0 according as m At a distance 
r(>a) from the origin, the motion will not begin until t — {r — a)jc^ and will cease when 
t=(r+a)/G. For intermediate instants we shall have 

r<j>^icsQ{a^-{r^ct)}% (24) 

and thence — = (25) 

Sq 2r 

The disturbance is now confined to a spherical shell of thickness 2a; and the con- 
densation s is positive through the outer half, and negative through the inner half, of 
the thickness. 


We shall require, shortly, an expression for the value of (f> at the origin, 
for all values of t, in terms of the initial circumstances. We have, by (11) 
and (21), 


, [</)],.=o = litQr 


/(r — c^) 4- (r + ct) 

■0 


= lim,...^o 


= 2F' (ct), 


or, by (19) and the consecutive equation, 

M/-=o = i^t) ( 26 ) 

For instance, in the special problem just considered, we have ^=0 for all values of the 
variable, whilst x (^) = o^Sq or 0 according as r $ a. Hence at the origin we have 0 = or 0 

according as cf§.a. When ct=a^ tp changes abruptly from acsQ to 0, so that the value of s 
at the centre becomes for an instant negative infinite. The infinity is avoided if we 
imagine the initial value of s to change gradually but rapidly from Sq to 0 in the neighbour- 
hood of r=a. 


General Equation of Sound- Waves, 

287. We proceed to the general case of propagation of expansion- waves. 
We neglect, as before, small quantities of the second order, so that the 
dynamical equation is, as in Art. 285, 



(1) 


Also, writing p = s) in the general equation of continuity, Art. 7 (5), 

we have, with the same approximation. 


dt 


da^ dy^ 


dz^ 


.( 2 ) 


30—2 
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The elimination of s between (1) and (2) gives 


dt^ ^ \dcif dy^ dz^ 


.(3) 


or, in our former notation, 




.(4) 


Since this equation is linear, it will be satisfied by the arithmetic mean 
of any number of separate solutions <f>i, — As in Art. 38, let us 

imagine an infinite number of systems of rectangular axes to be arranged 
uniformly about any point P as origin, and let 0i, ^2? <l> 3 i ••• be the velocity- 
potentials of motions which are the same with respect to these systems as the 
original motion <}> is with respect to the system cc, y, In this case the 
arithmetic mean (<j), say) of the functions (j^o, <^3, ... will be the velocity- 
potential of a motion symmetrical with respect to the point P, and will 
therefore come under the investigation of Art. 286, provided r denote the 
distance of any point from P. In other words, if be a function of r and t, 
defined by the equation 



where is any solution of (4), and B'sr is the solid angle subtended at P by 
an element of the surface of a sphere of radius r having this point as centre, 
then 


02 ,r<f>_ 2 0^. 
dt^ dr^ ■ 


•(6r 


Hence = /(V — ct)‘hF (r -f ct) (7) 

The mean value of <j) over a sphere having any point P of the medium 
as centre is therefore subject to the same laws as the velocity-potential of 
a symmetrical spherical disturbance. We see at once that the value of <p 
at P at the time t depends on the means of the values which and d(^ldt 
originally had at points of a sphere of radius ct described about P as centre, 
so that the disturbance is propagated in all directions with uniform velocity c. 
Thus if the original disturbance extend only through a finite portion X of 
space, the disturbance at any point P external to 2 will begin after a time 
Tjjc, will last for a time (rg — ri)/c, and will then cease altogether; r^, 
denoting the radii of two spheres described with P as centre, the one just 
excluding, the other just including X. 

To express the solution of (4), already virtually obtained, in an analytical 
form, let the values of and when = 0, be 


<f>=^lr(x, y,z), = y,z). 


.( 8 ) 


^ This result was obtained, in a different manner, by Poisson, “M^moire sur Ja th4orie du 
son,” Journ, de V^cole Potytechn. vii. 334--338 (1807). The remark that it leads at once to the 
complete solution of (4j is due to Liouville, Journ, de Math. i. 1 (1856). 
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The mean values of these functions over a sphere of radius /' described about 
{x, y, z) as centre are 

^ [j -h Ir, y-t mt\ z -f nr) d'sr, 

^ ^ j|% O + y+ »»■- ^ 


where I, m, 7i denote the direction-cosines of any radius of this sphere, and 
Sw the corresponding elementary solid angle. If we put 

I = sin 6 cos CO, m = sin 0 sin co, n = cos 0, 
we shall have Sw = sin OSdBco. 

Hence, comparing with Art. 286 (26), we see that the value of cf> at the point 
(x, y, z\ at any subsequent time t, is 


x + ct sin 6 cos co, y-^ct sin 6 sin co, z + ct cos 6) sin ddOdco 
4- ^ 4- ct sin 0 cos co, y ct sin 0 sin co, z + ct cos 9) sin 9d6dco, 


which is the form given by Poisson 


(9) 


A simple apj)lication is to the special problem considered in Art. 286, where the initial 
condition was one of uniform condensation Sq through a sphere of radius a having the 
origin as centre. If a spherical surface of radius PQ = ct described about an external 



point P as centre intersects the sphere r—a, the area of the portion included within the 
latter is Stt . — cos 0P§) and the average of the initial values of s over the whole 

spherical surface 4 ^ . is therefore 

i (1 - cos opq) S , = (10) 

where r= OP. Hence 

= ( 11 ) 

as in Art. 286 (24). 

In the case of a transient disturbance in infinite space the mean value 
(with respect to time) of the condensation s at any point is zero. We have 
from (1) 

2 05 _ d^<t> _ dll 
^ dx ~ dxdt dt ’ 


^ “Memoire sur Tint^gration de quelques equations lin^aires aux differences partielles, et 
particulierement de I’^quation g4nerale du mouvement des fluides dlastiques,” Meni, de VAcad, 
des Sciences, iii. 121 (1819). 

For other proofs see Kirchhoff, Mechanik, e. xxiii, and Eayleigh, Theory of Sound, Art. 273. 
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with two similar equations. Hence 

= 0, &c., &c., 

if ii, V, to = 0 at both limits of the integration with respect to t. The integral 

j' sdt 

has therefore the same value at all points of space, and considering infinitely 
distant points where the waves are attenuated by divergence we see that this 
value is zero. Cf. Art. 285 (15). 



288. The expression for the kinetic energy of the fluid contained in any 
given region is 

10+ f|)’ + (s)] <i> 

^ dT f[ffd<hd(j> d<j>d6 d6d(j>\ 777 

HeEce ^ - ft jjj [£ jj + 1 J J 

where <j> stands for 9<;6/3i. By Green's Theorem (Art. 43), this may be put in 
the form 

- Po Jj ^ jJJ 4>V^^4>dscdydz 


Hence if W = f/c jj ^s^dxdydz = J ^ J |*| ^-dxdydz, (2) 

we have jfT+W) = -poJJ^^^dS (3) 


We have seen (Art. 280) that, subject to a certain condition, W represents 
the intrinsic energy. 

The complete interpretation of (3) may he left to the reader. In various 
important cases, e.ff. when the boundary is fixed (dcpjdn = 0), or free = 0), 
the surface-integral vanishes, and we have 

T +W= const (4) 

This leads to a proof of the deterininateuess of the motion consequent on 
a given initial distribution of velocity and condensation. For if (p^, were 
two distinct forms of the velocity-potential satisfying the prescribed initial 
conditions, then, in the motion for which - c^a, T + W would be 

constantly null, since it vanishes initially. Since every element of T and W 
is essentially positive, this requires that the derivatives of ^ with respect to 
x, y, z, t should all vanish; i.e. and can only differ by an absolute 
constant*. The argument applies, of course, to all cases where we can pre- 
dicate the vanishing of the surface-integral in (3). 

^ Kirchhofif, Mechaniky c. xxiii. 
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Simple-Harmonic Vibrations. 

289 . In the case of simple-harmonic motion, the time factor being e'”^, 
the equation (4) of Art. 287 takes the form 

( 1 ) 

provided k = ajc (2) 

It appears on comparison with Art. 280 that ^Trjk is the wave-length of plane 
waves of the assumed period {‘iirja-). 

In the case of symmetry with respect to the origin, we have hy Art. 285 (10), 
or by transformation of (1), 

l^ + ls‘.r<t> = 0 (3) 

The solution of this may be written* 

, ,sia kr „cos^r 



If there is no source at the origin we must have B = 0, and (4) reduces to 

, . sin kr 



It may be noticed that this solution may be obtained by superposition of 
systems of plane waves, the directions of propagation being distributed 
uniformly. Thus, for a system of plane waves whose direction of propagation 
makes an angle 6 with a given radius vector r, we have 

( 6 ) 

and the mean-value of this for all directions through the origin is 

4> = ^ . 2-7r sin ede = (7) 

477 j 0 

We can draw from (5) a conclusion applicable to the general case, to 
which the equation (1) refers. It follows from (Art. 287) (6) that the mean 
value of (j> over a sphere of radius r, described with any point 0 as centre, 
satisfies an equation of the form (3). Hence in the notation of the Art. 
quoted, we have 

- sin*r 



where <^o denotes the value of at 0. This assumes that ^ has no singularities 
within the sphere to which r refers f. Cf. Art. 38. 

Eeturning to the case of symmetry, we note that the solution (4) may 
also be written 

a—ikr yfikr 

(9) 

^ r r 


* The time-factor is omitted here and elsewhere for shortness, 
t The theorem was given by H. Weber, Grelle, Ixix. (1868). 
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It is evident on i-eference to Art. 285 (13) that the formula 

p—ikr 

(j> = T 

^ 47rr 


( 10 ) 


represents the system of diverging waves due to a unit source at the origin. 

To calculate the emission of energj^ by an isolated source in free space 
we must use an expression in real form, say 


cos k (ct — r) 
47r<p = ; 


(11) 


The work done at a spherical surface of radius r, on the matter outside this 

surface, is 

(12) 


.(13) 


'dtj\ drj 

per unit time. If we substitute from (11), and take the mean values of the 
trigonometrical terms, the result is 

PoIC'C 
Stt * 


This may also be deduced from (0 of Art. 280, since the waves tend to become 
ultimately plane* 

The second term in (9) represents in a similar way the case of a sink, 
where energy is absorbed at the rate (13). The conception of a sink of energy 
is however hardly a natural one in Acoustics, and is in fact not employed. 

The velocity-potential of a double source may be derived as in Art. 56. 
Thus if the axis of symmetry be coincident with that of x, we may write 


= 

or, in real form, 

, , 3 cosA’(c^— r) dQOskict — r) . 

= i .COS0, 


dx 


dr 


,(14) 

,(15) 


where 6 is the inclination of the radius vector r to the axis of x, 
values of kr we have, approximately, 

k sin k {ct — r) 


For large 


4<7r(f) = - 


cos 6 ..(16) 


The mean rate of emission of energy is now 

Pok^c 
247r' * 


(17) 


This may be calculated as before, or inferred from the theory of plane waves. 

These calculations, it may be repeated, "refer only to the case of an isolated 
source in free space. The presence of an obstacle may greatly modify the 
results. For instance, in the case of a simple source near an infinite plane 

* The a of Art. 280 is now equal to 1/4 to-. Sabstitutiug this in the formula referred to, and 
multiplying by 47n-“, we obtain the result (13). 
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wall the amplitude of vibration at any point is doubled by reflection as from 
an image of the source, and the emission of energ}^ quadrupled. On the other 
hand, a source completely surrounded by rigid walls does no work on the 
whole, since the energy of the gas is constant. 


290. The general theory of functions satisfying the equation 

= 0 ( 1 ) 

has been developed by Helmholtz^, Rayleigh "f", and others:];. It has many 
points of analogy with that of Laplace s equation = 0, which is, indeed, 
a particular case, obtained by making either c = x , or cr = 0. 

The t3rpical solution of (1), from which all others can be derived, is that 
which corresponds to a unit source, viz. 

p—ikr 


4> = 


47r?' 


.( 2 ) 


where r denotes distance from the source. 

It appears from Green’s Theorem (Art. 43) that if (^, be any tw'o 
functions which, together with their first and second derivatives, are finite 
and single-valued throughout any finite region, we have 

1) 

If, in addition, <f) and cj)' both satisfy (1), the right-hand member vanishes, 
and w^e have 


fivi-i®- 




dn 


dS. 


(4) 


From this we deduce, by the same method| as in Art. 57, the formula 


= 


J_ fCe-^^ d(i> 


4i7rJJ 


on 47r 




d_ 
dn I, 


fe- 


ds, 


.(5) 


giving the value of <j) at any point P of a region in terms of the values of ^ 
and d<l>/dn at the boundary. The symbol r here denotes the distances of the 
respective surface-elements fi*om P, and we see that the value of (j) may be 
regarded as due to certain distributions of simple and double sources over 
the boundary 11 . 

Again, if r' denote distance from a point P' external to the region, we 
have 




( 6 ) 


^ ‘‘ Theorie der Luftschwingimgen in Eohren mit offenen Enden,” Grelle, Ivii. 1 (1859) [IFiss. 
ii. 303]. 

t Theory of Sound, ii. 

J Eor an account of the more recent mathematical theory, see Pockels, ‘‘XJeber die partielle 
Differentialgleichung Au + ^'^w = 0,” Leipzig, 1891, and Sommerfeld, Lc. ante p. 59. 

§ Viz. we put <p' = e~'^lr, where r denotes distance from a fixed point, and isolate this point 
(when it falls within the region considered), by drawing a smaU spherical surface about it. 

Ii Helmholtz, Z.c. 
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It is to be noticed that, as in Art. 58, the particular distribution of sources 
over the boundary which is exhibited in (5) is only one out of an infinite 
number which would give exactly the same value of <f) at points luithin the 
region. For instance, by addition of (5) and (6) we get another such dis- 
tribution, which may, moreover, be varied indefinitely by varying the position 
ofP'^. 

The theorems (5) and (6) will apply to the case of an infinite region 
bounded internally by one or more closed surfaces, provided that at an infinite 
distance R firoin the origin tends to the form 

p-ikR 



We may express this by saying that there are no sources of sound at infinity. 

We can carry the analogy with the theory of the ordinary potential one 
step further, and express the value of ^ at any point of a finite region in 
terms of simple sources only, or double sources only, distributed over the 
boundary; thus 

(«) 

“ < 9 > 

where the auxiliary function is subject to the conditions that it must 
satisfv 

+ = 0 , ( 10 ) 

throughout the rest of infinite space, and must tend to the form (7) at infinity, 
whilst at the boundary 

^ dn~ dn’ 

as the case may be. The proof is as in Art. 58. 

It would be wrong, however, to assume that, as in the case of the ordinary 
potential, a function (j) necessarily exists which satisfies (1) throughout a given 
region, and also fulfils the condition that (j> or d(f>/dn shall assume arbitrarily 
prescribed values over the boundary. The supposed existence-theorem holds, 
it is true, as a rule, but it fails for a series of definite values of k, which 
correspond to the normal modes of vibration of the mass of air occupying the 
region, when the boundary-condition is <^ = 0, or d<f>jdn = 0, respectively. 

For the same reason, the tormulae (8) and (9) cannot be applied without 
reservation to the case of an infinite region, since the determination of the 
auxiliary function may be impossible. 

To illustrate these points, let us suppose that throughout a sphere of radius a, having 
its centre at the origin 0, we have 

, sin kM 



* Larmor, l.e. ante p. S8. 


( 12 ) 
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where R now denotes distance from 0. If we put 

Q—i7c{R—a) 

<^)'= sin ka . — 

in the external space, the conditions of validity of the formula (8) are satisfied, and we find 

f-lS //'-?■'* !“> 

It is not difficult to verify, a posteriory that this is equivalent to (12) for R<a and to (13) 
for R>a. 

Again, let us seek a surface-distribution of simple sources which will make 

p ““ ikit 



in the space external to the sphere. The value of <^' for the internal space, which coincides 
with this at the boundary, is 

Q-ika sinkR 



^ J 

But the determination of cf)' fails whenever k is a root of sinl’a=0. It appears in fact that 
when this condition is satisfied, a uniform distribution of simple sources over a sphere of 
radius a produces 7io effect at external points. 

If all the dimensions of the region referred to are small compared with 
the wave-length, we may put 1, approximately, in (5), and the formula 

assumes the shape 



as in Art. 57. Hence, within distances small compared with the wave-length, 
the variations of (f> may be calculated as if it satisfied the equation V-<^ = 0. 
This principle is of great service in the approximate treatment of various 
acoustical questions (cf. Arts. 299, 300). 

Finally, we may remark that, if we restore the time-factor, the formula 
(8) may be written 

C I'f* Tn (4r^) •••"*> 

This may be generalized by FourieFs double-integral theorem, which may 
be written in the form 

</,(0 = ^r (20) 

ZTT j _ao j -00 

If we denote by <^(t) the value which has at the point {w, y, z) at the 
instant t, whether this point be within the region or on its boundary, and by 
fit) the value which d(f>/dn has at a point of the boundary, we obtain 
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provided that in the last term the space-diflferentiation applies only to r as 
it appears explicitly. This remarkable formula, which gives the value of 
at any instant, at a point P, in terms of antecedent values of and d(j^ldn at 
points of a closed surface surrounding P, was first obtained by Kirchhoff*^, 
in a difierent manner, fi-om the general equation (4) of Art. 287. It has been 
supposed by various writers to - contain the precise mathematical formulation 
of ' Huygens' principle ' in Acoustics ; but as has been already pointed out, 
in connection with the special case (5), the representation of ^ in this manner 
is largely arbitrary and indeterminate. 

291. The solution of the equation 

+ = ( 22 ) 

where <1> is a given function of oo, y, z which vanishes outside a finite region S, 
is also treated by the writers referred to on p. 473. 

The solution is indicated by the analogy with the theory of the ordinary 
gravitation potential. The equation is satisfied by 

( 25 ) 

where <!>' is the value of <!> at {x', y\ /), r denotes the distance of this point 
from the point P where the value of <f> is required, and the integration extends 
over the region S. When P lies outside 2 this is obvious, since the second 
member of (23) is the potential of a distribution of simple sources with volume 
density — ^ throughout 2. To verify the solution when P lies within 2 we 
divide this region into two portions 2i, 22 of which 22 encloses P and is 
ultimately taken to be infinitely small (in comparison with k'~^) in its linear 
dimensions. Since P is external to 2^, we need only consider those elements 
of the integral in (23) which correspond to the space within 22. As regards 
these we have, developing the exponential, 

‘‘•' — slllf + £ 11 / ( 2 *) 

As in the case of the ordinary potential, the first term satisfies but 

contributes an ultimately vanishing amount to the value of ^ itself. The 
second and further terms contribute nothing, ultimately, to the value of d> 

or ^ 

It may be shewn that (23) is the only solution of (22) which holds at all 
points of space and vanishes at infinity. In the case of a limited region we 
may add an arbitrary solution of (1) ; this enables us to satisfy the boundary 

conditions. 

TV e may apply the above theory to the determination of the effect of periodic extraneous 

* “ Zur Theorie der Lichtstrahlen,” Berk Ber. 1882, p. 641 [Ges, Ahh. h. 22]. Various other 
proofs have been given; cL Larmor, lx. ante p. 58, and Love, Proc. Lond. Math. Soc. (2), i. 37 
(1903). * 
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forces Z) acting on the medium. The equations of motion are, by an obvious ex- 

tension of Art. 277 (4), (5), 

oil „ cv ^ _ ha ^ 

^=_0^g-+j; ^=-C-g;+^, 

.■ith + (26) 

ot \0X Oy Oz) ^ ^ 

Tj 92s „ fdX cY dZ\ , , 

dt^ \cx cy cz ) 

or, assuming a time-factor 

, o 7 9\ 1 /oA 0F cZ\ 

v2-i-F) s= ^ (28) 

^ ^ P \cx cy cz J ^ 

In the case of an unlimited region the solution is 

*= - d?JI S) 

it being assumed that A, F, Z vanish beyond a certain finite distance from the origin. 
Since clcx' —0/0^ . &c., this takes the form 

-4^11 + <»> 

By comparison with (25) we see that at points outside the region where the forces act 
the motion is irrotational, with the velocity-potential 

cj)^^{cslk (31) 

due to a certain distribution of double sources. 

For instance, if we imagine the forces to be concentrated on an infinitely small space 
surrounding the origin, and to be in the direction of x, we have, writing 

Y— p JJJ X'dx'dy'dz\ (32) 

(33) 

^ 4:irkcp cxr ^ ' 

where r now denotes distance from the origin. A concentrated force is therefore 

equivalent to a double source of strength iFlhcp. 

From (31) and (33) we have, on restoring the time-factor, 

^ 47rpc2 Zx r * 

corresponding to a force Fe^^, This can obviously be generalized so as to apply to any 
law of force as a function of the time. Denoting this by F{t\ we have 

1 ° _L_£Z (35) 

47rpc2 (^x r 


Applications of Spherical Harmonics. 

292. The solution of the equation 

(V« + A?)<^ = 0, (1) 

when the boundary- conditions have reference to spherical surfaces, may be 
conducted as follows. 

We may suppose the value of ^ over any sphere of radius r, having its 
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cGiitre at the origiHj to be expanded in a series of spherical surface-harmonics 
whose coefficients ai’e functions of r. We therefore write 

= ( 2 ) 

where (f)n is a solid harmonic of degree n, and R„ is a function of r only. 

Now 

V. (UM - + 2 fA" A. + A + Je.v=*. 

= + + ...(3) 

And, by the definition of a solid harmonic, we have 

V2<^>n = 0, 


and 

Hence 




V^^{RnCPn)={^'^Rn + 


2?i clR^ 
r dr 


■)<^>n=(' 


'dy^Rn 2(n + l) dR^ 


dr- 


+ 




If we substitute from (2) in (1), the terms in (pn must satisfy the equation 
independently, whence 

A±2)^ + ^JJ..O (5) 


d^Rn ^ 
dr- r 


dr 


This can be integrated by series. Thus, assuming that 

the relation between consecutive coeflScients is found to be 

771 (271 + 1 + m) = 0. 

This gives two ascending series, one beginning with m = 0, and the other 
with m = — 2n — 1 ; thus 

b^=a\i 


2(2n + 3)'^2.4(2?i + 3)(2?i + 5) " 

+ + ^ 1 

1 2(l-2n)^2.4(l-2ft)(3-2n) '"r 

where A, B are arbitrary constants. Hence if we put 0„ = 9 -™N„, so that S„ 
is a surface-harmonic of order n, the general solution of (1) may be written 
<^> = 2 [Aim (kr) + (kr)} r-Sn, (6) 

provided 

^ 


fn{0 = 




1 . 3 ...( 2 j 2 + 1 ) 

^2? 


1 - 


2 (271 + 3 ) ^ 2 . 4 ( 2 / 2 + 3) (271 + 5 ) ‘**j ^ 




2 (1 - 2u) 2 . 4 (1 - 2n) (3 - 2w) 


-... 1 . 


■or 


* There is a slight deviation here from the notation adopted by Heine, Kugelfunhtionen, i. 82. 
It may be noted that the formula (6) gives an immediate proof of the theorem (8) of Art. 289. 
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The first term of (6) is alone to be retained when the motion is finite at 
the origin. 

The functions expressed in finite terms, as 

follows : 

t.(?) - (- j|r '^.<0- (-^j ^ (8) 

These are readily identified wdth (7) by expanding sin cos and performing 
the differentiations. As particular cases we have 

. sin^ , sinf cosf , fS 1\ . j, Scosf 

( 9 ) 

The formulae (6) and (8) shew that the general solution of the equation 

(PRn 2 (n + 1 ) dRn , p / 1 A\ 

_ + ^ = 0, (10) 

which is obtained by writing f for kr in (5), is 

? 

This is easily verified ; for if he any solution of (10) we find that the corresponding 
equation for is satisfied by 

/? yRn 

and by repeated applications of tbis result it appears that (10) is satisfied by 

™ 

where is the solution of - - -\-CR(i~0, 

XU.- n 

that IS Rq— — (13)^ 

It will be convenient to have a special notation for that combination of 
the functions (^), which is appropriate to the expression of diverging 

waves. We write 

/» (0 = (- ~ = (0 - ifn (?) (14) 


The functions in (7) are related to Bessel’s Functions of fractional order as follows : 

Tables of Bessel’s Functions of order ±|(2 to 4* 1), where m is integral, were computed by Lommel 
for unit intervals of they are reprinted by Jahnhe and Bmde, and in Watson’s treatise. 
Closer tables (at intervals of *2) are given by Dinnich, Archiv d. Math, u. Phys. (3), xx. (1912). 

* The above analysis, which has a wide application in mathematical physics, has been given, 
in one form or another, by various writers, from Iiapiace, ‘^Sur la diminution de la durde du 
jour par le refroidissement de la Terre,” Conn, de$ Terns pour I’An 1823, p. 245 (1820) {Mic, 
Cileste, Livre 11®^®, c. iv.] downwards. For references to the history of the matter, considered as 
a problem in Differential Equations, see Glaisher, “On Biccati’s Equation and its Transforma- 
tions,” FMl, Trans. 1881. 
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As particular cases : 


/; (E) - (p + p) (f) - (- f. + f. + f.) 


1 3 \ 


The general formula is 

^ /s-\ (, , n {n + 1) , {n — 1) n {n + 1) {n + 2) 

fn (?) = JnTi f + 2 . 4 . (i^y 

1.2.S...2n I 
■^2.4.6 ... 2H(tO”r ■■■ 


This may be proved by ‘mathematical induction,’ or by means of the 
differential equation satisfied by K ’*^6 equate, separately, real and 

imaginary parts, expressions for (?), (?), in terms of cos ?, sin and 

finite algebraical series, can be deduced by (14). 

The functions ir„(^), %>(0,/n(0 all satisfy recurrence-formulae of the 


(?)=-?t«+i(rx 00 

(?) + (2« + 1) f » (?) = 'kn-i (?) ; (18) 

these are frequently useful in reductions. 

We have also the relation 

{>1^,/ (?) (?) - fn (?) (?)} =1, (19) 

or the equivalent formula 

(tn-l (?) (?) - (?) (?)} ?“*« = 1 (20) 


It follows easily from (17) and (18) that the left-hand member of (19) is un- 
altered in value when n is replaced by n — 1, and the proof is completed by 
examining the case of n = 0. TheJbrmula may also be derived from Art. 290 (4), 
the region considered being that included between two concentric spherical 


surfacesf. If in the fonnula quoted we put 

cj,==^n{fcr)r-8n, <P'=irnikr)r-8n^ ( 21 ) 

it appears that the expression 

[tIt,/ (kr) (kr) - (kr) (kr)} (22) 


where the integration includes all the elementary solid angles Sot having their 
vertices at the origin, is independent of n Evaluating for r infinitesimal, we 
are led again to the relation (19). 

293. A simple application of the foregoing analysis is to the vibrations of 
air contained in a spherical envelope. 

Let us first consider the free vibrations when the envelope is rigid. Since the 
motion is finite at the origin, we have 

( 1 ) 


* Cf. Stokes, Ic. p. 482. The notation is different, 
t Cf. Bayleigh, Theory of Sounds Art. 327. 
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with the boundary-condition hay\rn (-) 

a being the radius. This determines the admissible values of h and thence of — 

It is evident from Art. 292 (8) that this equation reduces always to the form 

tan ka~F{ha), • .(8) 

w^here F (ha) is a rational algebraic function. The roots can then be calculated without 
difficulty, either by means of a series, or by a method devised by Fourier^. 

In the case of the purely radial vibrations we have 

(4) 

^ AT 


with the boundary-condition tanl* * * § a=l-a, (o) 

which determines the frequencies of the normal modes. The roots of this equation, which 
presents itself in various physical problems, can be calculated most readily by means of a 
series f. The values obtained by Schwerd| for the first few roots are 

I'fi 

_=1-4303, 2*4590, 3*4709, 4*4774, 5*4818, 6*4844, (6) 

77 

approximating to the form where m is integral. These numbers give the ratio 

(%ajX) of the diameter of the sphere to the wave-length. Taking the reciprocals we find 


^ = •6992, -4067, *2881, *2233, *1824, *1542. 

JiCL 


,.(7) 


In the case of the second and higher roots of (5) the roots of lower order give the positions 
of the spherical nodes {d(pjdr—Q). Thus in the second mode there is a spherical node 
whose radius is given by 


1*4303 
' 2*4590 


= •5817. 


In the case n—1^ if we take the axis of x coincident with that of the harmonic and 


write cos we have 

, . /sinFr cosX*r\ . /q\ 

; ( 8 ) 

^ha 

and the equation (2) becomes tanl*a = ^£-^^ (9) 


The zero root is irrelevant. The next root gives, for the ratio of the diameter to the wave- 
length, 

hajTi — *6625, 

and the higher values of this ratio approximate to the successive integers 2, 3, 4..,. In the 
case of the lowest root, we have, inverting, 

X/2a =1*509. 

In this, the gravest of all the normal modes, the air sways to and fro much in the same 
manner as in a doubly-closed pipe. In the case of any one of the higher roots, the roots of 
lower order give the positions of the spherical nodes (0(3[>/3/=O). For the further discussion 
of the problem we must refer to the investigation by Rayleigh §. 


* Theorie analytique de la Ghaleur, Paris, 1822, Art. 286. 

t Euler, Introductio in Analysin Injinitorum, Lausannae, 1748, ii. 319 ; Rayleigh, Theory of 
Sound, Art. 207. 

J Quoted by Verdet, Legons d^Optique Physique, Paris, 1869-70, i. 266. 

§ “On the Vibrations of a Gas contained within a Rigid Spherical Envelope,” Proc. Lond. 
Math. Soc. (1), iv. 93 (1872); Theory of Sound, Art. 331. 


L. H. 


31 
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As particular cases ; 


The general formula is 

f /n - U 4- ^ 4. fa - 1) + 1) + 2) 

yni^; ^,,41 |i-t- 2^^ 2.4.(if)2 

1.2.3...2?2 ] 

■^2.4.6... 2u(2OT 


( 16 ) 


This may be proved by ‘mathematical induction/ or by means of the 
differential equation satisfied by If we equate, separately, real and 
imaginary parts, expressions for ^n(Oi terms of cos sin and 

finite algebraical series, can be deduced by (14). 


The functions '^^(f), (f),y% (0 all satisfy recurrence-formulae of the 


types 

tn'(D=-rt^m(?X (17) 

(0 + (2^^ + 1) (0 - iOl (18) 

these are frequently useful in reductions. 


AYe have also the relation 


[tn (0 (D - fn { 0 (DJ = 1, (19) 

or the equivalent formula 

[fn^i (?) (?) - tn (?) (?)} = 1 (20) 

It follows easily from (17) and (18) that the left-hand member of (19) is un- 
altered in value when n is replaced by ? 2 -l, and the proof is completed by 
examining the case of n = 0. Theiformula may also be derived from Art. 290 (4), 
the region considered being that included between two concentric spherical 
surfaces f. If in the formula quoted we put 

<}> = ^^{kr)7-^Sn, (21) 

it appears that the expression 

■{fn (kr) (kr) - (kr) (&r)} (22) 

where the integration includes all the elementary solid angles Stw having their 
vertices at the origin, is independent of r. Evaluating for r infinitesimal, we 
are led again to the relation (19). 


293. A simple application of the foregoing analysis is to the vibrations of 
air contained in a spherical envelope. 

1°. Let us first consider the free vibrations when the envelope is rigid. Since the 
motion is finite at the origin, we have 

<i>=Af^(Jcr)T^S^.e^, ( 1 ) 

* Cf. Stokes, he. p. 482. The notation is different, 
t Cl. Eayleigh, Theory of Sound, Art. 327. 
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with the boundary-condition (Jca) -h n^^rn {ka) = 0, (2) 

a being the radius. This determines the admissible values of k and thence of cr{=kc). 

It is evident from Art. 292 (8) that this equation reduces always to the form 

tan ka = F (ka\ (3) 

where F {ka) is a rational algebraic function- The roots can then be calculated without 
difficulty, either by means of a series, or by a method devised by Fourier * * * § 


In the ease of the purely radial vibrations (?e= 0), we have 


with the boundary-condition 


^ = A 


iAnkr i^f 
'It ^ ’ 


tan ka —ka^ 


.(4) 

.( 5 ) 


which determines the frequencies of the normal modes. The roots of this equation, which 
presents itself in various physical problems, can be calculated most readily by means of a 
series t. The values obtained by Schwerd | for the first few roots are 

^^=1-4303, 2-4590, 3-4709, 4-4774, 5-4818, 6-4844, (6) 


approximating to the form where m is integral. These numbers give the ratio 

(2a/X) of the diameter of the sphere to the wave-length. Taking the reciprocals we find 

^^ = -6992, -4067, -2881, -2233, -1824, -1542 (7) 


In the case of the second and higher roots of (5) the roots of lower order give the positions 
of the spherical nodes (00/3r==O). Thus in the second mode there is a spherical node 
whose radius is given by 


r 

a 


1- 4303 

2- 4590 


= •5817. 


In the case 1, if we take the axis of x coincident with that of the harmonic and 
write cos we have 

, . /sin It cosIrrX . /ax 




and the equation (2) becomes tan ka — — (9) 

The zero root is irrelevant. The next root gives, for the ratio of the diameter to the wave- 
length, 

I-a/7r = -6625, 

and the higher values of this ratio approximate to the successive integers 2, 3, 4.... In the 
case of the lowest root, we have, inverting, 

X/2a.= 1-509. 

In this, the gravest of all the normal modes, the air sways to and fro much in the same 
manner as in a doubly-closed pipe. In the case of any one of the higher roots, the roots of 
lower order give the positions of the spherical nodes (0^/0r=O). For the further discussion 
of the problem we must refer to the investigation by Rayleigh §. 


* Theorie analytique de la Chaleur^ Paris, 1822, Art. 286. 

t Euler, Introductio in Analysin Injinitorum, Lausannae, 1748, ii. 319 ; Rayleigh, Theory of 
Sound, Art. 207. 

J Quoted by Verdet, Legons d^Optique Physique, Paris, 1869-70, i, 266. 

§ “On the Vibrations of a Gras contained within a Rigid Spherical Envelope,’* Proc> Lend, 
Math. Soc. (1), iv. 93 (1872); Theory of Sound, Art. 331. 


L. H. 


31 



482 


Waves of Expansion [Ohap. x 


2*^. To find the motion of the enclosed air due to a prescribed normal vibration of the 

braiiiilary, say 


dr 


— ^ 


icrt 


.( 10 ) 


we have 

with the condition 
and therefore 


= ( 11 ) 

A (jl-a) + n {ka)} a* ~ ^ = 1 , 








Jcrt 


.( 12 ) 


(I'a) + nyfr,, (In) * 

This expres.sion becomes infinite, as we should expect, whenever In is a root of (2) ; i.e. 
whenever the period of the imposed vibration coincides with that of one of the natural 
periods, of the same spherical-harmonic type. 

By putting j(*a=0 we pass to the case of an incompressible fluid. The formula (12) 
then reduces to 

♦-i©' ('=> 

as in Art. 91. It is important to notice that the same result holds approximately, even in 
the case of a gas, %vhenever ha is small, i.e. whenever the wave-length {27rjh) corresponding 
to the actual period is large compared with the circumference of the sphere. We have 
here an illustration of a general principle stated in Art. 290, of which considerable use 
will be made presently (Arts. 299, 300). 

3“, To determine the motion of a gas within a space bounded by two concentric 
spheres, we require the complete formula (6) of Art. 292. The only interesting case, how- 
ever, is -where the tw-o radii are nearly equal ; and this can be solved more easily by an 
independent process*. 

In terms of polar co-ordinates r, d, a, the equation (V^+h^)(j)—0 becomes 


3 + 1 S + 4 r • fa _ ,, ai + > 

r cr \_cpL OftJ 1 — cco^j ^ ’ 

, c0/0r=O for and where 
lotion altogether, so that the equatioi 

^ {(1 


.(14) 


where /i=cosd. If, now, c0/0r=O for and where a and b are nearly equal, we 
may neglect the radial motion altogether, so that the equation reduces to 


.(15) 


It appears, exactly as in Art. 199, that the only solutions which are finite over the whole 
spherical surface are of the tjqie 

^ ^n, ,...(16) 

where is a surface-harmonic of integral order and that the corresponding values of h 
are given by 

h^a^^n(7i-hl) ....(17) 

In the gravest mode (;z = 1) the gas sways to and fro across the equator of the harmonic 
Si , being, in the extreme phases of the oscillation, condensed at one pole and rarefied at 
the other. Since =^^2 in this case, we have for the equivalent wave-length X/ 2 ( 3 ^= 2*221, 

In the next mode (?? = 2) the tjrpe of the vibration depends on that of the harmonic S 2 . 
If this be zonal, the equator is a node. The frequency is determined by or 

X/2a= 1*283. 


294. We may next consider the propagation of waves outwards from a 
spherical surface in an unlimited medium t. 

Rayleigh, Theory of Sound, Art. 333. The direct solution is given by Chree, Mess, of Math. 
XV. 20 (1886); it depends on the formula (19) of Art. 292. 

f This problem was solved, in a somewhat different manner, by Stokes, ‘*On the Communi- 
cation of Vibrations from a Vibrating Body to a surrounding Gas,” Phil Trans. 1868 [Papers, 
iv. 299]. 
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If at the surface (r = a) we have a prescribed normal velocitj 



the appropriate solution of (V2+F)<^=0 is, in the notation of Art. 292, 

= 

The condition — 

cr 

which is to be satisfied at the surface of the sphere (r=«), gives 


} 

^ [kaf^ (kci ) + n fn (ka)] 

At distances r which are large compared with the wave-length {‘^Trjk), we have 

. ,, , 

/n(^'n~- 

approximately, so that (2) becomes 

9=^1 "-7— 

or, in real form 9 = 7 — rr Sn 

'T j^n + l j. n 


.(Ij 

■{ 2 } 

.(3) 

.(4) 


.(5) 

.( 6 ) 


The rate of propagation of energy outwards is 

(8) 

where Szzr is an elementary solid angle, and r may conveniently be taken to be very great. 
Since 

i5=i3o+Po^, (9) 

we find, for the mean value of (8), 

( 10 ) 

This might have been obtained at once from the result (9) of Art. 280, since the waves 
propagated in any assigned direction tend to become ultimately plane. 

When 91 >0, the normal velocity is in opposite phases over any two regions of the 
spherical surface r=a which are separated by a nodal line The lateral motion of 

the air near the sphere, from places which are moving outwards to others which are moving 
inwards will consequently, if the wave-length be not too small, have the effect of dimini£?h- 
ing the intensity of the disturbance propagated to a distance, as compared with what it 
would have been if the normal velocity had been everywhere in the same phase ; and this 
effect will be more marked the highei* the order n of the harmonic involved, owing to the 
greater number of compartments into which the surface of the sphere is divided by the 
nodal lines. Moreover, for the same harmonic Sn, and for an assigned frequency 
the influence of the lateral motion will increase with great rapidity as the wave- velocity c, 
and (consequently) the wave-length 27rjk, is increased. This accounts for the feeble 
character of the sound emitted by a bell in an atmosphere of hydrogen, as compared with 
what is observed in the case of air^. 


To illustrate these statements, we note that if the lateral motion of the air had been 
prevented by a multitude of conical partitions extending indefinitely outwards in the 
directions of the radii of the sphere, the expression (10) would have been replaced by 

( 11 ) 


Stokes, l.c. 


31—2 



484 


Waves of Expansion 


[chap. X 


The ratio (/„, s;iy) which this bears to (10) is equal to the ‘absolute value’ of the ex- 

•pressioii 

{te/o'Cte)?- - ^ 

From the values given in Ai-t. 292 (15), we easily obtain 


^)=lj 


4-f 


4= 


81+9X%2-.2^.%44.x%6 


” ]c^a- (1 +X*2a2) » - X4 qj4 ^ 

The following numerica.! examples are given (with others) by Stokes : 


.(13) 


ka ; 

/u 

h 

h 

1 1 

1 

0*95588 

0-87523 

1 2 1 

1 

1 

1*8625 

i ^ 1 

1 

2*5 

44*5 

[ 0*5 1 

1 

i 13 i 

1064*2 

1 0-25 j 

i 

! t 

1 

60*294 ! 

i 19650 


Again, to compare the rates of communication of energy under similar circumstances 
to two different gases, we have, for the ratio of these rates, the absolute value of the 
expression 

{Fafn {ka)-\-nf^ {h'a)Y^ 

{hif--^{kaf^\ka)+nf,^ ’ 

where the accent attached to k refers to the second gas. This is easily deduced from (10) 
and (4), with the help of the relations 

p(\C ___ c' ^ k 
pif'c' e~' k'^ 

the frequency being taken to be the same in the two cases For ?i=2, the ratio comes 
out equal to 

(kay (81 -f 9k'-a- - + k'^a^) 

{k'af (81 + ^k'hi- — tk^a^ kfa^) 

Thus, supposing the two gases to be oxygen and hydrogen, and taking ka^'h, k'a~ T25, 
we find that the rates of propagation of energy outwards are as 16000 : 1, nearly t. 

295. The case ?i = 1 of the preceding Art. is specially interesting from 
the point of view of the theory of the pendulum, since it corresponds to an 
oscillation of the sphere, as rigid, to and fro in a straight line. It should be 
noticed, however, that the neglect of the terms of the second order in the 
dynamical equations involves the assumption that the amplitude of vibration 
of the sphere is small compared with the radius. 

For this problem we hardly need to have recourse to the general theory, the motion of 
the fluid being that due to a double source (Art. 289) at the centre of the sphere. 

* It is also assumed that the ratio y of the specific heats is the same for the two gases. 

f The distribution of energy in the space surrounding a vibrating sphere has been studied by 
J. E. Jones, Pros. Land. Math. Soc. (2), xx. 347 {1921), The energy in a region immediately 
surrounding the sphere is mainly kinetic, the fluid moving almost as if it were incompressible ; 
cf. Art. 290. This region is more extensive the lower the frequency, and the higher the order of 
the harmonic involved. Considering the whole wave-system it is found that there is a finite 
excess of kinetic over potential energy. 
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Assuming that the centre oscillates in the axis of r, Trith a velocitj' U= say, we 

write 

p p-^ikr fl p — ikr 

^=^s-T-=^5r- — 

if x=T cos 6. The condition that —d<j)jcr— U cos 6, for )■=«, gives 

= ( 1 ') 

wtoc. 

The resultant force on the s^Dhere is 

X= - j^p cos sin 6 dd, ( 19 ) 

where p denotes the pressure at the surface, viz. 

- d 

P=Po+/>o0=^o+zo'Po^’ ~ • cos 6 (20) 

Performing the integration, and substituting the value of C from (18), we find 

„ . « 2-f X‘2«2_27%3 ^ . 

Z= - iTTp^a^. — (21) 

This may be written in the form 

„ 2-\rPa- dU „ 

X= • 4TW 

If we reverse the sign of X, we get the extraneous force which must be applied to the 
sphere in order to maintain the assumed simple-harmonic vibration. 

The first term of the expression in (22) is the same as if the inertia of the sphere were 
increased by the amount 

2-f*/*"<Z^ . „ /r» 0 \ 

; (23) 

whilst the second is the same as if the sphere were subject to a frictional force varying as 
the velocity, the coefficient being 

7%3 

4q:X4-4X^’^Po«"<^ (24) 

In the case of an incompressible fluid, and, more generally, whenever the wave-length 
27r/X' is large compared with the circumference of the sphere, we may put ha—O. The 
addition to the inertia is then half that of the fluid displaced; whilst the frictional 
coefficient vanishes t. Of. Art. 92. 


The frictional coefficient is in any case of high order in Z'a, so that the vibrations of a 
sphere whose circumference is moderately small compared with the wave-length are only 
slightly affected in this way. To find the energy expended per unit time in generating 
waves in the surrounding medium, we must multiply the frictional term in (22), now 
regarded as an equation in real quantities, by U, and take the mean value ; this is found 
to be 


gTrpoCT' 




.(25) 


‘ 4-l-^’V 

In other words, if pi be the mean density of the sphere, the fraction of its energy which is 
expended in one period is 

rt,. PSn'S 

.(26) 




X’%3 


pf 4:+]c^a^' 


* This formula is given by Eayleigh, Theory of Sounds A.rt. 325. For another treatment of 
the problem of the vibrating sphere, see Poisson, “ Sur les mouvements simultan^s d’un pendule 
et de Fair environnant, ” Mem, de VAcad. des Sciences, xi. 521 (1832), and Earchhoff, Meckanik, 
c. xxiii. 

t Poisson, l.c. 
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296. The analysis of Art. 292 can be applied to calculate the scattering 
of waves by a spherical obstacle. In particular we shall consider the case of 
an incident system of plane waves, travelling in the direction of a;-negative, 
and represented, apart from the time-factor, by 

(f) = (1) 

Since this satisfies (V= + ^•^) <^ = 0. and has no singularities in the neigh- 
bourhood of the origin, and is (further ) symmetrical about the axis of a?, it 
must admit of being expanded in a series of terms of the type 

■fn (A'?') • -Pn (cos 0), (2) 

provided x — r cos 9 = rji, say. W e assume, then, 

gii-r/i _ A^-dro (kr) + A-i-iIri (kr) krP^ (/x.)+ ... + (kr) {krJ^Pn (/u) + .... 

(3) 

If we differentiate this n times with respect to ya, the first n terms will dis- 
appear, since P* (^) is algebraic of degree s. Dividing the result by (A;r)», and 


noting that 

|^P„(yx)=1.3.5...(2n-l), (4) 

by Art. So (1), we have 

j-ngito-M = 1 . 3 ... (2n - 1) An-fn (kr) -f (5) 

Hence, putting r = 0, 

A„ = (2?n- 1) (6; 

by Art. 292 (7). Hence 

= 2 (2«. + 1 ) -f-n (kr) (ikrY Pn (/u) (7)* 

0 


TMs gives in spherical harmonics the velocity-potential of a source at an infinite 
distance. A similar expansion for the case of a source at a finite distance from the origin 
0 is obtained as follows. Let P' be the position of the sourcej and F the point at which 


the velocity-potential is required. We write 

OP' =7^, + .....( 8 ) 

where fi= cos P0P\ li r< r' we may assume 

/o (/p) =1 {hr) {hr)- P^ {p) (9) 

If we vary p and p only, we have pdp= — rrdpy and therefore 


hpd{hp)~'hr,h/ dp 

Performing this operation n times on (9), we have by Art. 292 (14) 

/» (kp) = ^n(kr)A^+ (11) 

Now putting r=0 we have 

A„=(2ra + l)()CT')»/«(^n (12) 

and therefore 

/o (irp) = l (271-1- 1) {It)- {hr')nfn (I*/) (hr) P, (p) .(13) 


* Bayleigh, Free. Loud. Math, Soe. (1), iv. 253 (1873). See also B.emey Kug elf unMionen, i. 82 
(1878). The above proof is adapted from Heine’s proof of (13) below. 
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If r > r' we have merely to interchange r and / in the formula, since p is symmetrical 


with respect to these variables. Thus 

/o (kp) = I (2?i + 1) (It)" it/)- a-/)/. (Ir) P, (p) (14^ 

0 

We may utilize the formula (7) to shew how the typical solution of 

(V2+F)0=O, (15) 

which is finite at the origin, viz. 

( 16 ) 

may be obtained by superposition of plane waves. The case of ?i=0 has already been 
considered (Art. 289). 

We have, by the conjugate property of surface-harmonics (Art. 87), 

Jje^'‘S^d^=(27i+l)(iiTy‘^lrPJr) I Jp,,(j,)S„dxc, (17) 


if Sur denote an element of area of a spherical surface of unit radius described about the 
origin. The symbol p is here taken to denote the cosine of the angular distance of Sar from 
the point Q where the surface is met by an arbitrary radius- vector r. Xow, by a known 
formula of Laplace t, 

ljpMSnd‘^=^s:, (18) 

where denotes the value of Sn at Q. Hence 

,S„'= 1 J j S„dxc (19) 

The typical solution is thus expressed as the mean of a series of plane waves of unit 
amplitude whose normals are distributed about the origin with a variable density expressed 
by the harmonic Sn. 

It follows that the motion in any region free from sources can be resolved into super- 
posed trains of plane waves. 


297. We proceed to the special problem of the incidence of air- waves 
on a spherical obstacle. 

Consider a constituent 

( 1 ) 

of an incident wave-system, and let the corresponding constituent of the scattered 
waves be 

( 2 ) 

If the spherical obstacle the condition 




to be satisfied for r=a, gives 

m 

Bn l:af^{Jca) + nfr,Qca) 

This result can only be interpreted with facility when the wave-length is large com- 
pared with the perimeter of the sphere, i.e. when ka is small. Now for small values of C 
we have, by Art. 292 (7), (16), 

’^"®""l.3...(2w+l)’ 


* The formulae (7) and (13) (except for the notation) are proved in the above manner by Heine, 
i. 346. Equivalent results had been obtained by Clebsch (1863) in the paper quoted ante p. 102. 
j- Ferrers, Spherical Harmonics, p. 89. 
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approximately, wlieiice, for n > 0, 

K _ n 

B, “ « + 1 • (1 . 3 l^n - 1)}2 (2n + 1) ^ ^ 

The case n—0 is exceptional ; we find 

|l=-i(i-a.)3, (7) 

-^0 

approximately. 

If the incident waves be plane, and represented by we have and by 

Art. 296 (7), 

^^ = (271 + 1) (8) 

whence Bi==hih{]caY (8a) 

The most important part of the scattered waves, at a distance r which is large com- 
pared with the wave-length, is accordingly represented by 

Q ~ ikr 

(j£> = Bl^ f]^ ih') -f Bi fi (kr) r cos 6= ~ (ka)^ ('J+ J cos B) , (9) 


by Art. 292 (15). The physical origin of the two terms is explained near the end of Art. 300. 


As in Art. 294^ the rate at which energy is propagated outwards in the scattered 
waves is 

jjpn^d^ ( 10 ) 


The proper standard of comparison here is the energy-flux across unit area of a wave-front 
in the incident system. On the present scale, this is ^pqB^c, by Art. 280, and the ratio of 
(10) to this is 
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(2?i+l)yt2«-^2 




,( 11 ) 


by Art. 87 (5). The terms of lowest order, when ka is small, are those for which 7i=0, 7Z = 1. 
Substituting from (8a), and taking the sum, we obtain 

TTOp ( 12 ) 


The rate at which energy is scattered varies therefore inversely as the fourth power of the 
wave-length* 


As a numerical example, a spherule of an inch in diameter scatters only 1*43 x 10 ^ i’’ 
of the incident energy, if the wave-length be four feet. There is therefore no difficulty in 
understanding how a fog which is quite opaque optically may transmit ordinary sounds 
with great freedom. 


298. We take next the case of plane waves incident on a moveable sphere. 

Its equation of motion will be of the form 

i/g= — ^ jp cos Ba^dw+X, (13) 

where X denotes the extraneous force, if any. 

If the time-factor be we have 

0 

P=Pi}'hpQ^^{<t>+<j>) —po + ikcpQ {cj) + (j) ) (14) 

* The above problem was investigated, by a somewhat different analysis, by Eayleigh, Proc. 
Bond. Math. Soc. (1), iv. 253 (1872); see also Theory of Sound, Arts. 296, 334, 335. The result 
(12) is given by bim in a paper “On the Transmission of Light through an Atmosphere containing 
Small Particles in Suspension,” Phil. Mag. (5), xlvii. 375 (1899) [Papers, iv. 397]. 
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Again, the kinematic surface-condition is 

- ^ 4- 0' ) — ^ cos B — ikc^ cos B (15) 

1'". Let us first suppose the sphere to be perfectly free to more under the impact of the 
air-waves, so that X=0. Writing M=-^ 7 rpia% and substituting from (14) in (13), we find 

{ka) + Bi\fi {ka)] po, ^16) 

since the products of harmonics of different orders disappear when integrated over the 
sphere. Again, from (15), 

— iJcc ^=Bi (ka) -f Hr -^i' (^‘^^)} ? ( ^ 0 

whilst (4) holds as before except for n = h Eliminating | between (16) and (17) we have 
Bi _ (I'a) -f (lu)} pi — yjri {ha) pp 

Bi {kafi' (ka) -h/'i (ka)) pi -fi (ka) po 
If ka be small the approximate values of (ka) and fi (ka) given in (5) make 



Bi 6piH-3po 

The scattered waves of type ?i = l disappear as we should expect, to this degree of 
approximation, when pi—pq^ 

If ^0 fhe displacement of the air at the origin when the sphere is absent we have, on 
our present scale, 

ike = — ike'^^^^ ( 20 ) 

Hence, substituting from (19) in (17), and recalling that Bi — Zil\ we find 

1=_M_ (21) 

^0 ^Pi + Po 

This ratio is less or greater than unity according as pi < po- 

2°. As an illustration of the theory of I'esonance we may also consider the case where the 
sphere is urged towards a fixed position by a force varying as the displacement. If 
be the natural period of vibration of the sphere when the infllience of the air is neglected, 
we write in (13) 

W= (22) 

We have then in place of (16) 

(cro^-k^c^) pii^-ikcpo {Bl^|rl (ka)+Bifi (ka)] (23) 

Hence, and from (17), 

(To^ — k^c^ _ Bi\l/i(ka)+Bifi(ka) 

Pi- B^{L-af,'(l-a)+ylri{kayf + Bi'{kafi'{ka)+fi{ka)}-P‘^ '' ' 

When there are no extraneous sources, ^i=0, and 

/i (^•«) „ fas', 

/tv kaf{{l-a)->rfi{kay^'^ ' ‘ 

This is an equation to determine k, and thence the character of the *■ free ’ motion of the 
sphere, as influenced by the surrounding medium. When reduced to an algebraical form 
by Art. 292 (15), it is a biquadratic^ in k^ viz. 

(Fc2 - (7 o2) (k^a ^ - %ika - 2) -h 2/3Fc2 (ika + (26) 

where ^=4po/pi* The two smaller roots are alone important from the present point of 
view. These are given approximately by 

Fc2=a-o2/(l+/3) (27) 

* An equivalent result is obtained by putting 

X—M (<ro^ - o'^) 

in Art. 295 (21). 
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We recognize that the main effect of the presence of the fluid is to increase the inertia of 
the sphere by half that of the fluid displaced ; cf. Arts. 92, 295. To find the rate of decay 
of the oscilMons it would he necessary to carry the approximations further.^ It will be 
found, in agreement with the investigation of Ai’t. 295, that the ‘ free ’ oscillations are of 

the tvpe ^ 

^=(7e~*^cos(o-'^+€), (28) 

where, if we retain only the most important parts, 

"'■"4(14-^) 

In the forced oscillations, where the value of k is prescribed, we have from (24) 

{ka] + (ka)} ( af - k^c^) + 2^k^c^\lri (ka) 

{/•«// {ka) + /i {ka)) ~ Fe2) + 2MV/i (la) ■ 

If kec be small, the approximate values of {ka) and f {ka) given by (5) make 

<=''> 

but the approximation is plainly illusory when kc is nearly equal to cro/(l+^)^, i-e. when 
the frequency of the incident waves is nearly coincident with that of the free vibration. 

To examine more closely the case of approximate synchronism, we write, in the exact 
formula (30), 

fi {ka)^<Sri {^'<^) - (^'^4 (^2) 

and obtain (33) 

Bi Gi{ka)-igi{ka)^ 

where gi {ka) = {kay\t{ {ka) + {ka)} (X'^),l 

Gi {ka) — {ka^i {ka) {ka)} - k^a^ + 2^k^a^^i {ka). J 

The modulus of the right-hand member of (33) is never greater than unity, but it attains 
the value unity, and the amplitude of the scattered waves is therefore a maximum, when 

G^{ka)^0, (35) 

in which case Bj — — iBi (36) 

In the case of the plane system of waves represented by Art. 296 (1) we have then 

(37) 

by (8), and the velocity-potential of the scattered waves at a distance is, in real form, 

<^ = -3 — — -^cos^, (38) 

corresponding to the incident waves 

= cos k{ct+x). (39) 

This result, it may be noted, is independent of the magnitude of ka. 

When ka is small we substitute for {ka) from Art. 292 (7). The equation (35) takes 
the form 

-(2 + iPa<+ ...)('^T;fc2a2) + 2^%2(l+|X-%2+ ...)=0, (40) 

and it is easily ascertained that when <T„alc is small this is satisfied by a real value of ka 
which is a very little less than that corresponding to the free vibrations, viz. 




,(41) 
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Again, on reference to (15), we find 



approximately. The amplitude of vibration of the air-particles in the original wave is 
Ijc on the present scale. The amplitude of the sphere exceeds this in the ratio QjBaK 
Moreover it appears from (10) that the dissipation of energy in the scattered waves, when 
a maximum, is QttpqC, or, in terms of the energy-flux in the primary waves, 

(43) 

The ratio of this to the dissipation (12) produced by a fixed sphere is 

On the other hand, it is to be noticed that the wave-length of maximum dissipation is 
very sharply defined. It may be shewn without much difificulty that the dissijiation sinks 
to one-half the maximum when the wave-length of the incident vibration deviates from 
the critical value by the fraction 

4 (1 -f-^) 

of itself. In any acoustical application this will be an exceedingly minute fraction. In 
practice, massive bodies are not usually set into vigorous sympathetic vibration by the 
direct impact of air-waves, but rather through the intermediary of resonance-boxes and 
sounding-boards. 

The occurrence of the factor 3 in (43) calls for some remark. The result is independent 
of the direction of the incident waves, owing to the three degrees of freedom which the 
sphere possesses. If the sphere were restricted to vibration in a definite straight line, the 
amount of scattering would depend on the direction of incidence, and the mean for all 
such directions would be 


299. The diffraction of plane waves of sound by a lamina, or by an 
aperture in a plane screen, can be treated by approximate methods provided 
the dimensions of the obstacle or of the aperture be small compared with the 
wave-length f. This relation is of course the exact opposite of that which 
usually prevails in Optics, and the results are accordingly quite different in 
character. In particular we meet with nothing of the nature of sound-shadows 
or sound-rays under the present condition. 

r. Let us first take the case where a train of waves, travelling in the direction of 
^-negative, impinges on a flat disk in the plane ^=0. If the disk were absent the motion 
would be represented by 

. = ( 1 ) 


everywhere. This gives a normal velocity - ik at the surface of the disk ; and the complete 
solution is therefore 


= (^) 

where x represents the motion which would be produced in the surrounding air by the 
oscillation of the disk normal to its plane with the velocity iL The formula (5) of 
Art. 290, when applied to the region bounded internally by the two surfaces of the disk, 


gives 


^~~ 27 r J J ^ dn\ r ) 




,(3) 


* The investigations of this Art. are taken from a paper entitled “A Problem in Eesonance, 
illustrative of the Theory of Selective Absorption of Light,” Proe. Land, Math. Soe. xxxii. 11 
(1900). The concluding remark is due to Eayleigh, “Some General Theorems concerning Forced 
Vibrations and Eesonance,” Phil. Mag. (6), iii. 97 (1902) {Papers, v. 8]- 

t Eayleigh, “On the Passage of Waves through Apertures in Plane Screens, and Allied 
Problems,” Phil. Mag. (5), xliii. 259 (1897) [Papers, iv. 283]. 
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provide<i the integi’ation extends over the positive side only of the disk. In the reduction, 
advantage has been taken of the fact that the values of and of C)(lcn, at adjacent points 
on opposite sides of the disk, are evidently equal and opposite. If a;, y, 2 be the co- 
ordinates of F relative to an origin in the disk, we may write djdn = - djcx ; and if the 
distance of F from any point of the disk be large compared with the linear dimensions of 
the latter, we have further 




■( 4 ) 


where r may now be taken to denote distance from the origin. The scattered waves are 
therefore such as would he produced by a double-source of suitable strength. 

Under the fundamental condition above stated, the variation of x the immediate 
neighbourhood of the disk is very approximately the same as if the fluid were incom- 
pressible (Art. 290). In the latter case, if the density of the fluid, and the velocity of the 
disk iiornuil to its plane, were each taken equal to unity, the expression would be 

equal to the ^inertia-coef&cient’ of the disk (Art. 121 (3)). Denoting this coefficient, which 
is determined solely by the size and shape of the disk, by we have, in the present case, 


and therefore 


(jxdS=^iU'M, 

0 <3 

\ r J Att ' r 
approximately, where 6 is the angle which OF makes with Ox. 
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cos B, 


.(5) 

(6) 


For a circular disk of radius we have, by Arts. 102, 108, 


and therefore 


Xp= 





Q—ihr 

COS B. 

r 


.( 7 ) 

(8) 


2°. When plane waves are incident directly upon a screen occupying the plane .^=0, 
we should have, if the screen were complete, 


oj. ,^0^ 

according as the term representing the reflected waves. When there is an 

aperture, we assume 

and (10) 


for the two sides, resi)ectively. The continuity of pressure and velocity requires 


over the aperture, whilst 


over the rest of the plane ^=0. 





dx dx ’ 


,( 11 ) 



.( 12 ) 


These conditions are all fulfilled if we take x and x to the potentials of the distri- 
butions of simple sources over the area of the aperture which will make 


respectively, over this area. 


x= + i. 


,(13) 


Now if we apply the formulae (5) and (6) of Art. 290 to the region which lies to the 
right of the plane :r=0, and further take F' to be the image of F with respect to this 
plane, we obtain by addition 




217 j J r 



,(14) 
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since r' —r for ;r=0. In the present case the integration niav be confined to the area of 
the aperture, in virtue of (12). At distances r which are great compared with the dimen- 
sions of the latter, this reduces to 


Xp 


2;r 


// 


°AdS. 

on 



If h were =0, the determination of in accordance with (13) would be identical with 
the electrostatic problem of finding the field due to a charged and insulated metal disk 
having the shape of the aperture; and for points in the immediate neighbourhood the 
field will in the actual problem have sensibly the same configuration. Hence we may 
write 

fpidSM', (16) 

where C is the ‘ electrostatic capacity^ of the metal disk'^. Thus (15) becomes 





^( 17 ) 


approximately. From this the value of x follows by the obvious relation 


x{-oc,y, 4 


,(18) 


It appears that the transmitted waves are such as would be produced by a simple source of 
suitable strength. 

In the ease of a circular aperture 

Q—^a'iTr (19) 


and 


Xp 


77 T 


,( 20 ) 


Comparison with (8) shews that, under the assumed condition, the amplitude of the 
waves scattered by a disk is, at like distances, much less than that of the waves trans- 
mitted by an aperture of the same size and shape. It is readily seen that the total energy 
transmitted per second through the circular aperture bears to the energy-flux in the 
primary waves the ratio 

8a2/^2 or -SieTraS (21) 

The ratio of the amplitude of the scattered waves, at any distant point, to that of the 
primary waves,_ is independent of the wave-length, so long as this is large compared with 
the greatest breadth of the aperture. 


300. A similar calculation can be applied to the scattering of sound- 
waves by an obstacle of any form, under the same fundamental condition that 
the dimensions of the obstacle are all small compared with the wave-length t* 


The origin being taken in or near the obstacle, we assume 

= ( 1 ) 

vzhere the first term represents the incident, and the second the scattered waves. At the 
surface of the obstacle, supposed rigid and fixed, we must have 

( 2 ) 

an ^ ^ ^ 

provided I, m, n be the direction-cosines of the normal, drawn outwards. 

The formula (5) of Art. 290 gives 




-Her 3y 

r on 4 




.( 3 ) 


* For small values of hr the two functions Xj together express the flow of an incompressible 
fluid through the aperture. Gf. Arts. 102, 3° ; 108, 1° ; and 113. 

t Rayleigh, “On the Incidence of Aerial and Electric Waves upon Small Obstacles in the 
Form of Ellipsoids or EUiptic Gylinders...,” PML Mag. (5), xliv. 28 (1897) [Papm, iv. 305]. 
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where the integrations extend over the surface of the obstacle. We proceed to obtain an 
approximate value of the expression on the right-band side when the distances r are large 
cLpai-ed with the dimensions of the obstacle. The co-ordinates of any point on the surface 
ivill be denoted by ai, 31, r, whilst those of the point P are distinguished as 

Taking the first term, we write 

where the zero-suffix implies that ir, y, z are to be put =0 in the expressions to which it is 
attached. This may also be written 

g-«T f S d d , (r, 

J = ( 1 — ^ 2/ ^ Z ^ 1- . . . ) j 

r V ^ ^2/1 / ^0 

where >0 denotes the distance of P from the origin. Again, from (2), 

^=-tM+Pxl+ (5) 

C7l 

Taking the product of (4) and (5), and integrating over the surface, we obtain 

r r n-ikr 0y e~^^o y-, 3 6~^^q /r»\ 

! — %dS=PQ + ^IcQ ^ (6) 

I ] r C Ji rQ 0^1 Tq 

approximately, where Q is the volume of the obstacle. We have here made use of the 
oWious relations rr m\ 

jJfcfiS=0, jjaMS=Q, ijyldS= 0 , fjzldS =0 (7) 

The terms retained on the right-hand side of (6) are of the same order of magnitude, whilst 
those which are omitted are small in comparison. 

As regards the second term in (3), we have 

cn r \ cx^ cif oz) r \ 3^i ^ 

We may, consistently with our former approximation, write for r, and remove the space- 
derivatives of ^>^itside the signs of integration. The result then involves the surface- 

integrals 

JJW llrnxdS, ilnxdS. (9) 

It appears from (2) or (5), and from a general principle stated in Art. 290, that the function 
X is, in the immediate neighbourhood of the obstacle, sensibly identical with the velocity- 
potential of the motion of a liquid produced by a translation of the obstacle through it with 
the velocity ik parallel to x Hence the integrals (9) are recognized as components of 
impulse' under the imagined circumstances; and we may write, in conformity with 
Art. 12L 

ll 7 iixdS—ikC\ l\nxdS—i]c^\ (10) 

provided the density of the hypothetical liquid be taken to be unity. Hence 

<n, 

The final approximate formula is therefore 

^+B' fl—, (12) 

where the zero-suffix attached to r has been omitted, as no longer necessary. When kr is 
large, this may be written 

+ + 

where Xi, vi are the direction-cosines of n 
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The scattered waves may be regarded as due to the combination of a simple and a 
double source. ' The axis of the latter is not in general coincident with the direction of the 
incident waves. 


A more symmetrical formula is obtained if we suppose the primary waves to come from 
any arbitrary direction (X, /x, v\ so that (1) is replaced by 

(14) 

On reviewing the steps of the preceding investigation, we find without difficulty 
Xp= “ iV — - j-{AXXi+B/4/ii+C^vi 

Q — iJcT 

+ + (vXi+viX) (X/xi+Xi/x)} — — , (15) 

in place of (13). As in Art. 124, the directions of the co-ordinate axes can be chosen so that 
A', O'=0, and the formula then reduces to 

FO p — p-ikT 

— -£;{(A+e)XXi+(B+§)^.;.,+(0+§)wV- 


In the case of an ellipsoid of semi-axes a, 5, c, we have, by Art. 121 (4), 

-A.4-§= — - B-|-0=- p — Q Qy C + Q = -^ Q, (17) 

ji — Oo ^~Po -^“70 

where oq, iSo? 7o defined by Art. 114 (6). In the case of the sphere ao=i3o~7o=l> 
if we substitute in (13) we reproduce the result (9) of Art. 297. In the case of the circular 
disk (a=b, c==0), we have 0=0, A=|a^, B=0, 0=0 ; and (16) reduces to 


■■-t- 


,PaS 


XXi 


.(18) 


The effect of obliquity of the disk to the incident waves is to diminish the amplitude of the 
scattered waves in the ratio of the cosine (X) of the obliquity. 


The explanation of the two types of distuiffiance in (13) or (16) may easily be given in 
general terms. In the first place, if the obstacle were absent, the space which it occupies 
would be the seat of alternate condensations and rarefactions. By its resistance to these, 
the obstacle exerts a certain reaction on the medium ; the waves at a great distance, thus 
produced, are in fact such as would be caused in an otherwise quiescent medium by a 
periodic variation in the volume of the obstacle, just sufficient to compensate the variations 
of density referred to. The result is equivalent to a ‘ simple source ’ of sound. Superposed 
on this disturbance, we have a second wave-system due to the immobility of the obstacle. 
If the latter were freely movea,ble, and had (moreover) the same inertia as the air which it 
displaces, it would sway backwards and forwards in the sound vibrations, and this second 
wave-system would be absent. This system is, in fact, that which would be produced if the 
obstacle were to vibrate to and fro in a straight line, with a motion equal and opposite to 
that of the air-particles in the undisturbed waves. This is equivalent to a ‘double source.’ 


The problem of Difiraction, when the wave-length is ^mall (instead of large) compared 
with the dimensions of the obstacle, presents as a rule great analytical difficulties. The 
only case which can be regarded as completely solved is that of the semi-infinite plane 
screen, where nothing depends on the magnitude of the wave-length. This is considered in 
Art. 308 below. In the case of plane waves incident on a fixed sphere, which at first sight 
appears promising, the complete expression for the disturbance due to the incident and 
scattered waves is given by the formulae of Art. 297 ; thus 

Ica^yl {ka) 4- [ha) 


<p+<l> =S 


(2ji+ 1) {ih-y 


kafn{Ica) + nf^(Jca,) 

At points on the surface of the sphere this reduces to 




PniA (19) 


(p+<l)'=-S 


(ka)«*^kaf,:(ka)+nMka)y 


.( 20 ) 



496 Waves of Expansion [chap, x- 

Unfortunately, when the wave-length is small compared with the circumference of the 
sphei*e, ka is large, and the series in (20) is found to converge very slowly, so that a large 
number of terms have to be taken in order to secure a satisfactory approximation. The 
process has been carried out by Eayleigh^ in the case of ka — \0^ which suffices to shew the 
incipient formation of a sound-shadow in the rear of the sphere {i.e. in the neighbourhood 
of 

301, If, no longer restricting ourselves to simple-harmonic vibrations, we 
seek to integrate the equation 

^ = ( 1 ) 

06" 


in a series of spherical harmonics, say 

4)=tRn(l>n, ( 2 ) 

where is a solid harmonic of order n, we have by Art. 292 (4) 
d^Rn ,^\d^Rn , 2 (n -b 1) 

-W~‘ + ® 

If Rn be a solution of this, it is easily verified that the corresponding equation 
for Bn+i is satisfied by 

0r ^ 

and hence that (S) is satisfied by 



In the case 7i = 1, we have the solution 

6 = — ^ cos 0 (6) 


This has been employed by Kirchhoflf, and more fully by Love, to examine 
the rather interesting question how the front of a system of waves, started 
by the motion of a sphere, is propagated through the surrounding medium. 

In Kirebhoffs investigation g the motion of the sphere is prescribed, its velocity being 
a given function of the time, and the solution is comparatively simple. 

Love discusses || the waves started by an instantaneous impulse given to a ball-pendulum. 
The equation of motion of the pendulum being 

+ - j j pcoisB a^dTJi;, ( 7 ) 

* “On the Acoustic Shadow of a Sphere,” Phil. Trans. A, cciii. 87 (1904) [Papers, v, 149]. 

t The cognate optical and electrical problems, which are of importance in relation to such 
widely diverse questions as the theory of the rainbow and the influence of the curvature of the 
earth in wireless telegraphy, have been discussed by L. Lorenz, Macdonald, PoincaiA, Nicholson, 
and others, not without controversy as to the legitimacy of the mathematical processes employed. 
Full references are given by Love, “ On the Transmission of Electric Waves over the Surface of 
the Earth,” Phil. Tram. A, ecxv, 105 (1914). See also Watson, Proc. Boy. Soc. xcv. 83 (1918). 

Z Cf. Clebsch, l.c. ante p. 102; C. Niven, Solutions of the Senate House Problems., for 
1878, p. 158. 

§ l.c. ante p, 485, 

il ‘‘Some Illustrations of Modes of Decay of Vibratory Motions,” Proc. Land. Math. Soc. (2), 
if. 88 (1904). 
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as in Art. 298, we assume 

( 8 ) 

^ CT r 

the term in (6) which corresponds to waves travelling inwards being omitted. This leads to 

g+.ro^|=5{/"(«<-«) + s/' 

where ^=^irpoa^lJf. (10) 

The kinematical condition to be satisfied at the surface of the sphere {r=a) gives 

g= - If" (ct-a) - 1/' {ct-a) - §J{ct-u) (11) 

To solve the simultaneous equations (9), (11), we assume 

1=56^*=*, (12) 

whence B=^(\a+l)\A, XcB= -^(X^a^+2\a+2) A (13) 


Eliminating the ratio A we obtain the biquadratic^ in X : 

(X^c^+o-o^) (X2a2+2Xa-f2) + 2/3c2X2 (Xa + 1)=0. 
Distinguishing the several roots by suffixes, we have 

. .^4 X/a2^2Xga+2 . \^ct 

^=■^1 — ’ 

0=-Si(Xa»-+l)^*e^''=‘-’‘+“>oose. .. 


,(14) 

.(15) 

.(16) 


If we start with arbitrary values of ^ and d^jdty the medium being previously at rest, 
this solution presupposes that t'>0 and r<C.ct-\~ct, The initial circumstances supply two 
conditions to be satisfied by the four constants A^, Thus, assuming that for i=0 


«-«. S-”i ('') 

we have ^\(x,a+2 + ^ A,= 0, l\{Xfa^+2X,a-i-Z)A,= -U^a? (18) 


The remaining conditions result from a consideration of the discontinuity at the 
spherical boundary of the advancing wave. Let hS be an element of this boundary, and 
through the contour of bS draw normals outwards to meet a parallel surface at a distance 
cht ; we thus mark out an element of volume bS. cbt. In time Bt the fluid contained in this 
element has its normal velocity changed from 0 to - dtjyjdr, the normal velocity just within 
the boundary, by the action of the excess of pressure c^pos, where s is the condensation, 
on the inner face. Hence 

-^.poSS.c8i=<^poS.SS.dt, 

or, since ~ ’ 


which is to be satisfied for r=et+af. Substituting from (16) we find 

2(X,?-+2) 4s=0. 

This equation cannot hold generally unless 

2X«^-0, (20) 


* If we put \=ih this becomes identical with Art. 298 (26). 

t The theory of discontinuities at wave-fronts has been treated systematically by Ghristoffel, 
“ Untersuchungen fiber die mit dem Fortbestehen linearer partieller Differential- Gleichungen 
vertrt^lichen Unstetigkeiten,” Ann. di Matemat. viii. 81 (1876); and by Love, Wave-Motions 
with Discontinuities at Wave-Fronts,” Proc. Lond, Math, Soc. (2), i. 87 (1903). 


L. H. 
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which (it will be noticed) at the same time secure the continuity of and thence of the 

velocity -components tangential to the wave-front. 


The four conditions (18), (20) may now be written 

2Xg-dg=0, 2^8=0, 2t~ = 0, (21) 

whence 

The motion of the air is accordingly given by 

(23) 

^=0 [r>cjf4-a].j 

In practice ^ is a very minute fraction, and the roots of (14) are, to a first approxi- 
mation, 

Xi_ — , X^-- — , X3 


If the distance travelled by a sound-wave in the period of vibration be a considerable 
multiple of the circumference of the sphere, X3, X4 will be large compared with Xi, X2. 
Hence, substituting in (22) and (23), we find, for r<ct+a, 

*- -I {¥“■'• {•—) (2±p:-i,)}oo... 

(S5) 

The first part of this expression is the same as if the sphere had been executing simple- 
harmonic vibrations of period Stt/o-q and amplitude C^o/o'o for an indefinite time. The second 
part is insensible at a distance of several diameters of the sphere from the inner side of 
the boundary of the advancing wave ; but near this boundary it becomes comparable with 
the first part. To trace the decay of the oscillations, it would be necessary to proceed to a 
second approximation ; but this part of the question has been already dealt with in Arts. 
295, 298. It will be sufficient to remark that the most important part of the disturbance, 
well within the advancing wave, will be given by an expression of the form 

cos (To 

The factor exhibits the decay of the vibration at any place as the original energy of 
the pendulum is gradually spent in the generation of waves. To account for the factor 
we note that within the region occupied by the waves the amplitude of any point Q will 
(except for spherical divergence) be greater than that at a point P, nearer to the centre on 
the same radius vector, in the ratio for the reason that it represents a disturbance 

which started earlier by an interval PQjc^ during which the vibration of the pendulum has 
been decaying according to the law 


Sound-Wams in Two Dimensions. 


302. 


When (j> is independent of we have 


df- 




(1) 


where 


Vi= = 


9a? 9y° ' 


( 2 ) 


* Cf. a paper “ On a Peculiarity of the Wave-System due to the Free Vibrations of a Nucleus 
in an Extended Medium,” Proc. Land. Math. Soc. (1), xxxii. 208 (1900). 
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In the case of symmetry about the origin this becomes 

df ^ r dr J ' 


dt^ " Var^ rdr)^ 

where r = V(^ + 2/0* The general solution has been obtained in Art. 196, in 
the form 

27 r<f> = j* f(t — - cosh du + jj(t + - cosh u^du; (4) 

and it was further shewn that the solution 


27r^ =,J — - cosh ujdu (5) 

represents the system of diverging waves produced by a source /(t) at the 
origin. 

We are now able to give another derivation of these results. It appears 
from Art. 285 (13) that if a point-source /(i) Sz be situate at the point (0, 0, z) 
its effect at a point in the plane xy at a distance r from the origin is repre- 
sented by 

1 + 

+ V C ) 

If we integrate this with respect to z between the limits + co , we get the 
effect of a system of point-sources distributed over the axis of z with uniform 
line-density f{t) ; thus 


-A- TO -sj A -'c 

The same method can of course be applied to obtain the second term in (4). 

The equations of sound-motion in one, two, or three dimensions, subject to the restric- 
tion of symmetry, are all included in the form 


\/(r2 + z-y 




'(^0^2+ y. 


The complicated and somewhat intractable form in which the solution for the case 
m=2 has been obtained is in striking contrast to the analytical simplicity, and outward 
formal resemblance, of the solutions for the cases m=l, m=3 ; but this circumstance must 
not mislead us as to the true physical relations. For the sake of a definite comparison 
between the three cases, we may examine the effect (A) of a plane-source, (B) of a line- 
source, and (G) of a point-source, whose ‘strength ’ is in each case 




This gives a convenient representation of a source of a more or less transient character, 
since the time during which it is sensible can be made as short as we please by diminishing 
r, whilst the time-integral is unaffected. 

The results may be conveniently expressed in terms of the condensation s, 

(A) In the case to== 1, we find, for ar>0. 


(-?)■ 


32—2 
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(B) When m = 2, the analytical work is similar to that of Art. 197. The result is, for 
the most important part of the wave, 


4\/2c2 

where rj is determined by 

(C) In three dimensions we have 




-§ 7 ,) cos" 7 ?, (10) 


t—-+Tt8.n7]. 




^ttC- 




.( 11 ) 


The three cases are represented, with s as ordinate and t as abscissa, on p. 500. The 
scale of t is the same in each case, but there is, of course, no relation between the vertical 
scales. In (A) we have a wave of pure condensation ; in (B) the primary condensation is 
followed by a rarefaction of less amount, but lasting for a longer time ; whilst in (C) the 
condensation and rarefaction are anti-symmetrical. In (B) and (C) alike we necessarily 
have, at any point, 


/: 


sdt—0 , . 


.( 12 ) 


cf. Art. 288. If the source had been strictly limited in duration, the medium, in the case 
of three dimensions, would have remained absolutely at rest after the passage of the wave, 
as in the case of one dimension, although for a different reason. In the intermediate case 
of two dimensions, the wave has an indefinitely extended ‘tail,' and there is only an 
asymptotic approach to rest. 

It appears that from a physical standpoint the cases m=l, m=2, m=3 form a sequence 
with a regular gradation of properties due to the increasing mobility of the medium. 

When we abandon the restriction to symmetry, the general solution of (1) 
is, in polar co-ordinates, 

(f) = X (QgT^ cos s0 4- Hsr^sins^X (13) 

where Qs, Eg are functions of r and t satisfying 


(11) 


dt^ 


dr J 


and the corresponding equation in The solution of (14) is 




.(15) 


where Qo = J f(^ ^ " ^<^sh du -tj cosh uj du. (16) 

The proof is similar to that of Art. 301 (5)^. 


303. In the case of simple-harmonic motion have, in polar 

co-ordinates, 

^ 1 ^ 1 ^_ 

r dr d0^ 




.( 1 ) 


This Art. is taken, with slight alterations, from a paper cited on p. 278 ante. 
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where k = (rlc. The solution of this equation subject to the condition of 
finiteness at the origin is, as in Art. 191, 

^ = S (As cos s6 4- Bs sin sd) {kr), (2) 

where s may have all integral values from 0 to oo . 

From this we derive at once the theorem that the mean value (^) of 0, 
over a circle of radius r described with the origin as centre, is 

^ = Jo (*r) . <^>o, (3) 


where is the value at the origin^. This theorem (which is subject, of 
course, to the condition above stated) is analogous to that of Art. 289 (8), 
and might have been proved in a similar manner. 

In the transverse oscillations of the air contained in a circular cylinder, the normal 
modes are given by the several terms of (2), where the admissible values of k, and thence 
of cr, are determined by 

j;a*«)=o, (4) 

a being the radius. The interpretation of the results will be understood from Art. 191, 
where the mathematical problem is identical. The figures on p. 268 shew the forms of the 
lines of equal pressure, to which the motions of the particles are orthogonal, in two of the 
more important modest. 

The Bessel’s Functions Js(^) are subject to the recurrence-formula 

^ (?) 



which corresponds to Art. 292 (17). This easily follows from the series- 
expression for Js (f), given in Art. 101. From (5), and from the differential 


equation of viz. 

f" (?) + f (?) + (l - ^J/(?) = 0, (6) 

various other recurrence-formulae may be derived, e.g, 

( 7 ) 

corresponding to Art. 292 (18). 

By successive applications of (5) we obtain 

‘/■.(?) = ?*(-^)*«^o(?) (8) 


It is easily verified, by the method of ‘mathematical induction,’ that the 
expression on the right-hand side of (8) is in fact a solution of the differential 
equation (6) provided Jo (?) is a solution of the same equation with s put = 0. 
This suggests a convenient choice, for our present purpose, of the Bessel’s 
Functions ‘ of the second kind.’ We write 

i)*(0=?*(-^jA(?) (9) 

* H. Weber, Math, Ann. i. (1868). 

t The problem is fully discussed by Eayleigh, Theory of Smnd, Art. 339. 
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where A(D is the function introduced in Art. 194*, viz. 

D„ (?) = -[ e-ifeosli» (10) 

Trj 0 


It is evident without further proof that Ds(^) will satisfy the differential 
equation (6), and will have the same system of recurrence-formulae as Jg (0- 
As an important special case of (9), we have 

A(r)=-A'(o (11) 

The following approximations are useful. When ^ is small, we have, by 
Arts. 100, 194, 

Jo (0 = 1-^ + ..., A(r) = -|(logir+7 + it7r+. ..(12) 
and thence, by (8) and (9), for s>0, 

*^.(0=2^^,+..., A(r)=^-^^-+ (13) 

Again, for large values of we have 

Js{0= sin (? + i w - isTT) + . . . , A (r) = (1^)^ t'e- + . . . , 

(14) 

unless the order s of the functions be itself comparable with or greater than 
the variable 

The formulae may be used to investigate the commimication of vibrations ffom an 
oscillating cylinder (e.^. a piano string) to the surrounding air. The velocity of translation 
of the cylinder being 

(15) 

the radial velocity at the surface y=a will be 

-^:=ae^KcosS (16) 

The corresponding value of (p is 

(p = ADx (Jcr) cos 6 . (17) 

with the condition (^'«) . ^ = a (18) 

If, as we will suppose, the circumference of the cylinder is very small compared with 
the wave-length of the sound, ha will be a small fraction, and we find from (13) 

A=\7rha^a. 

Hence at distances r which are large compared with we have, by (14), 

^ a cos de^ (jg^ 

If the velocity at the boundary r=a had been everywhere radial, with the amplitude a, 
the value of at a distance would have been 

<l> = ^ ae* (20) 

* It may be shewn, by the method of Art. 302, that Dq (kr) is the potential of a uniform 
distribution of simple-harmonic point-sources along the axis of z. See Bayleigh, *‘On Point-, 
Line-, and Plane- Sources of Sound,” Froc, Lond. Math. Soc. xix. 504 (1888) IFa^ers, iii 44 ; 
Theory of Sounds Art. 342], 
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Id tlie actual case the iutensityj as measured by the sq^uare of the amplitude, is less in the 
ratio Fa- which is by hypothesis very small. This illustrates the effect of lateral motion 
near the surface of the cylinder, in reducing the amplitude of the waves propagated to a 
distance ; cf. Art. 294. For example, by far the greater part of the sound due to a piano 
string comes, not directly from the wire, but from the sounding-board, which is set into 
forced vibration by the alternating pressures at the supports. 

The reaction of the air on the vibrating cylinder is 


pTT , n 

— p cos B .ad6== -po<^ J ^ 


^TTpoCt- 


^ cos ^== — TTpoa . 2 cr ADi 
di 

(M) dU 


' ha D{{lcd) dt ’ 


,.( 21 ) 


by (18). When ka is small, this reduces to 

o dU 
-rrpaa-.-^, 


,( 22 ) 


approximately. The most important part of the effect is that the inertia of the cylinder is 
increased by an amount equal to that of the air displaced ; cf. Art. 68^. 


304. We may also investigate the scattering of a system of plane waves 
by a fixed cylindrical obstacle whose axis is parallel to the wave-fronts. 


Assuming, for the potential of the incident waves, 

= ( 1 ) 

as in ALTt. 296, we require in the first place to expand this in a series of the 
type (2) of Art. 303. The requisite formula is 

Qikx _ ^ 2iJj (kr) cos ^ + . . . + 2{^Js (kr) cos -h (2) 


This may be proved directly f, by expanding making use of the 

formula 

cos”5 = jcos 7i0 4- “ cos — 2) 0 -b cos (?i — 4) ^ -b , 

^ ‘ ( 3 ) 

and picking out the coefficient of cos s6 in the result. 


The expansion (2) involves the equality 

1 f ^ijcrcoss QQQ §0(dQ = is (kr\ (4) 

TT j 0 

which is a known formula in BesseFs Functions^. Conversely if we assume 
this, as otherwise established, we have another proof of (2). 


The scattered waves being represented by 

^' = 2 {hr) cos sB^ 


the surface-condition 


|;(^+^')=0 ['•=«] 


(5) 

,( 6 ) 


* A fuller investigation is given ty Stokes, he. ante p. 482. 

t Heine, Kugelfunktionen, i. 82. The method employed in the proof of Art. 296 (7) is also 
available. 

X Watson, p, 21. The case s=0 has already been met with in Art. 100; it may be interpreted 
as shewing how the potential jQ{kr) can be obtained by superposition of systems of plane waves 
travelling in directions uniformly distributed about the origin in the plane xy ; cf. Art. 289 (7). 
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Cylitidi'ieal Obstacle 


^*=--57^’ 

except in the case 5=0, when the factor 2 is to be omitted. 

If ha be small, we have, approximately, 

Jd {ha)^-hha, Dd {ha)= ...(8) 

TT /ca 

and, for a>0, = - A' (9) 

Hence U^-l) ! 

The most important terms correspond to s=0, 5=1. Neglecting the rest, we have, for 
the scattered waves, 

<^' = — {Z)o {hr) - 2fi)i {hr) cos 6} (11) 


For large values of hr this becomes, on restoring the time-factor, 
<l>'= -iv(i’^)^'(l+2cos(9)e^'‘^-*=^-i’'>. . 


.(13)* 


The rate (per unit length of the cylinder) at which energy is carried outwards by the 
scattered waves is 


00 pir CJ0 (H0 

-/ pd^.rd^=-pQr 
J 0 cr J Q ct cr ’ 


where r may conveniently be taken very great. If we substitute the real part of cj) from 
(12), the mean value is found to be 

%^^-p,<T{haf (13) 

The energy-flux in the primary waves is, as in Art. 297, ^poX^c. The ratio of (13) to this is 
(since cr=hc) 

f7r2(Xa)3.2a (14) 

Thus a wire of an inch in diameter scatters only 6*63 x 10“ ^ of the incident energy, 
when the wave-length is four feet. 


305. The approximate methods of Arts. 299, 300 can be applied to the 
corresponding problems in two dimensions f. The formula (5) of Art. 290 is 
now replaced by 

<l>^ = -ljD,{kr)^^ds + ij<f>^D, (kr) ds, ( 1 ) 

which is. established in an analogous manner. In the case of a region 
extending to infinity the line-integrals can be restricted to the internal 
boundary, provided that at a great distance R from the origin cp tends to the 
him Do{kR) ov 

In the same way we have 

0 = - i J A (fe-O ^£ds + ij<l>^^Do{kr')ds, ( 2 ) 

where r' denotes distance from a point P' external to the region considered. 

* Gf. Eayleigh, Theory of Sounds Art. 343. 
t Eayleigh, ll.cc. antejpp, 491, 493. 
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WitMn a region whose dimensions in the plane xy are small compared 
with the wave-length hr will be small, and the formula (1) reduces to 

= 

where a constant term has been omitted. This satisfies the equation 

= 0 ( 4 ) 

appropriate to the case of an incompressible fluid. 

1®. Taking first the direct impact of waves on a plane lamina, we write 



where x the potential of the scattered waves. If the lamina be supposed to occupy that 
portion of the plane :r=0 which lies between the lines y = + &, the condition to he satisfied 
by X js 

g^=: -zZ*, [^ = 0, h>y> - h] (6) 

If we apply the formulae (1), (2) to the region lying to the right of the axis of y, and 
take P' at the image of F with respect to this boundary, we find by subtraction 



where the values of x dDojon on the positive face of the lamina are to be understood. 
If j?, y refer to the position of F we may write dfdn-= -^clox ; and at a distance r from the 
origin, large compared with 26, we have 

( 8 ) 

ef. Art. 299 (4). The definite integral is one-half the ‘impulse' of the lamina (per unit 
length) when moving broadside-on with velocity ^X• in an incompressible fluid of unit 
density ; hence by Ait. 71 (11) 

( 8 ) 

and therefore — Jfiri6^^i)o(i’r)=Ji7r^^6®2)i(ir).cosd (10) 

When hr is large this reduces to 

<“> 

by Art. 303 (14). 

The ratio of the energy scattered per second to the energy-flux in the primary waves is 
easily found to be 

*7r2{X6)3.26, (12) 

which is exactly one-sixth of the corresponding ratio in the case of a circular cylinder of 
radius h. 

2®. In the case of an aperture bounded by parallel straight edges (y= ±6) in a plane 
screen (^=0), we assume as in Art. 299, 2" 

and ^^x% (13) 

for the two sides respectively, and seek to determine XyX'^^ I'h^'t 

X=~h x'=+l 0“^) 

over the aperture, whilst 
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over the screen. Now if we apply (1) and (2) to the part of the plane lying to the right of 
the axis of and if we further take P' at the image of P, we have by addition 

- (16) 

where hn is drawn from the positive face. At distances r from the origin which are large 
compared with 26, this becomes 



In the immediate neighbourhood of the aperture the motion represented by the 
functions x' i^iust resemble the flow of a liquid through the same aperture, and an 
approximate value of the definite integral in (17) is accordingly obtained by com]Darison 
with the results of Art. 66, 1°. It appears that corresponding to a flux unity through the 
aperture the increment of x passing from the aperture itself to a distance r which is 
large compared with 26 is 

1 , 2r 
- log ^ . 

57 6 

We may still suppose to be smaU compared with the wave-length, and the formulae (14) 
and (17) then shew that the corresponding increment of x in the actual problem is 

1 + ^ J . (log l^r+y+iiV), (18) 

by Art. 303 (12). Equating this to 

- f* (19) 

5T J — 5 €71 b 

j _i el ~ logiM+y+^lV 

Hence when is large, we have from (17) 

j) I f / 9 -|\ 

log log J^6-^-y+•|^7r \21 t/ 

The value of x' ^.ny point P on the negative side of the plane ^=0 is equal and 
opposite to the value of x at the image of P with respect to the plane. 

The ratio of the energy transmitted through the aperture to the energy-flux in the 
primary waves is found to be 

9ft ( 22 ) 



If the wave-lengfch be 10, or 100, or 1000 times the breadth of the aperture, the factor 
of 26 comes out equal to 1*240, or 3*795, or 17*20, respectively. 


3". The two-dimensional problem of the diffraction of plane waves by a cylindrical 
obstacle of any form of cross-section can be treated by the method of Aii;. 300^, the 
formula (1) above taking the place of Art. 290 (5). As no new point arises, it will be 
sufficient to state the chief result. The waves are supposed to be incident from the 
direction (X, /i, 0), and we write, accordingly, 

..(23) 

where x represent the scattered waves. We assume also that the axes of y have 
special directions in the plane of the cross-section, such that the kinetic energy (per unit 
length parallel to z) of an incompressible fluid of unit density, when the cylinder moves 
through it with velocity (u, % 0), would be given by an expression of the form 

( 24 ) 


01 Eayleigh, Lc, ante p. 493. 
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the term in uv being absent. The dimensions of the section being supposed small com- 
pared with the wave-length, the waves scattered in the direction (Xi, 0) are given by 

+ , ...(25) 

fSTrXr}- (Sirfo-)- 

where S is the area of the cross-section. 

For an elliptic section whose semi-axes in the directions of a?, y are a, 5, we have 
(see Art. 71 (11)) 

S=7rah, A=«rr6-, B = 7ra2 (26) 

In the cases of a circular cylinder {a~h), and of a flat lamina (a=0), w^e reproduce results 
already obtained. 

306. We may also investigate the disturbance produced in a train of 
plane waves by a thin screen which is interrupted by a series of parallel, 
equal, and equidistant slits, xls before, the treatment is approximate, and 
involves the assumption that the wave-length is large compared with the 
distance between the centres of successive apertures. 

As a preliminary question, we require to determine the flow of an incompressible 
fluid through a fixed rigid grating of the above kind. This can be solved by Schwarz’ 
method (Art. 73); but for the present purpose it will he sufficient to state, and verify, 
the result. The axis of being taken normal to the plane of the grating, and that of y in 
this plane, at right angles to the lengths of the apertmes, we write 


cosh 2(7= /I cosher, (1) 

where, for the moment, 

z=ai-{-iy, ( 2 ) 


and the constant ^ is supposed gi’eater than unity. This makes w a cyclic function ; but 
we avoid all indeterminateness if in the first instance we confine ourselves to that half of 
the plane aoy for which x > 0, and if further we fix the value of w at some one point. We 
will assume that at the origin - 11 ^= 0 , whilst is equal to the real positive value of cosh“^/x. 
The formula (1) gives 

cosh IX cosh X cos y, sinh cj) sin siuh x sin y (3) 

The locus (f) = 0 consists of those portions of the axis of y for which 

I > fx cos y > — 1 ; 

these represent the apertures, so that on the scale of our formulae the half-breadth of an 
aperture is sin~^ (1//^)* For other portions of the region x>0, (p will be positive. Again, 
the lines *^=0, ■p=±7rj yj^—±27rj ... will consist partly of the lines y=0, y=± 7 r, 
y = ± 2ir, ..., respectively, and partly of those portions of the axis of y for which 

|/ACOsyl>l ; 

these latter correspond to the parts of the screen between the apertures. 

The curves const., 'v^= const, are traced, for a particular case, on the opposite 
page, the value of jx adopted for convenience of calculation being 

fx = cosh Jtt = 1 -2040, 

wheBoe sin-i- = -3125r, cos-i-=-188jr. 

The latter numbers give the relative breadths of the apertures and of the intervening 

portions of the screen. ^ 

The formulae (3), and the diagram* admit of a variety of interpretations in Electro- 
statics and other mathematically cognate subjects. In the present application we must 

* Taken from a paper cited on p. 512 below. A formula equivalent to (1) was given by 
Larmor in the Mathematical Tripos, Part II, 1895. 
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suppose that at points symmetrically situated on opposite sides of the axis of y the values 
of yj/' are identical, whilst those of <p are equal in magnitude but of opposite signs. 



It appears from (3), or by inspection of the figure, that the function ^ in (3) is a 
periodic even function of y, the period being tt. It can therefore be expanded by Fourier's 
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Theorem in a series of cosines of multiples of 2y, the coefficients^ being functions of x 
whose general form is to be determined by substitution in the equation 

(4) 

Thus, for ^-positive we find, having regard to the condition to be satisfied for large values 
of r, 

^=log /i 4-^+2 {7^6-28* eos %$!/, (5)^ 

If we introduce a more general linear unit, and denote the breadth of each aperture 
by a, and that of each intervening strip by 6, we may write 

cosh(^cosif.=/xcosh^^cos^j, sinh^sm,|r=fismh^jsiii^, ...(6) 


where 


fji—seo 


irh 


= cosec 


Tra 

2 (a + 5)* 


(7) 


The expansion (5) is now replaced by 
0=log/^+ 


where 


ot + o 1 

2s7r 


257ry 

a + b'^ 




( 8 ) 

.(9) 


We turn now to the acoustical problem. Corresponding to a train of incident waves 
whose potential is we assume + 

or ^=x'> 

according as g 0. As in Arts. 299, 2°, and 305, 2% we must have 


over the apertures, and 




,( 11 ) 

,( 12 ) 


over the rest of the plane a‘=0. Since x must satisfy 

W+P)X = 0, (13) 

and must further be periodic with respect to y, with the period a + b^ it must admit of 
being expanded in a Fourier’s series of the form 

X=£(,e-»*+i,».«-*«*oos^, (14) 

provided 

Since, by hypothesis, a +6 is small compared with the wave-length ^Tr/k, the right-hand 
side of (15) is positive. Hence the quantities are real, and, moreover, differ respectively 
very little from Kg, Terms involving are excluded by the condition of finiteness for 
. 2 ?= m , so that the waves represented by x are ultimately plane. The fact that they must 
travel outwards from the grating justifies the omission of the term in e*®. 

If k were zero, the conditions determining x would be the same as if the fluid were 
incompressible, and we should have 

+ (16) 

where ip is the function determined (in the manner above explained) by (6), and C is some 
constant ; and we may anticipate that the same expression will hold approximately in the 


* The precise values of the coefficients Cg are not required for our purpose. It may he shewn 
that 

in the hypergeometrie notation. See the paper cited. 

t The symbol # is here used for the acoustic velocity-potential, as ep at present bears a special 
moling. 



306-307] Reflection and Transmission 


511 


actual case for the immediate neighbourhood of the grating. Again, for small values of hx, 
the expansion (14) takes the form 

X = ^0 (1 “ cos (17) 


where the substitution of for Xg in the exponential involves an error of the order 
(a+6)747r2. Hence, substituting from (8) in (16), we find that (16) and (17) are in fact 
identical, provided 



£„=-l + (71ogft 

(18) 

and, for s> 0 , 



(19) 

Hence 

R ^ 

1+a-r 

(20) 

where 

, a+6, irb 

C = l0gsec;:r7 5^. 

TT 2 (a -1-6) 

(21) 


As regards x', all the conditions are satisfied if we suppose that its value at any point 
P' on the negative side of the grating is equal in absolute magnitude, but opposite in 
sign, to that of x at the image P of P' on the positive side. Hence 


X ' = - B^e^ — 2 B^e^^ cos (22 ) 

1 a+o ' ^ 


At a distance of several wave-lengths from the grating the last terms in (14) and (22) 
may be neglected, and the waves are sensibly plane. On reference to (10) we see that the 
coefficients of the reflected and transmitted waves are 1 -l-^o -^o? or 


ihl j 1 

r+iH T+ikV 


.(23) 


respectively, that of the primary waves being taken as unit. Hence the intensities /, I' of 
these waves are given by 

r r/ 1 

H-«2» ^ “"l+W (24) 

For sufficiently great wave-lengths there is very little reflection, even when the aper- 
tures occupy only a small fraction of the area of the screen. As corresponding numerical 
values we have 

-1, -2, -3, -4, -5, -6, -7, -8, -9, 1-0, 

^^=00, -590, -374, -251, -169, llO, -067, -037, -016, -004, 0. 

Let us suppose, for example, that the wave-length is ten times the interval and that 
the apertures occupy one-tenth of the area of the grating. It will be found that the 
reflected and transmitted intensities are 


/=-121, /'=*879, 

respectively. Notwithstanding the comparative narrowness of the openings, 88 per cent, 
of the sound gets through. 


307. A similar method applies to the case of a grating composed of 
parallel equidistant wires. 

It was shewn in Art. 64 that the potential- and stream-functions for a liquid' flowing 
through a grating of parallel cylindrical bars of radius h are given approximately by 

ttS 

w=z-\ coth — , (1) 

where a is the interval between the axes of consecutive bars, provided b<^a. 
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* If the real part of s be positive, we have 



whence f ^ cos—^J 

Similarly if ^ be negative, we find 

+ 

In the acoustical problem the velocity-potential will be of the form 



1 “ 

or $= .8e*^- 

i “ 

according as .rgO, where X, is the positive quantitj defined by 

.. 4sV- 
* 


( 2 ) 

(3) 

(4) 

,( 6 ) 

,( 6 ) 

•(7) 


For values of x which are small compared with the wave-length we may ignore the 
difference between Xj and Zanja, provided the wave-length be large compared with a. 


Under these circumstances the formulae (5), (6) reduce to 

» _?£2 

$=l-fA+^X•(l-A).^-^-SC'^ “ cos=^, (8) 

1 “ 

X 2s7rj/ 

and $= B+ikBx—'^Cie « cos — (9) 

1 ® 

respectively. The fimotion $ accordingly assumes the form 

^> = al^-^(3. (10) 


where q> is deteimined by (3) and (4), and a, j3 are constants, provided 

B=-a—+S, ik{l-A} = a, ikB^a, ( 7 ,= 2 «^' . ...( 11 ) 

(Z (t 


ihl 1 

These make 

where ?=7r6^/o5. (13) 


The intensities of the reflected and transmitted waves are therefore 

— I — fl4^ 

l-\-kW^ l + kH^ ^ ^ 

If the half-wave-length be large compared with h^Ja^ we have free transmission, with 
hardly any reflection. This further iUustrates the ‘‘extreme smallness of the obstruction 
offered by fine wires or fibres to the passage of sound 


308. The dififraction of plane waves of sound by the edge of a semi-infinite 
screen, and the formation of a sound-shadow, have been investigated by 

* Eayleigh, Theory of Sounds Axt 343. 

The investigations of Arts. 306, 307 are adapted from a paper “ On the Beflection and Trans- 
missioii of Electric Waves by a Metallic Grating,” Proe. Land. Math, Boe, (1), xxix. 523 (1898). 
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Sommer feld* and, with some extensions, by Carslawf. It is to be remarked 
that the data, in this problem, involve no special linear magnitude except 
the wave-length, and that the general character of the results is accordingly 
independent of the latter. The case of normal incidence can be treated very 
simply as follows J. 

We will suppose that the screen occupies that half of the plane xz for which a) is 
positive. It is convenient to introduce the ‘ parabolic ’ co-ordinates of Hankel and others. 


We write 

( 1 ) 

or kx—^-ri\ (2) 

and therefore (3) 

if T denote distance from the origin. The curves 

const., 7;= const. 


form a system of confoeal parabolas, the common focus being at the origin. 



The co-ordinate rj may be taken to be everywhere positive, except at the two surfaces of 
the screen, where it vanishes. The co-ordinate ^ will then have opposite signs on the two 
sides of the axis of x, and will vanish over the free portion of this axis. We easily find 

dx 2 dx 2 

1 (4) 

dy 2 r ’ dy 2r' j 


The velocity-potential <f) must satisfy the equation 


d^cb d^<h , 


(5) 


the time-factor being as usual. 


The primary waves being represented by 


we seek for solutions of the types 


.(6) 

.(7) 


* “ Mathematische Theorie der Diffraktion,” Math, Ann, xlvii. 317 (1895). 

+ “Some Multiform Solutions of the Partial Difierential Equations of Physics...,” Proc. 
Lond. Math, Soc, xxx. 121 (1899). 

X The method is taken from a paper “On Sommerfeld’s Diffraction Problem, and on Beflec- 
tion by a Parabolic Mirror,” Froe. Lond, Math, Soc, (2), iv. 190 (1906). 


L. H. 


33 
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Taking the first of these, we have 



|^ + ?^+2!’.{-S^=0. 

Oy2 cy 

( 8 ) 

Ill virtue of the relations (4) this takes the form 


which is satisfied by 

c-u , . ./ cw , .du\ _ 



(9) 

^^“/($ + T7)=/(f)) 

(10) 

say, provided 



(11) 

i.e, provided 

u^A+Bp'^e'^‘^dC 

(12) 

Xow when co is large and positive we have the asymptotic formula 





( 13 ) 

Hence at a great distance from the origin, on the side of y-positive, we have 



(A +1 e'"’' + 2 ^ , 

( 14 ) 


approximately. The last term represents waves diverging from the origin. 
In a similar manner we could obtain a solution 


= + (15) 

but as this would include waves converging towards the origin, it is unsuitable for the 
present purpose. 

Again, starting from the second form iii (7), we obtain the solution 

v=C+dJ^ ( 16 ) 

together with another which is disregarded for the reason given. 

"We proceed to shew that the combination 

+ j'^~\-^^'dC ( 17 ) 

can be made to satisfy all the conditions of the question. 

In the first place, when u’ is large and negative, whilst y=0, (jb must reduce to the 


form (6). Hence, putting g = i? = oc , we find, having regard to (13), 

D^Q (18) 

Again, when y=0 and we must have 5<^/3ys=0. Making use of (4), and putting 

?]=0, we find that this condition is satisfied if 

...(19) 

Hence 

(20) 

This is equivalent to the form which Sommerfeld’s result assumes in the case of normal 
incidence^. 


For the case of oblique incidence reference may be made to papers cited on p. 513. 
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T\T2en ^ + j?, t? are both large and positive, the formula reduces to 

( 21 ) 

This refers to the region in front of the screen, at a distance to the right, the second term 
indicating complete reflection. 

When I+J7 is large and positive, whilst 77 is large and negative, we have 

( 22 ) 

approximately. This refers to the region lying well to the left of the axis of y, where 
the primary waves predominate. 

When ^+77, $ — r} are both large and negative, we have 

(^>= 0 ; ( 23 ) 

this refers to the sound-shadow behind the screen. 


On each side of the plane y=0 there is an intermediate region in which the transition 
takes place from the state of things represented approximately by (22) to that represented 
by (21) or (23) respectively. To frame a criterion for the validity of our approximations, 
we choose a quantity co such that may be regarded as large The results (21) and (22) 
were obtained on the supposition that 1 ^ - 77 [, as well as | ^-j-77 ! , is large. The boundary of 
the region in question, on the side of y-positive, is therefore found by putting — 77; = a). 
This leads, by (2), to the parabola 



whose latus-rectum is ]3roportional to the wave-length. The corresponding region on the 
side of y-negative is bounded by the x^arabola 


,, 6 

y— - 

2m 


2X-* 


.(25) 


These intermediate regions are the seat of the diffiraction phenomena which are im- 
portant in the optical analogy, but must here be passed over. It is not dififlcult to shew 
that at points near the boundary of the geometrical shadow, whose distances from the 
edge of the screen are large compared with the wave-length, the results will be in practical 
agreement with those obtained by Fresnel’s methods t. 


AtmospheHc Waves, 

309. The theory of waves travelling vertically in the atmosphere is of 
some interest as an example of wave-propagation in a variable medium 

Let the axis of x be drawn vertically upwards, and let ^ denote the vertical 
displacement at time ^ of the plane of particles whose undisturbed position 
is X. Let p and p be the corresponding values of the pressure and density, 
the equilibrium values being denoted by and po- These latter quantities 
are subject to the statical relation 


dx 


-9Po- 


( 1 ) 


* The value of m need not be more than moderately large. If, for instance, we put m = 6, the 
error in the approximation does not amount to more than 10 per cent. 

t See the paper quoted. The diffraction of a ‘solitary wave’ is discussed by the author in 
Proe. Lond, Math, Soc. (2), viu. 422 (1910). 

t The question has been treated by Poisson, l,c. ante p. 468, and Eayleigh, “ On Vibrations 
of an Atmosphere,” Phil, Mag, (4), xxix. 173 (1890) {Papers, iii, 335]. The investigation in the 
text appeared in the Proc, Lond. Math. Soc. (2), vii. 122 (1908). 


33—2 
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The dynamical equation is 



and the equation of continuity is 



If we ignore conduction and radiation of heat, the values of p and p at 
any point are connected by the ‘ adiabatic ’ relation 

2>/Po= (p/PoK W 

where 7 denotes the ratio of the two specific heats. Hence, to the first order, 

a? 

p_j9„ = -7p„^ (o) 

Substituting in (2), we find 

■F-'-Si-ws 

provided c" = ryp,/p,, (7) 

i.e. c denotes the (usually variable) velocity of sound con*esponding to the 
properties of the medium at the plane iv. If if denote the height of the 
* homogeneous atmosphere ’ corresponding to the temperature at this plane, 
we have 

= ( 8 ) 

If the equilibrium temperature is aniform, H and c are constants, and 

( 9 ) 

It is convenient to take IS as unit of length, and to adjust the unit of time 
so that c= 1. On this convention we have 

Po-Ce-2^ (10) 

.Bd , (11, 

If we write (12) 

this 'becomes ^ ^ „ n 3) 

In the case of simple-harmonic vibrations, the time-factor being we 
have, if > 1, 

U = jie^*-HV(orS~u X 

the first and second terms representing wave-systems which are propagated 
downwards and upwards respectively. 

When or- < 1, we have 

( 15 ) 

Each term represents a standing vibration such as would ultimately be 
established in consequence of the continued action of a simple-harmonic 
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source, the two terms applying respectively to the regions below and above 
the source. 

Hence the disturbance due to a prescribed vibration 

i = (16) 

maintained at the plane a; = 0 will he given by 

f = [<r=>l] (17) 

or f = eti¥v/a-<r2)i* _ girf [o-2 < 1] (18) 


where the upper or lower sign is to he taken according as a; 5 0. 

Again the disturbance due to a periodic force concentrated on an 


infinitely thin stratum at a; = 0 is found to be 

27 (<^ - 1) ^ [<^>1] (19) 

or 1= (20) 

provided the density at a? = 0 be taken as the unit of density. To verify this 
we remark that, in terms of our present units, the formula (5) becomes 

p_p„ = _e-2»|| (21) 


The formulae (19) and (20) accordingly give, for the difference of pressure 
on the two sides of the plane ^ = 0, the value It will be noticed that 
the amplitudes given by (19) and (20) increase indefinitely as a approaches 
the critical value unity. In general units the critical value of a is c/2H 
and the corresponding period is 4i7rElc. For air at ordinary temperatures 
this is (very roughly) about 5 minutes. 

It appears from (14), on restoring the general units, that in a progressive 


train of waves of length 27r/Ar we have 

f cos (at — kx), (22) 

with 0-2 = 4- (23) 

The wave-velocity is therefore 

® 's/(^ WW^ 


This varies with the frequency, but so long as the wave-length is small com- 
pared with 47rS, it is approximately constant, differing from c by a small 
quantity of the second order. The main effect of the variation of density is 
on the amplitude, which increases as the waves travel upwards into the rarer 
regions, according to the law indicated by the exponential factor in (22). 
This increase might have been foreseen without calculation; for when the 
variation of density within the space of a wave-length is small, there is no 
sensible reflection, and the energy per wave-length, which varies as 
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(a "being the amplitude), must therefore remain unaltered as the waves 
proceed. Since p^x this shews that ax 

It is easily verified that the mean energy per unit volume in the train (22) is 

}jp(j^ar^ (2^) 

where p is the density at ^ = 0, and t-hat the rate of propagation of energy is 
equal to the kineniatical group- velocity 

^ ^ - _ ■ 

dk'^ + * ^ ^ 

To find the free motion com^eqnent on arbitrary initial conditions we start with the 
typical solution* 

w= P ik) cos + 

of the equation (13). This makes 

u=^A{k), [i^O] (28) 

Generalizing by Fourier’s theorem, we have 

«= r A (0 cos ^'(Z-2+l) i . e<^^dl-+ r B et^’^dk, (29) 

j -X j ~x 

where = f(a)e’~'^‘»-da, F(a) e'-^^‘^da (30) 

This satisfies (13) and makes 

Cll 

■a=f{X), j^=F{x), [«=0] (31) 

As an example, let us suppose that there is no initial displacement, but that an initial 
momentum is concentrated in the neighbourhood of the plane J7=0. We have then 
/(j?)=0, whilst F{x) is sensible only for infinitesimal values of x, for which it becomes 
infinite in such a way that 

j F(a)da=^lf (32) 

say. If the density at the plane x=0 he taken as the unit of density, this makes 
the impressed momentum to be unity (per unit area of the plane). Hence A(>^)=0, 
B(k)=l/27r; and 

“ 2«-j_, ® v'(-t2+l) 

The integral can be evaluated. We have, by a change of variable, 

1 

“ ~ ^ / shi (^ cosh &j -i- ^ sinh o>) dco. 

If we write 

/ = - j^) cosh X-) sinh ft co + ^ == ©', 

and obtain 

«=^ sin{V(f--^)coah<D'}da.'=4Joy(«2-.-s2)}^ (34) 

by MehleFs formula (Art. 194 (7)). 

On the other hand, if we write 

i = - 1-) sinh ft X — cosh © ± ^ 

* The method is similar to that adopted by Pomcar4 in the case of the ‘4quation des 
tel^apMstes’ ; see his TMorie analyUque de la propagation de la chalmr^ Paris, 1895, c. viii. 
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I /*«= 

and obtain 24 = — / sin {^J — t^) sinb co'} dca = 0 .(35) 

^TT J 

The disturbance does not reach the position x until after the lapse of a time ±x, 
and the subsequent displacement is given by 

(36) 

or, in terms of general units, 

^~2V(poPo')'^i 2E r - ' 

where po is the density at the position x, and po the density at the place (.r=0) where the 
unit impulse was applied. The structure of this formula is in accordance with a well known 
law of reciprocity^. It wiU be observed that the displacement ^ at any point does not 
remain constant after the wave has passed it, as it would in the case of a uniform medium, 
but fluctuates in sign with a continually decreasing amplitude. There is, moreover, a 
tendency to a definite periodicity in these fluctuations ; viz. the period tends to the limit 
27r, or 4:7rHjc in general units. 

The verification of the conservation of momentum in this problem may be noticed. 
Consider the linear moment {'S.nix), with respect to the plane ^=0, of the mass of air 
included between the upper and lower boundaries of the wave-system. As compared with 
the equilibrium state, this has been increased by 

j e~^JQ{>J(t^—x^)}dx=j^cQshxJQ{J{t^-x^)}dx. ......(38) 

It may be shewn that this definite integral is equal to t f. Differentiating, we verify that 
the total momentum is unity. 

310 . Let us next suppose that the temperature, instead of being uniform, 
diminishes upwards with a uniform gradient. This implies an upper boundary 
to the atmosphere, and it is convenient to take the origin in this boundary and 
to measure 00 do'wnwards. Accordingly, if 6 q be the equilibrium temperature 
(absolute), we write 

= (39) 

where 0 is the uniform temperature gradient. Since yjo. po, ^0 connected 
by the relation 

Pq=^ Rpodfi, (40) 

, 1 dpo 1 dpo 1 ddo ffpo 

we have . — 

Po dx Po ax &o ax p^ x 

provided m = — 1 (41) 

Hence po^x'^, p^^x^\ (42) 

In the case of an atmosphere in ‘convective equilibrium J,’ where 

* See Proc. Lond. Math. Soc. (1), xix. 144. 
t By direct multiplication of series we find 

^2 fi 

cosh (t cos 6) Jq (t sin d) = 1 + ^ P2 (cos d) + P4 (cos 

whence / ^ cosh {t cos 6) Jq {t sin d) sin 6d$=l, 

by Art. 87 (8). The expansion is due to Hobson, Proc. Lond. Math. Soc. (1), xxv.^66 (1893). 

X Sir W. Thomson, Manch. Memoirs (8), ii. 125 (1862) [Papers, iii. 255], 
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we have mj = m + 1, or 

(43) 

y — 1 Yib 

If ^=g-R we have }?i = 0, and the density is uniform. This condition, 
however, like all others in which 'iifi has a smaller value than that given 
by (43), would become unstable if the restriction to vertical motion were 
abandoned. 


If we reverse the sign of a; in (6), we have 


where 


(f-ypo/pa = yR^«!- 


,(44) 

,(45) 


Now’ let us write 




so that T denotes the time which a point moving always with the local velocity 
of sound would take to travel from the top of the atmosphere to the position x 
(cf. Art. 185 (5)). If in (44) we replace x us independent variable by r, we get 


2ot + 1 3| 

dt^ dr r dr ’ 


,(47) 


-where m has the value given in (41). 


In the case of simple-harmonic vibrations (e^‘), we have 

p + (48) 

9t® t dr 

the solution of which is 

^ ^ {AJ^(<rr) ^ BJ-yriicrr)} ...(49) 

It appear from (5), (42), (45), and (46) that 

p-Po^Po^^<^ ^ ; ( 50 ) 

and in order that this may tend to the limit 0 for ^ = 0 we must have B = 0. 
The solution corresponding to a vibration 

^ = (51) 

maintained at the plane for which r = ti, is accordingly 

(52) 

For large values of ar we have 

foe ^^cos (err — Irn- - -^rnTr) (53) 


Hence (52) represents a standing oscillation due to superposition of two wave- 
trains of equal amplitude, travelling upwards and downwards respectively. If 
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Air, At be the changes in x and r corresponding to a wave-length (X), we have 

X = Ax = . At = 'TT'yjR^r/o* — 27rc/cr, (54) 

as we should expect. 

The expression (52) becomes infinite when 

= 0 (55) 

This determines the periods 27r/<7 of free oscillation of the air lying above a 
fixed rigid horizontal plane for which r = Ti*. 

311. Proceeding to the general (three-dimensional) case, suppose that we 
have a gas subject to a constant field of force (X, T, Z\ We have then, in 
the undisturbed condition, 

dx 

The equations of small motion are, in the ‘Eulerian’ notation, 
du 9n , ^ dv dp dw dp ^ 

Dp (du . 9r ^ 

K ® 

We will assume, for the most part, that the variations of pressure and 
density for any particle are connected by the adiabatic law 

Dt ^ Dt^ 

where, as in Arts. 278, 309, 

c-==7^}o/po = 7^£o> --‘(o) 

i.e. c is the (variable) velocity of sound corresponding to the equilibrium 
temperature at the point {x, y, z). 

If we write p=po+p\ p = po + p', (6) 

and continue to neglect small quantities of the second order, we have 

■■■« 

® 

Again, from (4) and (3), 

I + ,. (X. + y. + z») - P.O. (g + 1 + g) (9) 

Eliminating p' and p between (7), (8), and (9), we obtain 

d-u d ( ^fdu dv dw\ J 

- ¥x r"' fe + ^ 

^ p(p,zt) ^ d{p<,v) 3(poW) | 

( dx dy dz j ‘ ^ ^ 

with two similar equations. 

* For an investigation of the effect of arbitrary initial conditions see the paper by the author 
cited in the last footnote on p, 515. 
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Ws will now suppose that the forces %,Y, Z have a potential, in which 
case the equilibrium pressure po will he a function of po, say 

jt>o=/(Po) 

BE0QC0 

and therefore 

i ^0 (Z„ + 7« + = X ^ (13) 

p0 diV ^ \po dx po 01/ po uz } 

The equation (10) may therefore he written 

d f fBu , dv dio\ ^ ,17'.. ^,,,1 

dt fia) { \?a? dy dz j j 

+ }!d^ f"' {(£ “^ S + S)} 

The disturbed motion is therefore not in general irrotational. If, however, 
in the undisturbed state the distribution of temperature be such that the 
atmosphere is in convective equilibrium, so that j3o varies as po^, we have 

fipo)^ypolp^==o% 

and the second line of (14) disappears. The three equations of the type (14) 
are then satisfied by 

d<j> d<j> d(j> p-x 

‘ — i- ’—at 

provided ”g|-0'V>+(zg + F| + zg) ( 16 ) 

The same conclusion holds if the equilibrium state be one of uniform 
temperature, provided we assume that the expansions are also isothermal. 
The wave-velocity c is then a constant. 

Th^ results are of course more readily obtained if we introduce the special hyx^othesis 
from the outset. If we assume that the pressure and density remain connected by the 
same law (11) as in equilibrium, we have, in place of (4), 

i>'^p7'(/>o)=-cV (17) 

The equations (7) may therefore be written 

^dt 

in Yirtoe of (12). Hence 

£f=_i/£'\ «?=_!/■/) no\ 

dt cx\po/'‘ Si ^Vpu/’ ?i csVpo/ ■* 

These have the irrotational solution (15), with 

, deb 

P=P<^Tt (20) 

Eliminating p* an(i p’ between (8), (1“), and (20), and making use of (12), we obtain the 

equation (16). 

In either of the two special cases referred to, .steady rotational motions 



311-312] 


General Equat ions 


523 


are also possible, since if ^ be the components of vorticity we have, 
by (19), 

a? 


?l = o ^ = 0 

dt ’ dt ’ 


dt 


= 0 . 


.( 21 ) 


So far the motions contemplated have been ' free/ in the sense that no 
forces are operative except those of the field. In the case of a small dis- 
turbing force whose potential is O a term — pod^^ljdxdt is to be added to the 
right-hand side of (18). The equation (20) is then replaced by 

fd(f> 


and we have 




P =Po 


\dt 


-n 


^ yAX + AX 




dt ‘ 


.( 22 ) 

.(23) 


312. When the field is that of ordinary gravity, and the motion is in two 
dimensions, we have, if the axis of y be drawn vertically upwards, 

Z = 0, Y=-g. 2 = 0 (1) 

Since poj Po> functions of y only, the equations of the type (10) of 

Art. 311 give 


dx \dx dyj 


dv 


/du dv 


.( 2 ) 


dt^ 

d^v ^ 9 fdu , dv\ ^ du 

dt^ dy \dx ^ dy) ^ dx [,dx dy. 

where, in the second equation, the relation 

d (po 0") d)pQ 

= 

has been made use of. These equations may easily be established inde- 
pendently. 

j . du dv 

li now we wnte ^ ^ 

we have, from (2), 


.(3) 




di- 

dt- 


d(<f) 

dy 


» — + (■>'-'> S' 


du ^ 

dy 

(4) 

1 dv d^ 

^dy-^du>' 

(5) 

J dx’ 

(6) 


where 


Vi2==:9V0iK"4-9Vi 

The latter equation shews again that motion of an irrotational character 
is impossible unless either 

c = const., 7 = 1, 

which is the case of uniform temperature with (moreover) isothermal ex- 
pansions, or 

d{(f) , 

-^r— 


(T) 
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which is that of convective equilibrium. In these special cases steady 
rotational motions are also possible, as already stated. This was to be 
anticipated, since either state is, under the respective condition, one of 
neutral equilibrium. 

In the case of an atmosphere whose equilibrium temperature is uniform 
the equations ( 2 ) are satisfied by 

iizs e y (ct — 2 ; = 0 (8) 


This represents a system of plane waves travelling horizontally, as is evidently 
possible, since the wave-velocity c is now independent of the altitude. Since 
Po now varies as it follows from (3) and (4) of Art. 311 that, as regards 

dependence on y, DpjBt varies as The solution ( 8 ) therefore satisfies 

the condition of zero variation of pressure in the upper regions of the atmo- 
sphere where y = oc . The expansions have been supposed as usual to be 
adiabatic. If variation of temperature be neglected we must replace 7 by 
unity. 

As regards the irrotational motions in the two special cases, the velocity- 
potential satisfies the equation 




.(9) 


as appears from Art. 311 (16), or independently from (2) above. 


313. In the case of convective equilibrium it is convenient to take the 
origin in the upper limit of the atmosphere, as in Art. 310, and to adopt 
the doimward vertical as the positive direction of y. This comes to changing 


the sign of y in our equations. Thus 

c==(7-l)yz/ = 2. (10) 

and a cc (11) 

where m = / 1 


Leaving aside the steady rotational motions which we have seen to be 
possible we have now^ — 

d^<f> _ d6 

(13) 

To examine the ease of waves propagated horizontally we assume that 

<f} QC Hence 


9 “^ d<j> (m<r r \ j « 

+ 

Appljdng this to the case of an atmosphere resting on a horizontal plane 
{y = h) we multiply by and integrate between the limits 0 and h. The 
result is 




( 15 ) 
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if we assume that y’^d^jdy vanishes at the upper as well as at the lower 
boundary. 

The most important case is where the wave-length ^Trjh is large compared 
with h, and the motion is moreover mainly horizontal Under these conditions 
we may, as a first approximation, neglect the variation of ^ with y in the 
integral This makes 

(T Ji/h / 

( 16 ) 

gk m + 1 

Denoting by the ' reduced height ’ of the atmosphere, i.e, the height to 
which the atmosphere would extend if the density were uniform and equal 
to that of the lowest stratum, we have 

= = 

by (11). The velocity of propagation of long waves is accordingly 

<rlk = (gH,)i (18) 

This may be compared with the isothermal case, to which the formula (4) of 
Art. 278 relates. 

The equation (14) may be treated more systematically as follows. If we put 

( 19 ) 

it becomes 

(l-^) ^■’^=0 (20) 

If we write m ^1 — (21) 

the solution which is finite for y==0 is 
' 1 '=^ 

in the notation of Dr E. W. Barnes* The remaining solution is of the form 

m 

where w stands for the series in (22). Kow by Art. 311 (20) we have 

+ ® -PO (o^<b+ff ^)= - Poe->^ (24) 

The formula (23) makes dyk/cg vary as when g is small, whilst po varies as g^. Hence 
DpjDt will not vanish at the upper limit of the atmosphere unless ^=0. 

The condition that d<pldg^0, or 

(25) 

for g=h now gives 

“ 1^1 (a+1 ; m+1 ; 2kk)^iFi (a; m; 2kk) (26) 

This determines a when the wave-length 2wlk is given ; and the value of cr then follows 
from (21). 


See Gamh. Trans, xx. 253, where references to other papers are given. 
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A complete discussion of this equation is out of the question, but the limiting form to 
which the most important root tends as the wave-length is indefinitely increased is easily 
ascertained. When kk is small a first approximation is 2a/wi=l, and a second is 


Ttl 



m+2 
m + 1 



Ml 


,(27) 


leading, again, to the result (16). 

Again, from (19) and (22), we have, approximately, 



whence - ikA, 


the factor being of course understood. Since the ratio of 'V to u is of the order hh 

the motion is mainly horizontal, as was before prorisionally assumed. The type of waves 
at present under consideration have therefore somewhat the character of ‘ long ’ waves in 
canals (Art. 169). 

The remaining solutions of (26), when kh is small, involve finite, as distinguished from 
infinitely small, values of akL They approximate to the character of waves propagated 
vertically (Art. 310). 


AVhen the temperature diminishes upwards less rapidly than in convective 
equilibrium the steady rotational motions which have been referred to are 
replaced by oscillatory motions whose period is comparatively long* when the 
difference of gradient is slight. At the same time the velocity of propagation 
of long waves somewhat exceeds the value (18). If the temperature diminishes 
upwards at a greater rate, the equilibrium, as already stated, is unstable^. 

To illustrate the case oi forced tidal oscillations we may put, as representing 
the disturbing potential of a distant body, 

fl = (3Q) 


where the values of cr and h are now prescribed. The equation (14) is now 
replaced by 


Putting 
we have 


5-6 o<h 

y ----A -b m ^ + 




vma 


gk 

(f> = e~^ yfr, 


9 


n. 


(31) 

.(32) 



4- (m - 2ky) ^ 




imaC 

9 


Qi{<Tt—Tcx) 


...(33) 


The solution consistent with the vanishing of BpjDt at the upper boundary is 
lo-kG 

^ (1 + {a; m; 2ky)}, (34) 

where a is defined by (21). The condition that d<f>ldy = 0 fox y=h gives 

A |~ijP|(a + l; ?/i + l; 2M)~-Ijpi(a; m; 2kh)^==l, (35) 

and so determines A. 

* For a further diseusaion of these points reference may be made to a paper On Atmospheric 
Oscillations,” Froc. itoy. Soc. A, Ixxxiv. 551 (1910), from which the preceding discussion is (with 
some simplifications) derived. 
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The only case of interest is where hh is small We have then, on developing 
the series, 



approximately, where Hi is the reduced height of the atmosphere. 


With a view to illustrating the case of atmospheric tides, we must sup- 
pose a to be comparable with the earth's angular velocity of rotation, and the 
wave-length 2irjk comparable with the earth's circumference. Hence 
will be small, and 




1 

kHi — crjgk^ 


(38) 


approximately. This becomes very great when the period is nearly coincident 
%vith a free period of the corresponding type. 


The work requires revision when cr^ = gk^ but it will be found on ex- 
amination that no real singularity arises. The case is moreover hardly a 
practical one. 


314. The theory of such questions as the large-scale oscillations of the 
earth's atmosphere is still very imperfect. One special difiSculty is that of 
taking account of the physical conditions which prevail in the upper regions. 


The results of Arts. 312, 313 indicate that in the slower modes of oscilla- 
tion the motion of the air will be mainly horizontal. Taking first the case 
of an isothermal atmosphere surrounding a globe at rest, and subject to an 
isothermal law of expansion, the equation (16) of Art. 311 becomes, in terms 
of polar co-ordinates r, 6, <^, 

20<I> 1 3 ^ _1 ^ 

3if- ^ I 3r- r dr r^sinddO V ^ dd) r- sm^ 6* ^ dr ' 

( 1 ) 

the velocity potential being now denoted by <I>. If, guided by the result (8) 
of Art. 312 (with 7 = 1), we neglect the radial motion, and put r = a (the 
radius of the globe), we^have, in the case of simple-harmonic vibrations, 


cM 1 3 / . 1 8^0 ] 

Or |sin 6 dd V ^ dO ) ^ d<f>^) 


+ 0 - 2 ( 1 ) = 0 . 


( 2 ) 


As in the problem of Art. 199, <I> will, in any normal mode, vary as a surface- 
harmonic of integral order n, whence 

a-a^/(f = 7i{n + l) (3) 


The interpretation follows the same lines as in the Art. referred to. The 
condensation (s = c'^d4>jdt) corresponds to the ^jh of that Art., whilst takes 
the place of gh. Since we now have (f=gH, where H is the height of the 
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honiogeiieous atmospliere, it appears that the free oscillations follow the same 
laws as those of a liquid ocean of uniform depth H covering the globe*. 

In the ease of a disturbing potential whose surface value is ^ harmonic 
of order n, a term dD,nldt or is to be added on the right-hand side of (1), 
and the forced oscillation is given by 


<1) = - 


icT 

<r — n{n-\’V) G^ja^‘ 


(4) 


The proportional variation of pressure is, by Art. 311 (22), 
2 _ 1 (0^ g ^ _ riin + l) ^ 

po *V craP-7i{n + l)d‘'~'^’ 


(5) 


whereas the ‘equilibrium’ value, corresponding to cr = 0, is — 0„/c-. The latter 
is, in cases of tidal action, a very minute quantity. 


For niimericai illustration we may put 

c== 2*80 X 10^ cm./sea, 2jra = 4 x 10® cm. 

In the cases n=l, n=2 this gives, by (3), free periods of 28-1 and 16-2 hoiirs, respectively, 
for a temperature of 0° C. For a temperature of 15° C. the periods would be 27 ‘4 hours 
and 15‘8 hours. 


315. The hypothesis of convective equilibrium, with (for consistency) 
adiabatic expansion, lends itself with equal ease to calculation, and in spite 
of its somewhat artificial character gives probably a better representation 
of actual conditions. Mathematically, it has the advantage of the definite 
conditions at the upper boundary. 


The equation (1) of the preceding Art. \vill still apply, provided it be 
remembered that now varies with the depth below the upper boundary of 
the atmosphere. ALSSuming that the velocity potential varies as a spherical 
harmonic of order n, we have, in a free oscillation. 


I dr^ r 3r 


)i (n + 1) 


$ 



+. 0-2<I) = 0. 


( 1 ) 


The depth h of the atmosphere is assumed to be small in comparison with 
the earth’s radius. Hence, putting r = a — z, where a refers to the outer 
boundary, and writing 

d‘=gzfm .■ (2) 


in conformity with Art. 313 (10), we find 

B(a + l)a |^ 

\ g f 






since (f/a may be neglected in comparison with g. Hence 


Jo IT" 


M (» + 1) z:’ 


m) 


j^fl[a = 0. 


(3) 

(4) 


Eayleigh, Lc* ante p. 515. 
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Neglecting now, as in Art. 313, the variation of ^ with ^ in the integral, 
we have 

__ 71 (n 1) h 

g (m + l)a^' 

or, if ITi = hj{m + 1), 

o-2 = n(ra+l)^' (6) 

a- ^ 

A more rigorous treatment could be applied, exactly as in the Art. referred to. 

The free oscillations are therefore analogous to those of a liquid ocean 
whose depth is equal to the reduced depth of the atmosphere. 


316. This analogy still holds when we proceed to the case of a rotating 
globe. If, for a moment, we suppose the axis of -sr to coincide with the axis 
of rotation, whilst the axes of x, y revolve with the angular velocity of the 
globe, the equations (7) of Art. 311 are replaced by 


Po 


Po 


po 


diL 

dt 

dv 

Jt 

dw 

¥ 


’ 2(ov 


\=J1. 




^ '7 9-^- 


90 




■ 0 ) 


provided the centrifugal force be supposed included in (X, F, Z). The 
symbols u, v, w here denote apparent velocities, i.e, velocities relative to the 
rotating globe. For the sake of generality, terms have been introduced to 
represent the effect of disturbing forces, whose potential is O. The equation 
of continuity is unaltered in form. 


Proceeding as in the Art. referred to, we have 



d^u dv dP 

d^v ^ du dP dHv dP 

(8) 

where 

11 

+ 

dw\ „ _ _ 9fl 

^ j + Xu + Yv +Zto — 

(9) 


If we now change the meaning of our symbols, taking u to be the velocity 
along the meridian, v that along a parallel, and w that along the vertical, we 
have, in analogy with Art. 213 (5), 


d^ti 


O A 

- 2cw cos U • 
ut 


dP d‘^v ^ du n cv 'A 

^ + 2q 7 — cos t' -f 2a)W sin d ■■ 

rdu dv dt 

d-w o * /I 


dP 




where 6y cf) denote co-latitude and longitude, respectively. 


In the application to tidal motions various simplifications can be intro- 
duced,* as in the discussion of the oceanic problem (Art. 213). In particular, 
L. H. 34 
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we assume that P may be regarded as independent of r, and consequently 
that the horizontal velocities u, v are sensibly the same for all particles in 
the same vertical. Now putting r= a — z, we have, in polar co-ordinates, 


asind (3^ 


■[— (« sin^) -h 


3<i 


„ dv} dfl 


( 11 ) 


If we put C" = gsjm, multiply by .s’" and integrate with respect to z between 
the limits 0 and h, we find 


, gEi id, ■ 

' = (« sin d) + ^ 
asin^ (8 p Of 


■ dt ’ 


on the supposition that z’“ w vanishes at both limits. The 
vdth (12) leads to a determination of w as a function of z. 


( 12 ) 

comparison of (10) 
Of. Art. 313 (29). 


The equations, as simplified, now stand as follows ; 

dP 


d-u „dv 


- o3w 


dP 


a sin 0d<p ’ 


...(13) 


where P is given by (12). If we put 

P— jg, Q— sf (U) 

these equations become equivalent to those found in Art. 214 for the case of 
an aqueous ocean of uniform depth. The theory of the oceanic tides on a 
rotating globe, discussed in Chap. VIIL, can therefore be at once applied to 
the gravitational tides of an atmosphere of the type here considered. 

Some calculations of free periods of an isothermal atmosphere have been 
made by Margules*. He assumes a temperature of and (virtually) 

a = 2*84 X 10^ cm./sec. for the velocity of sound. His results may also be 
interpreted as the periods of an aqueous ocean whose depth is 7980 metres, 
or 26,240 ft., provided we neglect the mutual gravitation of the water. 

For the first three oscillations of zonal tjrpe (5 = 0 in the notation of Art. 
223) which are symmetrical with respect to the equator he finds periods of 

12*28, 7*88, 6*37 

sidereal hours ; and for the first three asymmetrical modes 

20*44, 9-59, 6-67. 


The results for symmetrical oscillations of sectorial type (5=1) are given 
in pairs, corresponding to waves travelling E, and W., respectively, relatively 
to the rotating globe ; thus 



* Wiener Sitzber,, Math. nat. wiu, Classe, ci. 597 (1892) and cii. 11 (1895). The author is 
indebted for these references to Prof. S. Ohapman. In the second paper quoted free periods are 
calenlated for a series of values of 2ir/w other than 24 hours; these include examples of the type 
referred to at the end of Art, 206. Both papers include a discussion of the modihcation intro- 
duced by frictional forces varying as the velocity. 
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11*941 

For the tesseral type (s= 2) he gives 

These results may be compared with those obtained by Hough (see 
pp. 328, 329), for an ocean of depth 29,040 feet, except that they do not allow 
for mutual attraction. Cf. also Arts. 210, 212. 

Having regard to possible exaggeration by ‘resonance/ it is a matter of some interest to in- 
quire whether the atmosphere may have a free period nearly equal to 12 lunar or solar hours. 
We notice that Margules finds, for the most important free oscillation having the same general 
character as a semi-diurnal tide-wave, a period of 11*94 sidereal hours, on the assumption 
of a uniform temperature of O'" C. Again, Hough in his researches on tidal theory, finds 
that the depth h of an ocean for which the period is exactly 12 sidereal hours is given by 

ghlAcio^a^ — 0*10049. 

This is evaluated at 29,182 feet. It is to be remarked however that in the calculation the 
mutual attraction of the disturbed fluid was taken into account, whereas in the aerial 
ocean this influence must be quite insensible. Allowing for this, and calculating for a 
period of 12 mean solar hours, it appears that 

^A/4a>%2=0*08911, 

or A= 25,710 feetf. The mean temperature of the air near the earth’s surface is usually 
estimated at 15'’ C., which gives Hx = 27,640 feet. Without pressing too far conclusions 
based on the hypothesis of an atmosphere uniform over the earth, and approximately 
in convective equilibrium, we may assert with some probability the existence of a free 
oscillation of the atmosphere, of semi-diurnal type, with a period not very different 
from, but somewhat less than, 12 mean solar hours. 

As a matter of observation the most regular oscillations of the barometer have solar 
diurnal and semi-diurnal periods, whilst the corresponding lunar tides are almost insensi- 
ble J. The amplitude of the solar semi-diurnal oscillation at places on the equator is about 
*937 mm. or *0375 in., whilst the amplitude given by the ‘ equilibrium ' theory of the tides 
is only *00043 in. Some numerical results given by Hough in illustration of the kinetic 
theory of oceanic tides would indicate that in order that this amplitude should be increased 
by dynamical action some eighty- or ninety-fold, the free period must differ from the 
imposed period by not more than 2 or 3 minutes. Since the difference between the lunar 
and solar semi-diurnal periods amounts to 26 minutes, it is quite conceivable that the solar 
influence might in this way be rendered much more effective than the lunar. There remains 
however the difficulty that the phase of the observed semi-diurnal inequality is accelerated 
instead of retarded (as it would be by tidal friction) relatively to the sun’s transit. 

The observed oscillations have been ascribed by Kelvin to a different cause, viz. to the 
daily variation in temperature, which, when analysed into simple-harmonic constituents, will 
have components whose periods are respectively ... of a solar day. It is very 

remarkable that the second (viz. the semi-diurnal) barometric oscillation has a considerably 
greater amplitude than the first. It has been suggested by Kelvin that the explanation of 
this pecxiliarity is to be sought for in a much closer agreement of the period of the semi- 
diurnal component with a free period of the earth’s atmosphere than is the case with the 
diurnal component §. 

* lx. ante p. 330. t See the paper cited on p. 526. 

X Thus Chapman finds an amplitude of *00036 in. of mercury for the lunar semi-diurnal 
atmospheric tide at Greenwich (Q.J.B. Met. Soc.j xliv. 271 (1918)). 

§ Kelvin, “On the Thermodynamic Acceleration of the Earth’s Eotation,” Proc. E. S. Edin. 
xi. (1882) [Papers, iii. 341]. The forced tides due to variation of temperature were discussed by 
Margules, Wiener Ber. xcix. 204 (1890). A translation of this paper is included in a collection 
edited by Prof. Cleveland Abbe under the title “Mechanics of the Earth’s Atmosphere,” Smith- 
sonian Miscellaneous Collections^ Washington, 1891. 
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CHAPTER XI 


VISCOSITY 


317. The main theme of this Chapter is the resistance to distortion, 
known as ^ yiscosity ’ or ‘ internal friction,^ which is exhibited more or less by 
all real fluids, but which we have hitherto neglected. 

It will be convenient, following a plan already adopted on several occasions, 
to recall briefly the outlines of the general theory of a dynamical system 
subject to dissipative forces which are linear functions of the generalized 
velocities^. This ■will not only be useful as tending to bring under one point 
of view most of the special investigations which follow ; it will sometimes 
iudicate the general character of the results to be expected in cases which are 
beyond our powers of calculation. 

We begin with the case of one degree of freedom. The equation of motion 
is of the type 

aq + hq-^cq-Q ( 1 ) 

Here q is a generalized co-ordinate specifying the deviation from a position 
of equilibrium ; a is the coeSJcient of inertia, and is necessarily positive ; o is 
the coefficient of stability, and is positive in the applications which we shall 
consider; & is a coefficient of friction, and is positive. Since the terms on 
the left-hand side of (1) are differently affected by changing the sign of t, the 
motion of a system subject to an equation of this type is not reversible. 


If we put T = V—^cq^ F (2) 

the equation may be written 

|(T + F) = -2F+Q^ (3) 


This shews that the energy T + F is increasing at a rate less than that at 
which the extraneous force is doing work on the system. The difference 2F 
represents the rate at which energy is being dissipated; this is always 
positive. 


In free motion we have 

aq’\‘hq-\-cq = 0 .(4) 

If we assume that q oc eM, the solution takes different forms according to the 
relative importance of the frictional term. If 6^ < 4ac, we have 


X = 



,(5) 


* For a fuller aeoonnt of the theory reference may be made to Eayleigh, Theoi'y of Sound, 
m. iv., v.; Thomson and Tait, Natural Pkilo$opky {2nd ed.), Arts. 340-346; Bonth, Advanced 
Migid Dynamics, cc, vi., vii. 
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or, say, \ = - ± (6) 

Hence the full solution, expressed in real form, is 

q — cos (cr^ -f e), (7) 


where A, e are arbitrary. The type of motion \vhich this represents may 
be described as a simple-harmonic vibration with amplitude diminishing 
asymptotically to zero, according to the law The time t in which the 

amplitude sinks to l/e of its original value is called the 'modulus of decay’ 
of the oscillations. 

If b/2a be small compared with (c/a)^, 6“/4ac is a small quantity of the 
second order, and the ' speed ’ cr is then practically unaffected by the friction. 
This is the case whenever the time (27rT) in which the amplitude sinks to 
of its initial value is large compared with the period ( 27 r/cr). 

When, on the other hand, ¥ > 4ac, the values of X are real and negative. 
Denoting them by — oci, — az, we have 

q = -f (8) 

This represents 'aperiodic motion’; viz. the system never passes more than 
once through its equilibrium position, towards which it finally creeps 
asymptotically. 

In the critical case ¥— 4ac, the two values of X are equal; we then find 
by usual methods 

q=^{A^Bt)e-'^\ ( 9 ) 

which may be similarly interpreted. 

As the frictional coefficient h is increased, the two quantities ai, Og become 
more and more unequal ; viz. one of them {a^, say) tends to the value 6/a, 
and the other to the value c/6. The effect of the second term in (8) then 
rapidly disappears, and the residual motion is the same as if the inertia- 
coefficient (a) were zero. 


318. We consider next the effect of a periodic extraneous force. 
Assuming that 

( 10 ) 

the equation (1) gives q = ^ ^ (11) 


If we put 


— = R cos €i, ™ sin Ci, . 

c c 


where Ci lies between 0 and 180°, we have 

Q * 

Taking real parts, we may say that the force 

Q = <7 cos {crt + e) 


(13) 

,( 14 ) 
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will maintain the oscillation 


g = ^ cos (<rt + e — ej). 




it is easily found that if < 2ac the amplitude is greatest when 


acj 


G /a\i 


its value then being ^ — i ..(18) 

In the case of relatively small friction, where b^/%ac may be neglected as 
of the second order, the amplitude is greatest when the period of the 
imposed force coincides with that of the free oscillation (cf. Art. 168). The 
formula (18) then shews that the amplitude when a maximum bears to its 
' equilibrium-value" (0/c) the ratio (ac)i/6, which is by hypothesis large. 

On the other hand, when > 2ac the amplitude continually increases as 
the speed a diminishes, tending ultimately to the ‘ equilibrium- value ’ C/c. 

It also appears from (15) and (12) that the maximum displacement follows 
the maximum of the force at an interval of phase equal to w^here 

T 

tan6a=~ , (19) 

If the period be longer than the free-period in the absence of friction this 
difference of phase lies between 0 and 90"^; in the opposite case it lies 
between 90'" and ISO"". If the frictional coefficient h be relatively small, the 
interval differs very little from 0 or 180°, as the case may be, unless c be 
very nearly equal to the critical speed {cja)^. For the critical speed the 
phase-difference is 90°. 

The rate of dissipation is the mean value of which is easily found 
to be 

hQ^ 



This is greatest when cr=^(cla)^ exactly. 

As in Art. 168, when the oscillations are very rapid the formula (11) 
gives 

q^-Qja^a, ( 21 ) 

approximately ; the inertia only of the system being operative. 

On the other hand when o- is small, the displacement has very nearly 
the equilibrium- value 

q^Qh ( 22 ) 
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319. An interesting example is furnished by the tides in an equatorial 
canal 

The equation of motion, as modified by the introduction of a frictional 
term, is 







X, 


( 1 ) 


where the notation is as in Art. 181 f, a denoting the earth's radius. 

In the case of free waves, putting X = 0, and assuming that 

^ oc (2) 


we find 


-h jjiX H- — 0, 


whence X = — ± i (3) 

If we neglect the square of ya/Arc, this gives, in real form, 

^ = Ae~^^* cos [k {ct ± a(j>) -j- e} (4) 


The modulus of decay is 2/>6”^, and the wave-velocity is (to the first order) 
unaffected by the friction. 

To find the forced waves due to the attraction of the moon we write, in 
conformity with Art. 181, 

X =: (5) 

where n is the angular velocity of the moon relative to a fixed point on the 
canal. We find, assuming the same time-factor, 


({+<#> + €) 

Hence, for the surface-elevation, we have 

r) = ^ h = I- e^^ {nt+<i)+€) 

^ ad<p ^ ' 

where H = afjgy as in Art. 180. 

To put these expressions in real form, we write 

Ijuna^ 

tan 2 V — ~ g, 

where 0 < % < 90°. We thus find that to the tidal disturbing force 

X = —/sin 2{nt+ + e) 

correspond the horizontal displacement 

f 1 ^ sin 2 + (jb + e - %), .. 

^ {(c^ - n^a^y -h 


,.( 6 ) 

,.( 7 ) 

..( 8 ) 

..( 9 ) 

( 10 ) 


and the surface-elevation 
V= i 


Hc^ 


{(c^ — n^a^y -1- 


cos 2 (nj5 H- ^ + e — %) (11) 


* Airy, “Tides and Waves,” Arts. 315.... 
t In particular, now stands for gh, where h is the depth. 
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Since in these expressions e measures the hour-angle of the 

moon past the meridian of any point (<^) on the canal, it appears that high- 
water will follow the moon s transit at an interval given by nti = %. 

If &< nht-, or hja<in'?ajg, we should in the case of infinitesimal friction 
have % = 90°, ix. the tides would be inverted (cf. Art. 181). With sensible 
friction, % will lie between 90° and 45°, and the time of high-water is 
accelerated by the time-equivalent of the angle 90° — %. 

On the other hand, when h/a > n^ajg, so that in the absence of friction 
the tides would be direct, the value of % lies between 0° and 45°, and the 
time of high-water is retarded by the time-equivalent of this angle. 

The figures on the next page shew the two cases. The letters M, M' 
indicate the positions of the moon and 'anti-moon’ (see p. 336), supposed 
situate in the plane of the equator, and the curved arrows shew the direction 
of the earth’s rotation. 

It is evident that in each case the attraction of the disturbing system 
on the elevated water is equivalent to a couple tending to diminish the 
angular momentum of the system composed of the earth and sea. 

In the present problem the amount of the couple can be easily calculated. 
We find, from (9) and (11), for the mean tangential force on the elevated 
water, per unit area of the surface, 

^ I pX7]d4> = - ^plaf sin 2^, (12) 

aTT J 0 

where h is the vertical amplitude. Since the positive direction of X is east- 
wards, this shews that there is on the whole a balance of westward force. 
If we multiply by the area of the water-surface and by the radius a we get 
the amount of the retarding couple. 

The effect of phase-differences in the composition of two tides of slightly 
different speeds has been already mentioned in Art. 224. To apply the 
formulae there given to the present case we must write cr = 2??, e = 2;j^, 
We find, from (8), above, 

de _dx_ iao?{G^ + ri^a^) 

d<T dn 4 (c" - -f fjPn^a^ ^ ^ 

If we have two tide-generating bodies with very nearly equal periods, this 
expression gives the interval of time at which the spring-tides would follow 
the instant of conjunction (or opposition). The ratio of this value of de/dcr 
to a day (27r/n) cannot exceed 

Stt I I * 

The above investigation is reproduced on account of its theoretic interest, but it has 
only a restricted application to the actual circumstances of the earth. Even in the case of 
a broad equatorial oceanic belt of (say) 11,250 ffc. depth, the phase-differences which it 

* Cf. Airy, ‘‘Tides and Waves, Arts. 328.... 
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is capable of explaining appear to be quite insignificant. We have from (8), and from 
Art. 181, 

tan 2 y=: - -191 X — , 

l-311(A/a) nr nr 

where r=2//x, the modulus of decay of free oscillations. It seems rational to suppose that 
the modulus of decay in such a case would be a considerable multiple of the lunar day 
(27r/n), in which event the change produced by friction in the time of high-water would be 
comparable with 

'^Tr/oir X 22 minutes. 

Hence we cannot account in this way for a phase-acceleration of more than a few minutes. 

There is a similar limit to the amount of lagging of the spring- tides as calculated from 
the formula (13). 




The tidal currents in mid-ocean are in fact so slight that their frictional effects are 
unimportant, even from an astronomical standpoint. In shallow water and in narrow seas 
and estuaries, on the other hand, they become enormously exaggerated as a result of the 
inertia of the water and the configuration of the ocean bed and the coasts. It appears now 
to be established* that the total dissipation of energy in such regions, at the expense 
ultimately of the earth’s rotation, is comparable with that which is inferred on astro- 
nomical evidence. See Art. 371. 

320. Eettirning to the general theory, let gi, 32 ? be the co-ordinates 
of a dynamical system, which we will suppose subject to conservative forces 
depending on its configuration, to ^ motional ’ forces varying as the velocities, 
and to given extraneous forces. The equations of small motion of such a 

* G-. I. Taylor, l.c, ante p. 299; H. Jeffreys, I>hil Trans, A, ccxxi. 239 (1921). 
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system, on the most general assumptions we can make, will be of the type 




where the kinetic and potential energies T, V are given by expressions of 
the forms 

2!P = "}■ ^^22^2^ + . .. ~l“ 2(Xi2 5i^2 "h ••• ? (^) 

2F = Cn^i" + + . .. + 2ci2gig^2 + (3) 

It is to be remembered that 


but we do not assume the equality of and 

If we now write h^s = i (-Srs + ^sr\ (5) 

and Prs^- (®) 

the typical equation (1) takes the form 

d dT dF ^ ^ ^ ^ ^ _ 9F . .. 

^ • • ■ " 8§, + 

provided 2F = b^qi^ + + . .. + 2hi2qiq2+ ' • (8) 

From the equations in this form we derive 

j^{T+V) + 2F = %Qrqr (9) 


The right-hand side expresses the rate atnvhich the extraneous forces are 
doing work. Part of this work goes to increase the total energy T + F of 
the system ; the remainder is, from the present point of view, dissipated, at 
the rate 2F, In the application to natural problems the function F is 
essentially positive ; it is called by Eayleigh*, by whom it was first formally 
employed, the ‘Dissipation-Function.’ 

The terms in (7) which are due to F may be distinguished as the 
‘frictional terms.’ The remaining terms in ^i, 2n> with coefiScients 

subject to the relation /3ys = — are of the type we have already met with 
in the general equations of a ‘gyrostatic’ system (Art. 141); they may there- 
fore be referred to as the ‘ g3U’ostatic terms.’ 


321. When the gyrostatic terms are absent, the equation (7) reduces to 


.( 10 ) 


dt dq^^ dqr^ dq,.^ 

As in Art. 168, we may suppose that by transformation of co-ordinates 
the expressions for T and F are reduced to sums of squares, thus : 


2y = a^q^-^ ••• (11) 

2F = + c^qi + ... + Gnqn^, (12) 


* “ Some General Theorems relating to Vibrations,” Proc. Lond, Math. Soc. (1), iv. 357 (1873) 
[PaperSi jL 170]; Theory of Sound, Art. 81- 
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It occasionally, but by no means necessarily, happens that the same trans- 
formation also reduces F to this form, say 

2F = 61 ^ 1 ^ + 4- ... -f (IS) 

The typical equation (10) then assumes the simple form 

ar'qr 4- brqr + =Qr, (11^) 

which has been discussed in Art. 317. Each co-ordinate now varies 
independently of the rest. 

When F is not reduced by the same transformation as T and V, the equations (10) take 
the form 

ai^'i +biiqi 4612^2+ + ==§i, ] 

<^2^2 4&21?i4"&22?2 4...4‘^2w.^7i+<^22'2 ^$2? I 

4 ?1 4 &w 2 ^2 + • • • + > J 

where — 

The motion is now more complicated ; for example, in the case of free oscillations about 
stable equilibrium, each particle executes (in any fundamental type) an elliptic-harmonic 
vibration, with the axes of the orbit contracting according to the law 

The question becomes somewhat simpler when the frictional coefficients are small, 
since the modes of motion will then be almost the same as in the case of no friction. Thus 
it appears from (15) that a mode of free motion is possible in which the main variation is 
in one co-ordinate, say q,.. The rth equation then reduces to 

a^q^-\rbr,4r-^<^rqr = % ( 1 ^) 

where we have omitted terms in which the relatively small quantities ^i, ^2? ••• (other 
than q^ are multiplied by the small coefficients b^ 2 ^ ••• have seen in Art. 317 

that if brr be small the solution of (16) is of the type 

^,.=Ae--^/TCOs((rz^4e), (17) 

where (18) 

The relatively small variations of the remaining co-ordinates are then given by the re- 
maining equations of the system (15). For example, with the same approximations, 

^8 + ^rs?r 4 C32'8 = 0, (1^) 

whence $'3= I— sin (o-2f 4 e) (20) 

Cg~ (T ag 

Except in the case of approximate quality of period between two fundamental modes, t 
elliptic orbits of the particles will on the present suppositions be very flat. 

If we were to assume that S'r— « (o-jf+e), (21) 

where <r has the same value as in the case of no friction, whilst a varies slowly with the 
time, and that the variations of the other co-ordinates are relatively small, we should find 

V=^arqr^-^iCrqr^=i(T^ara^, ( 22 ) 

nearly. Again, the dissipation is 2F= b^q^^, 

the mean value of which is io^brra% (23) 

approximately. Hence equating the rate of decay of the energy to the mean value of 
the dissipation, we get 



whence a=ao€"^^’’, (25) 

if (26) 
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as in (18). TMs method of ascertaining the rate of decay of the oscillations is sometimes 
usefnl when the complete determination of the character of the motion, as affected 
by friction, would be more difficult (cf. Arts. 348, 355). 

When the frictional coefficients are relatively great, the inertia of the system becomes 
ineffective ; and the most approi^riate system of co-ordinates is that which reduces F and F 
simultaneously to sums of squares, say 


%F^hiq^+h2qi-]r...-\'h.n qj, \ 
2 F = Cl qi^ +C2qi-h... + Cn q^- J 


The equations of free-motion are then of the type 

5,. j'y-+-c,.^,.=0, (28) 

whence q^~Ge-tlr^ ( 29 ) 

if T—hrjc^ (30) 


322. When gyrostatic as well as frictional terms are present in the 
fundamental equations, the theory is naturally more complicated. It will be 
sufiScient here to consider the case of two degrees of freedom, by way of 
further elucidation of a point discussed in Art. 206. 


The equations of motion are now of the types 

<^l^l+-^ll?l + (^12+^) ?2 + <^lS'l==§l)l 

S'! + ^22 ^2 4" <^29^2“ ^2*i 

To determine the modes of free motion we put §i=0, §2=6, and assume that qi and q^ 
vary as This leads to the biquadratic in X : 

€l>l "}“ (^2 ^11 “b ^ 22 ) “b {d>2^X “b <^ 1^2 5ii 622 — ^ 12 ^) ^ 

■b(^ii^2"b ^22^1) ^ "b*^i ^2“6. (2) 

There is no difficulty in shewing, with the help of criteria given by Eouth^, that if, as in 
our case, the quantities 

C?l, 682 j ^11? ^22 1 ^11^22 — ^12^ 

are all positive, the necessary and sufficient conditions that this biquadratic should have 
the real parts of its roots all negative are that Ci, C2 should both be positive. 

If we neglect terms of the second order in the frictional coefficients, the same conclusion 
may be attained more directly as follows. On this hypothesis the roots of (2) are, approxi- 
mately, 

X= — ai + fo-i, — a2db^c'2j (3) 

where 0-1, 0-2 are, to the first order, the same as in the case of no friction, viz. they are the 
roots of 

<Zia20-^— («2<^1 + ^»iC2+/S^) o- 2-1 -CiC 2— 0, (4) 


whilst cj , a2 3ire determined by 
ai-4-a2=|' 



“1 _ 1 i 

— 9==-sy 


\«i «2/ 

(Ti- O-i 

\Ci G2J 


,.(5) 


It is evident that, if o-i and 0-2 are to be real, ci, C2 must have the same sign, and that if 
ai, 02 a-m to be positive, this sign must be +. Conversely, if Cj, C2 are both positive, the 
values of o-i", 0-2^ are real and positive, and the quantities Ci/^i, both lie in the interval 
between them. It then easily follows from (5) that a^, 02 are both positive t. 


* Advanced Rigid Dynamics, Art. 287. 

t A simple example of the above theory is supplied by the case of a particle in an ellipsoidal 
bowl rotating about a principal axis, which is vertical. If the bowl be frictionless, the equilibrium 
of the particle when at the lowest point will be stable unless the period of the rotation lie 
between the periods of the two fundamental modes of oscillation (one in each principal plane) of 
the particle when the bowl is at rest. But if there be friction of motion between the particle and 
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If one of the coefficients Ci, (say be zero, one of the values of cr (say 0-2) is zero, 
indicating a free mode of infinitely long period. We then have 

a2<?i + /32 ^ ^ 

As in Art. 206 we could easily write down the expressions for the forced oscillations in 
the general case where vary as but we shall here consider more particularly 

the case where c^ — O and §2=0- The equations (1) then give 

(ci — a^ai+icrhi^ qi + {hi2-^fi) q2=QiA 
id (5i 2 “■ i^) 9^1 d" (idd^ d" ^ 22 ) ^2 = 0. / 

Hence 

g ^ ^VQ^2d-622 g 

— C&i U2?-*cr^ — (0^2 611 + (Xi 622) d“ (^2 ^1 d” d“ ^11 ^22 ~ ^12^) d” ^^22 

This may also be written = f- — . §j (9) 

ai<3S2{(io- + ai)Ho'i2}(ia- + a2) 

Our main object is* to examine the case of a disturbing force of long period, for the sake 
of its bearing on Laplace’s argument as to the fortnightly tide (Art. 217). We will there- 
fore suppose that the ratio o-i/<r, as well as di/ai, is large. The formula then reduces to 

n — i(xa<i-\'h ^2 ^ _ ido ^ -h ^22 q 

cti ^2 d{^ {id + a^) “ 622 Cl ( id/a2 + 1 ) ^ ^ 

Everything now turns on the values of the ratios dja^ and da^lh^ 2 - If ^ so small that 
these may be both neglected, we have 

qi=^Qilci, ( 11 ) 

in agreement with the equilibrium theory. The assumption here made is that the period 
of the imposed force is long compared with the time in which free motions would, owing 
to friction, fall to of their initial amplitudes. If, on the other hand, we assume 
dl^% and da 2 lh 22 , to be large, we obtain 

, ( 12 ) 

622^1^^ «2 Ci+; 8^^” ^ ' 

as in Art. 206 (8). 


Viscosity. 

323. We proceed to consider the special kind of resistance which is met 
with in fluids. The methods we shall employ are of necessity the same as 
are applicable to the resistance to distortion, known as ‘ elasticity,’ which is 
characteristic of solid bodies. The two classes of phenomena are physically 
distinct, the latter depending on the actual changes of shape produced, 
the former on the rate of change of shape, but the mathematical methods 
appropriate to them are to a great extent identical. 

If we imagine three planes to be drawn through any point P perpen- 
dicular to the axes of x, y, z respectively, the three components of the stress, 
per unit area, exerted across the first of these planes may be denoted by 

the bowl, there will be ‘ secular ’ stability only so long as the speed of the rotation is less than 
that of the slower of the two modes referred to. If the rotation be more rapid, the particle will 
gradually work its way outwards into a position of relative equilibrium in which it rotates with 
the bowl like the bob of a conical pendulum. In this state the system made up of the particle 
and the bowl has less energy for the same angular momentum than when the particle was at the 
bottom. Of. Art. 254. Some further illustrations are given in a paper ‘‘On Kinetic Stability,” 
Ftoc. Boy. Soc. A, Ixxx. 168 (1907). 
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Pnxc, Pxtj! Pxz, respectively; those of the stress across the second plane by 
Pyx, Pyy) Pyz\ ^.nd those of the stress across the third plane hy pz^, Pzy, Pzz*- 
If we fix onr attention on an element hcsZyhz having its centre at P, we find, 
on taking moments, and dividing by BxBySz, 

Pyz ^ Pzy 3 Pzx ^ Psezy Pxy ~ Py(&3 

the extraneous forces and the kinetic reactions being omitted, since they are 
of a higher order of small quantities than the surface tractions. These 
equalities reduce the nine components of stress to six ; in the case of a 
viscous fluid they will also follow independently from the expressions for 
Pyz, Pzx, Pxu “ of the rates of distortion, to be given presently 

(Art. 325). 


324. It appears from Arts. 1, 2 that in a fluid the deviation of the state 
of stress denoted hjpxx,Px!,, ••• from one of pressure uniform in all directions 
depends entirely on the motion of distortion in the neighbourhood of P, ie. 
on the six quantities a, b, c, /, g, h by which this distortion was in Art. 30 
shewn to be specified. Before endeavouring to express Pxx3 Pxyy *•* 
functions of these quantities, it is convenient to establish certain formulae of 
transformation. 


Let us draw Pa?', Py\ Pz in the directions of the 
principal axes of distortion at P, and let a\ b', c be the 
rates of extension along these lines. Further let the mutual 
configuration of the two sets of axes, a?, y, z and x ^ y\ /, be 
specified in the usual manner by the annexed scheme of 
direction-cosines. We have, then, 

a - i*- 37 + 3T') ft”' + 



X 

y 

z 

on' 

lu 

mi, 

ni, 

y 


ma, 


z' 

^ 8 ? 

mg, 

^3* 


dy'^ ^ dz" 


( 1 ) 


+k^o', 

J = mi^a' -h m2^b' + 
c = Tii^a -f 712^ b' + 

the last two relations being written down fi:om symmetry. We notice that 

ct 4- ^ "f* c = 0 !/' 6' -f- c', (2) 

as we should expect, since either side measures the ' expansion ' (Art. 7). 
Again 


dwdvfd 9 9 \ / / , /X 


dy 


+ (^h ^, + ‘ns^, + ns (miu'+ m^i/ + ingw'); 


* In conformity with the usual practice in the theory of Elasticity, we reckon a tension as 
positive, a ^pressure as negative. Thus in the case of a frictionless fluid we have 

Psox=Pyy=Psz= -P* 
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and this, with the two corresponding formulae, gives 
/ = 2 (miUia' + m^n^V + 

g=2(nj^a' +n^l^h' -¥71^1^0!), I (3) 

A = 2 4- l^m^V H- J 

325. From the symmetry of the circumstances it is plain that the 
stresses exerted at P across the planes yz', zco\ xy' must be wholly perpen- 
dicular to these planes. Let us denote them by jpi, 1 ’^spectively. In 

the figure of Art. 2 let ABG now represent a plane drawn perpendicular to x, 
infinitely close to P, meeting the axes of x\ y\ z in A, P, (7, respectively ; 
and let A denote the area ABG. The areas of the remaining faces of the 
tetrahedron PABG will’ then be ?iA, ZgA. Resolving parallel to x the 
forces acting on the tetrahedron, we find 

A . •+" . Iq, 

the external impressed forces and the resistances to acceleration being 
omitted for the same reason as before. Hence, and by similar reasoning, 


Pxx = pi + Pa + Ps > I 

Pyy^Pi^h^ +P2m./ ¥pzmi\ (1) 

Pzz =Pi^" ¥poni +P3%1 J 

We notice that 

Pxx + Pyy + P 22 : = Pi + P2 + Ps (2) 


Hence the arithmetic mean of the normal pressures on any three mutually 
perpendicular planes through the point P is the same. We shall denote 
this mean pressure by p*. 

Again, resolving parallel to y, we obtain the third of the following sym- 
metrical system of equations : 

Pyz = + Piin^n^ 

Pzx^Vi'Thk 4-p2?^2^2 '^Pzn^k, > (3) 

Pa;y =Pi^i^i +P2^2^ Apzkrn^A 

These shew that 

Pyz = Pzy ? Pzx == Pxz ■> Pxy — Pyx ? 

as was proved independently in Art. 323. 

If in the same figure we suppose PA, PP, PG to be drawn parallel to 
Xj y, z, respectively, whilst ABG is any plane drawn near P, whose direction- 
cosines are Z, m, n, we find in the same way that the components (pkx,PhyyPhz) 
of the stress exerted across this plane are 

Phx ” ^Pxx "b '^Pxy "b ^Pajz >1 

Phy = ^Pyx “b '^Pyy ”b ^ • *(4) 

Phz = Ipzx + rnp^y + j 

* The question remains open as to whether, in the case of a gas, the mean pressure is a 
function of the density and temperature only (as in the statical condition to which Boyle’s and 
Dalton’s laws in the first instance relate), or whether it depends also on the rate of expansion at 
the point (a;, z). See infra Art. 358. 
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326. Now _2)i, Ps differ from -p by quantities depending on the 
motion of distortion, which must therefore be functions of a', V, c, only. 
The simplest hypothesis we can frame on this point is that these functions 
are linear. We write therefore 

Pj = —p + X, (a' + 6' + c') + 

Pa = — p + A (a' + 6' + c') + 2/X.6', i (1) 

p* = - p + X (a' + 6' + cO + 2pc',J 

where X, p are constants depending on the nature of the fluid, and on its 
physical state, this being the most general assumption consistent with the 
above suppositions, and with symmetry. Substituting these values of pi.pa.ps 
in (1) and (3) of Art. 325, and making use of the results of Art. 324, we find 


Pjj 5 = — p + X (ffi + 6 4" c) + 2yaci,'j 

Vm ~ ~P + X (a 4- 6 + c) + 2p6,l (2) 

Psz ~ — p 4" X (OE- 4“ 5 4" c) 4" 2yU-C,j 

Vvz = pf, Pzz: = f^9> = M (3) 

The definition of p adopted in Art. 325 implies the relation 

3X 4- 2p = 0, (4) 


whence, finally, introducing the values of a, b, c,f, g, h from Art. 30, 





fdu 

dv 

dw\ 

+ 

n 0W \ 

Pxx "" * 

-P- 

-1^*1 


dy 






fdw 

dv 

dw\ 

+ 


Pyy = ' 

-p- 

-1^1 


% 






/du 

dv 

d'w\ 


dw 

Pzz = 

-p- 



dy 





/dw dv\ \ 

/du dw\ 
fdv du\ 


■(5) 


(6) 


The constant ^ais called the 'coefficient of viscosity/ Its physical meaning 
may he illustrated by reference to the case of a fluid in what is called 
Taminar’ motion (Art. 30); i.e. the fluid moves in a system of parallel planes, 
the velocity being in direction everywhere the same, and in magnitude 
proportional to the distance from some fixed plane of the system. Each 
stratum of fluid will then exert on the one next to it a tangential traction, 
opposing the relative ’motion, whose amount per unit area is /u. times the 
velocity-gradient in the direction perpendicular to the planes. In symbols, 
if = at/, 0, w = 0, we have 

Pzz"^ P> Pyz^^} = 0, Poey^ 
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If M, L, T denote the units of mass, length, and time, the unit of stress 
varies as IVIL-^T"^, and that of the rates of distortion (a, 6, c, ...) as T”^, so 
that the dimensions of yu. are M T”h 

The stresses in different fluids, under similar circumstances of motion, will 
be proportional to the corresponding values of ; but if we wish to compare 
their effects in modifying the existing motion we have to take account of 
the ratio of these stresses to the inertia of the fluid. From this point of 
view, the determining quantity is the ratio yU,/yo; it is therefore usual to 
denote this by a special symbol v, called by Maxwell the ‘kinematic’ coefficient 
of viscosity. The dimensions of v are 

It will be noticed that the hypothesis made above -that the stresses 
Vxyi ••• linear functions of the rates of strain a,h,c,... is of a purely 
tentative character, and that although there is considerable dj priori proba- 
bility that it will represent the facts accurately in the case of infinitely small 
motions, we have so far no assurance that it will hold generally. It was 
however pointed out by Eeynoldsf that the equations based on this hypothesis 
have been put to a very severe test in the experiments of Poiseuille and others, 
to be referred to presently (Art. 331). Considering the very wide range of 
values of the rates of distortion over which these experiments extend, we can 
hardly hesitate to accept the equations in question as a complete statement 
of the laws of viscosity. In the case of gases we have additional grounds 
for this assumption in the investigations of the kinetic theory by Maxwell 

The practical determination of /x (or v) is a matter of some difficulty. Without entering 
into the details of experimental methods, we quote a few of the best-established results. 
Poiseuille’s observations, as reduced by Helmholtz §, give for water 

•01779 

“ 1 + -03368^ 4- *00022099^2 j 

in c.G.s. units, where 6 is the temperature on the Centigrade scale. The viscosity, as in the 
case of all liquids as yet investigated, diminishes rapidly as the temperature rises ; thus at 
10° 0. the value is /xio='0131. The results of more recent experiments are in good agree- 
ment with the above formula||. For mercury Koch IF found /xo= *01697, and /xio= *01633, 
respectively. It should be added that in the case of some liquids, the mineral oils especi- 
ally, the value of fi is considerably increased under pressures of the order of hundreds of 
atmospheres^^. 

In gases, the value of /x is found to be sensibly independent of the pressure, within very 
wide limits, but to increase somewhat with rise of temperature. An empirical formula tt 
for the case of air is 

jj, = *0001702 (1 -h *00329(9 + *0000070^2). 

* In compressible fluids there may, on a certain view, be a second coefficient of viscosity, 
involved in the expression for the mean pressure jp as depending on the physical state and the 
rate of expansion. See Arts. 325, 358. 

t “On the Theory of Lubrication, Phil. Trans, clxxvii. 157 (1886) [Papers, ii. 228]. 

X “On the Dynamical Theory of Gases,” Phil. Trans, clvii. 49 (1866) [Papers, ii. 26 j. 

§ “Ueber Eeibung tropf barer Flussigkeiten,” Wien. Sitzungsber. xl. 607 (1860) [PFiss. Abh. i. 
218J. 

11 Hosking, Phil. Mag. (6), xvh. 502 (1909). IF Wied. Ann. xiv. (1881). 

** Hyde, Proc. Boy. Soc. A, xcvii. 240 (1919). 

ft Grindley and Gibson, Proc. Boy. Soc. A, Ixxx. 114 (1907). 
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At atmospheric pressure, assuming p = ‘00129, this gives 

vq — '1Z% 

The value of v varies inversely as the pressure. 

327. We have still to inquire into the dynamical conditions to be 
satisfied at the boundaries. 

At a free surface, or at the surface of contact of two dissimilar fluids, 
the three components of stress across the surface must be continuous*. The 
resulting conditions can easily be written down with the help of Art, 325 (4). 

A more difficult question arises as to the state of things at the surface 
of contact of a fluid with a solid. It appears probable that in all ordinary 
eases there is no motion, relative to the solid, of the fluid immediately in 
contact with it. The contrary supposition would imply an infinitely greater 
resistance to the sliding of one portion of the fluid past another than to the 
sliding of the fluid over a solid f. 

If however we wish, temporarily, to leave this point open, the most natural supposition 
to make is that the ^slipping is resisted by a tangential force proportional to the relative 
velocity. If we consider the motion of a small film of fluid, of thickness infinitely small 
compared with its lateral dimensions, in contact with the solid, it is evident that the 
tangential traction on its inner surface must ultimately balance the force exerted on its 
outer surface by the solid. The former force may be calculated from Art. 325 (4) ; the 
latter is in a direction opposite to the relative velocity, and proportional to it. The 
constant (ft say) which expresses the ratio of the tangential force to the relative velocity 
may be called the ‘coefficient of sliding friction.’ 


328. The equations of motion of a viscous fluid are obtained by consider- 
ing, as in Art. 6, a rectangular element BccBySz having its centre at ^). 
Taking, for instance, the resolution parallel to w, the difference of the normal 
tractions on the two y^-faces gives (dpssxl^x) Bx . By Bs. The tangential tractions 
on the two 2 rir-faces contribute (bpyxj'^y) By . BzBx, and the two faces give 
in like manner (dpzxld^) Bz.BxBy. Hence, with our usual notation, 

DV_ dp^ dpyy dp^ 


'-'XX , ^Pyx , '^Pzx 

dx dy dz ' 


■ 


■(1) 


Dw „ dp, 


, ^Pyz , ^Pzz 
dx dy dz 


p^y, ... from Art. 326 (5), (6), we find 


Substituting the values of p, 

Dib ^ dp . dO 

JDv dp . dd 

P nd + + > 


JDt 

Bw 


= pZ- 


dy 

dz 


dB 


.(2) 


* This statement requires an obvious modification when capillarity is taken into account. 
Cf. Art, 265, f Btokes, l,c, infra p. 547. 
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where 


^ du dv dw 
u — - — 1-7; — ho"? 
ox oy oz 


.( 3 ) 


and has its usual meaning. 

When the fluid is incompressible, these reduce to 




Dt ^ dx 
Dv ^ dp i 

dp 


P Dt 
Dw 


Dt 


= pZ + 


.( 4 ) 


These dynamical equations were first obtained by Navier^ and Poissonf 
on various considerations as to the mutual action of the ultimate molecules 
of fluids. The method above adopted, which is free from all hypothesis 
of this kind, appears to be due in principle to de Saint- VenantJ and 
Stokes §. 


The equations (4) admit of an interesting interpretation. The first of them, for 
example, may be written 

+ (5) 

Dt p 9.^• 

The first two terms on the right-hand side express the rate of valuation of u in consequence 
of the external forces and of the instantaneous distribution of pressure, and have the same 
forms as in the case of a frictionless liquid. The remaining term 1/7%, due to viscosity, 
gives an additional variation following the same law as that of temperature in Thermal 
Conduction, or of density in the theory of Diffusion. This variation is in fact proportional 
to the (positive or negative) excess of the mean value of u through a small sphere of given 
radius surrounding the point (^, y, z) over its value at that point ||. In connection with 
the thermal analogy it is interesting to note that the value of v for water is of the same 
order of magnitude as that (-01249) found by Everett for the thermometric conductivity 
of the Greenwich gravel. 


When the forces Z, T, Z have a potential G, the equations (4) may be written 


du 

di 


dZ 

-vC + ieri= 


\ 


+ y (6) 


where 




(7) 


“ M4moire sur les Lois du Mouvement des Eluides,” M6m, de VAcad. des Sciences, vi. 389 
(1822). 

t *‘M4moire sur les Equations g4nerales de TEquilibre et du Mouvement des Corps solides 
41astiques et des Eluides,” Journ. de VEcole Folytechn. xiii. 1 (1829). 
t Gomptes Rendus, xvii. 1240 (1843). 

§ “On the Theories of the Internal Friction of Fluids in Motion, &c.” Camh. Tram. viii. 287 
(1845) [Papers, i. 75]. 

11 Maxwell, “On the Mathematical Classification of Physical Quantities,” Froc. Land. Math. 
Soc. (1), iii. 224 (1871) [Fapers, ii. 257] Electricity and Magnetism^ Art. 26. 
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2 deBOting the resultant velocity, and rj, f the components of the angular velocity of the 
fluid. If we eliminate x' t>y cross-differentiation, we find 

Di , du . ^du 


^ , du.du 9. \ 

Dt) . dv av . 1 


Dt 


DC j,cw ^ cw ^ .dw « 


.( 8 ) 


The first three terms on the right-hand side of each of these equations express, as in the 
case of A-rt. 146 (4), the rates at which 17, f vary for a given particle, when the vortex- 
lines move with the fl.uid, and the strengths of the vortices remain constant. The 
additional variation of these quantities, due to viscosity, is given by the last terms, and 
follows the lavr of conduction of heat. It is evident from this analogy that vortex-motion 
cannot originate in the interior of a viscous liquid, but must be diffused inwards from 
the boundary. 


329. To compute the rate of dissipation of energy, due to viscosity, 
we consider first the portion of fluid which at time t occupies a rectangular 
element hxhyhz having its centre at {x, y, z\ Calculating the rates at 
which work is being done by the tractions on the pairs of opposite faces, we 
obtain 

/ 0 0 

+T=m'>^+I>^zW) -f ^ i'Py^U ->rJ>yyV fygW) 

9 / . 

The terms 

|(^ + M -I- (§1^ -I- 

(\ dx oy dz J \ dx ay az J 



express, by Art. 328 (1), the rate at which the tractions on the faces are 
doing work on the element as a whole, in increasing its kinetic energy and 
in compensating the work done against the extraneous forces X, F, Z. The 
remaining terms express the rate at which work is being done in changing 
the volume and shape of the element. They may be written 

"h “b Pzz^ "b Pyzf d" Pzx^ d- Pxy^ hxhy Sz, (^3) 

where a, h, o,f,g,h have the same meanings as in Arts. 30, 324. Substituting 
from Art. 326 (2), (3), we get 
— p(a+ 6 + c) BxSyBz 

+ {-ilM{a + b + cf-\-fj, (2a" -h 26" - 1 - 2c" +f+g^ + h^)} SxBySz. . . .(4,) 

It will be sufficient for the present to consider the case where there is 
no variation of density, so that 


I SirSyS^r (1) 


C6 + 6 + c = 0. 


( 5 ) 



328-329] Dissipation of Energy 


549 


The expression (4) then reduces to 

yct (2a^ + 21f + 2c^ h}) SxSySz, (6) 

which accordingly represents the rate at which mechanical energy is disap- 
pearing. On the principles established by Joule, the energy thus apparently 
lost takes the form of heat, developed in the element. 


If we integrate over the whole volume of the liquid, we find, for the total 
rate of dissipation, 

2F==JJJ^dxdyds, (7) 


where 






V32/- 


+ 2 


+ I 


'dz) 

(dw dvV (Zu /dv , 3'wV] 


If we subtract from this the expression 

/du 


2{i 


/du dv 
\da 7 ^ dz) 


which is zero on the present hypothesis, we obtain 
dv\^ , 




(fdw dvY dw\^ /( 

^ \\0y dz) \0^ dx) \( 


, /dv dw dv 
-4:11 (™ — 


0-2^? dw du dw du . dti dv 


\dy dz dz dy dz dw 


dw dz dw dy 


du 02; \ 
dy dw) 



If we integrate this over a region such that Uj v, w vanish at every point of the 
boundary, as in the ease of a liquid filling a closed vessel, on the hypothesis of no slipping, 
the terms due to the second line cancel (after partial integration), and we obtain 

2F=jjj^dwdydz—iJijjf{^^-{-rj^4-C^) dxdydz. (10)t 


In the general case, where no limitation is made as to the boundary-conditions, the 
formula (9) leads to 

I m, n 

IjJ j j I 


U, V , w 

V ^ C 


dS, ,..(11) 


where, in the former of the two surface-integrals, denotes an element of the normal, and 
in the latter, 1, m, n are the direction-cosines of the normal, drawn inwards in each case 
from the surface-element dS. 


When the motion considered is irrotational, this formula reduces to 

‘'®' <'"> 

simply. In the particular case of a spherical boundary-this expression follows independ- 
ently from Art. 44 (6). 

It appears from (8) that F cannot vanish unless 

a=0 = c=O, and f=g—h^Q^ 

at every point of the fluid. It follows, on reference to Art. 30, that the only condition 


* Stokes, the Effect of the Internal Friction of Fluids on the Motion of Pendulums,” 
Camh. Trans, ix. [8] (1851) [Payers, in. 1]. 

t Bobyleff, “EinigeBetrachtungen fiber die Gleichungen der Hy dr odynamik,” Wlath. Ann. vi. 
72 (1873) ; Forsyth, “On the Motion of a Viscous Incompressible Fluid,” Mess, of Math. ix. (1880). 
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under which a liquid can be in motion without dissipation of energy by viscosity is that 
there must be nowhere any extension or contraction of linear elements ; in other words, 
the motion must consist of a translation and a rotation of the mass as a whole, as in the 
case of a rigid body. 


Problems of Steady Motion. 

330. Proceeding now to the consideration of special problems, it may be 
well to state at the outset that although the equations of motion of viscous 
fluids are well established, the calculations based on them are often subject 
to serious limitations. The reason is partly to be sought in the neglect, for 
the sake of mathematical simplicity, of small terms of the second order in 
the Euierian expressions for the accelerations, which terms are often at least 
as important as those due to viscosity. Another reason is that even when 
the investigations are rigorous the types of motion obtained are often unstable. 
Attention is occasionally called in the seqnel to these points, which will be 
discussed more fully in Arts. 365, et seq. 

The first application which we shall consider is to the steady motion 
of liquid, under pressure, between two fixed parallel planes. Let the origin 
be taken in one of these planes, and the axis of ^ perpendicular to them. 
We assume, in the first instance, that is a function of -sr only, and that 
v,w = 0. Since the traction parallel to ^ on any plane perpendicular to 
z is equal to fjbdujdz, the difference of the tractions on the two faces of a* 
stratum of unit area and thickness Sz gives a resultant fid^ujdz^ . Sz. This 
must be balanced by the pressures, which give a resultant —dpidcc per unit 
volume of the stratum. Hence 


3% _ dp 
^ dz^ dx * 


( 1 ) 


Also, since there is no motion parallel to 5^, dpjdz must vanish. These results 
also follow immediately from the general equations of Art. 328. 

It follows that the pressure-gradient dpjdx is an absolute constant. Hence 
(1) gives 

u = A+Bz + -^^z^f^, ( 2 ) 

and determining the constants so as to make u = 0 for = 0 and z=h,-we find 

( 3 ) 

11“*— i|;l w 

When, as in Prof. Hele Shaw’s experiments^, a liquid flows in two dimensions between 
close parallel plates, we may write 

d^u __ dp dp 


* Bef erred to in the footnote on p. 82 . 


(5) 
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provided we neglect the rates of variation of u, v with respect to s, y in comparison with 
their rates of variation with respect to z. Also, assuming that = 0 everywhere, we have 
cp/dz~0, i.e. p is a function of x and y only. The conditions of no slipping at the planes 
^=0, z=h are satisfied if we write 


_ 60 {h z) 




6z (k — z) , 


( 6 ) 


The quantities ii', v' here denote the mean velocities in the stratum, and are assumed 
to be functions of x, y only. Substituting in (5) we find 


ox'' W ’ 0y~ 


• 0 ) 


Hence u\ v' may he regarded as the components of an irrotational motion of a liquid in 
two dimensions, in which the velocity-potential is 


<5b=pA2/12/^ (8) 

The kinematical conditions, when the liquid is forced by pressure past an obstacle 
having the form of a lamina of thickness A placed between the plates, are accordingly 
identical, for the most part, with those relating to the two-dimensional flow of a friction- 
less fluid past a cylinder whose section has the shape of the lamina. The statement is 
made with a slight qualification, since the equations (5) must cease to hold at distances 
from the obstacle comparable with A, owing to the fact that the viscous liquid cannot glide 
past the surface of the obstacle, as a perfect fluid would do. But the configurations of the 
stream-lines in the two problems can be made as nearly the same as we choose by taking 
the plates sufficiently close together^. 


330a. If the boundary z — 0 has a velocity U parallel to x, we have in 
place of (3) 

(9, 

h 2 jjl dx 

and the total flux per unit breadth across a plane perpendicular to x is 


udz = \hU-^ f-. 

0 ^ 12/i dx 


.( 10 ) 


These formulae may be taken as approximately valid even if the interval 
h between the two surfaces is variable, provided the gradient dhjdx is small, 
and even if both surfaces are curved, provided h be everywhere small com- 
pared with the radii of curvature. In the case of cylindrical surfaces x may 
be taken to be the arc measured along the circumference, perpendicular to 
the generating lines. 

The above results, as thus generalized, have an important application in 
the theory of Lubrication, which was initiated by Osborne Eeynolds in a 
classical paperf. That two parallel or nearly parallel surfaces can slide one 
over the other with but slight frictional resistance, even under great normal 
pressure, provided a film of viscous fluid is maintained between them, is of 
course familiar. The problem was to explain how in practical cases this 


* Stokes, “Mathematical Proof of the Identity of the Stream-Lines obtained by means of a 
Viscous Film with those of a Perfect Fluid moving in Two Dimensions/' Brit. Ass. Bep, 1898, 
p. 143 [Papers, v. 278]. 
t Quoted on p. 545. 
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is eflfected automatically in spite of the pressure. The arrangement must 
he such that the interval between the two surfaces is of variable thickness, 
and that the tendency of the relative motion must be continually to drag a 
supply of the lubricant from the thicker to the thinner portions. 

A simple typical case is that of a block sliding over a plane surface. 
Since the relative motion alone is important we will suppose that it is the 
latter surface (^ = 0) which is in motion, whilst the block itself is at rest 
For simplicity it is assumed, further, that both surfaces are unlimited in the 
direction of y, so that the motion of the fluid is strictly two-dimensional. 
The lower surface of the block will be supposed to extend from ^ = 0 to = a. 
Assuming it to be plane, but slightly tilted, w^e write 

h=hi'{-mXy /io = AiH-wia, (11) 

where m is small. 

Since the flux across all planes perpendicular to x must be the same we 
have from (10) 

h^^=^6^U(h-h), ( 12 ) 


where ho corresponds to the maximum of p. Hence, 

dp _ 6pU fl ^ 
dh m W ’ 

6pU f 1^ Ao 



Determining ho and C so that p = 0 for A = hi and A = Aa, we find 

_ 2A3A2 



_ 6fiITa (Ai — A)(A — As) 

" 1 =" 


,(13) 

,(14) 

.(15) 

,(16) 


A general addition of a constant to p will of course make no difference to 
the essential results. 


We see at once that if U is positive, as we will suppose, a positive 
pressure in the film is impossible unless Ai > Aa ; i.e. the interval must con- 
tract in the direction of the velocity TJ, as above stated. 

For the total pressure we find 


2(A-1)' 


...(17) 


where A — Aj/Aq. The frictional resistance on the moving plane is 

It wa,s found by Reynolds, and confirmed by Rayleigh*, that P, considered 


“Kotes on the Theory of Lubrication,” Phil. Mag. (6), xxxv. 1 (1918) vi. 523]. 
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as a function of k, is a maximum for k = 2'2, about. This makes 

P = .16^, p=-75^ (19) 

The coefficient of friction (F/P) is of the order h^ja and can therefore be 
made very small. 

The co-ordinate (x) of the centre of pressure is given by 

Px= f xpdx = ~ [ (h — hi)pdh = ^ f 

Jo k-1 dh 

hPa ZixTJcP ( 2* \ 

W 

|a A — 1 (A:- — 1) logi— 2 (A — 1)- 

For the application of (13) to the case of a shaft revolving (slightly 
eccentrically) in a fixed bearing reference may be made to the papers cited 
belowf. 

When there is flow in the direction of y as well as x, we have in addition 
to (10) 

\\dz = \hV-^^£, • ( 22 ) 

Jo 

and the equation of continuity is 

+ 

” I ('*• I) 1 (''* I) - O'* {s » i 

This has been applied by Michell to the case of a rectangular block of finite 
dimensions sliding over a plane surface 


331. We consider next the steady flow of a liquid through a straight 
pipe of uniform circular section. 

If we take the axis of ^ coincident with the axis of the tube, and assume 
that the velocity is everywhere parallel to z, and a function of the distance 
(r) from this axis, the tangential stress across a plane perpendicular to r will 
be fjbdwidr. Hence, considering a cylindrical shell of fluid whose bounding 
radii are r and r + Sr, and whose length is Z, the difference of the tangential 
tractions on the two curved surfaces gives a retarding force 



* Kayleigh, l.c. For ?c = 2*2 this makes 5=*580a. 

t Beynolds, Uc,; Sommerfeld, Zeitschrift f, Matlu 1. 97 {1904)', Harrison, Gamh, Tram, 
xxii. 39 (1913), and xxii. 373 (1920). Also A. G-. M. Michell in Mechanical Properties of Fluids, 
London, 1923, p. 134; and Stanton, Friction, London, 1923, p. 93. 

X Zeitschr. /. Math, liii. 123 (1905). Some account of this very elegant investigation is given 
in the two books just cited. 
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On account of the steady character of the motion, this must be balanced by 
the normal pressures on the plane ends of the shell. Since dwjds = 0, the 
difference of these two normal pressures is equal to 

(pi — ps) ’itrrhr, 

where p,, pa are the values ofp (the mean pressure) at the two ends. Hence 

(1) 

drx orj fiL 

Agairij if we resolve along the radius the forces acting on a rectangular 
element, we find Sp/3r = 0, so that the mean pressure is uniform over each 
section of the pipe. 

The integral of (1) is 

w = -^^'r^- + Alogr + B ( 2 ) 

Since the velocity must be finite at the axis, we must have A = 0 ; and if we 
determine B on the hypothesis that there is no slipping at the wall of the 
pipe (r = a, say), we obtain 

(.3) 

This gives, for the flux across any section, ■ 

(4) 

J 0 0/4 6 

It has been assumed, for shortness, that the flow takes place under 
pressure only. If we have an extraneous force X acting parallel to the 

length of the pipe, the flux will be 

( 5 ) 

In practice, X is the component of gravity in the direction of the length. 

The formula (4) contains exactly the laws found experimentally by 
Poiseuille'*' in his researches on the flow of water through capillary tubes ; 
viz. that the time of effiux of a given volume of water is directly as the 
length of the tube, inversely as the difference of pressure at the two ends, 
and inversely as the fourth power of the diameter. 

This last result is of importance as fui'nishing a conclusive proof that there is in these 
experiments no appreciable slipping of the fluid in contact with the wall. If we were to 
assume a slipping-coefficient ft as explained in Art. 327, the surface-condition would be 

^ or ^ ’ 

or (6) 

* “Eecherehes exp^rimentales sur le mouvement des liquides dans les tubes de tr^s petits 
diam^tres,” Comptes BenduSi xi. xii. (1840-1), Mim, des Sav. J^trangers^ ix. (1846). 
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if X = /x/^. This determines in (2), so that 

w = + 2Xa) (7) 

If X/a be small, this gives sensibly the same law of velocity as in a tube of radius <x+X, on 
the hypothesis of no slipping. The corresponding value of the flux is 

(») 

If X were more than a very minute fraction of a in the narrowest tubes employed by 
Poiseuille [<x=*0015 cm.] a deviation from the law of the fourth power of the diameter, 
which was found to hold very exactly, would become apparent. This is sufficient to 
exclude the possibility of values of X such as *235 cm., which were inferred by Helmholtz 
and Piotrowski from their experiments on the torsional oscillations of a metal globe filled 
with water, described in the paper already cited 

The assumption of no slipping being thus justified, the comparison of the formula (4) 
with experiment gives a very direct means of determining the value of the coefficient jj. for 
various fluids. 

It follows from (3) and (4) that the rate of shear close to the wall of the 
tube is equal to where Wq is the mean velocity over the cross-section. 

As a numerical example, we may take a case given by Poiseuille, where a 
mean velocity of 126‘6 c.s. was obtained in a tube of *01134 cm. diameter. 
This makes ^w^ja = 89300, if the unit of time be the second. 

For values of exceeding certain limits, depending on the relation be- 
tween the diameter of the pipe and the viscosity, the linear type of flow here 
investigated becomes unstable, at all events for disturbances exceeding a 
certain amplitude ; see Art. 365. There are analogous limitations to the results 
of Arts. 330, 331, and indeed to many of the calculations which follow. 


332. Some theoretical results for sections other than circular may be 
noticed. 

1“. The solution for a channel of annular section is readily deduced from equation (2) 
of the preceding Art., with A retained. Thus if the boundary-conditions be that w—O for 
r = a and r = h, we find 

if „ b^~a^ r] 

r log (6/a) °^a\’ 

(52_a2)21 


giving a flux 




4:1X1 


. 27rrdr — ~ . — - 7 — 


Sjx 


\¥-a^ 


'log (b/a)r 


•a) 

.( 2 ) 


2°. It has been pointed out by Greenhillt that the analytical conditions of the present 
problem are similar to those which determine the motion of a frictionless liquid in a 
rotating prismatic vessel of the same form of section (Art. 72). If the axis of be parallel 
to the length of the pipe, and if we assume that is a function of y only, then in the 
case of steady motion the equations reduce to 


^-0 

0a; ’ 

lxVi^W = 






dp 


.(3) 


For a fuller discussion of this point see Whetham, “On the alleged Slipping at the Boundary 
of a Liquid in Motion,” Phil. Trans. A, clxxxi. 559 (1890). 

t “ On the Flow of a Viscous Liquid in a Pipe or Channel,” Proc. Lond. Math. Soc. (1), xiii. 
43 (1881). 
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Hence, denoting by P the constant pressure-gradient ( — dpldz\ 
Vi^w=^-PlfjL, (4) 


with the condition that w—0 at the boundary. If we write — for Wy and 2<a) 

for P/fXy we reproduce the conditions of the Art. referred to. This proves the analogy in 
question. 


In the case of an elliptic section of semi-axes a, b, we assume 



w^hich will satisfy (4) provided * a^'- f b ^ 

The discharge per second is therefore 

(7)* 

This bears to the discharge through a circular pipe of the same sectional area the ratio 
5^). For small values of the eccentricity (e) this fraction differs from unity by a 
quantity of the order eK Hence considerable variations may exist in the shape of the 
section without seriously affecting the discharge, provided the sectional area be unaltered. 
Even when a : 6=8 : 7, the discharge is diminished by less than one per cent. 


333. We consider next some simple cases of steady rotatory motion. 

The first is that of two-dimensional rotation about the axis of Sy the 
angular velocity being a function of the distance (r) from this axis. 
Writing 

u — — (oy^ V = moSy ( 1 ) 

we find that the rates of extension along and perpendicular to the radius 
vector are zero, whilst the rate of shear in the plane xy is rdcoldr. Hence 
the moment, about the axis, of the tangential forces on a cylindrical surface 
of radius r is, per unit length of the axis, fj^rdmldr , 27 rr.r, On account of 
the steady motion, the fluid included between two coaxal cylinders is neither 
gaining nor losing angular momentum, so that the above expression must be 
independent of r. This gives 

-a> = + 5 (2) 

If the fluid extend to infinity, while the internal boundary is that of a solid 
cylinder of radius a, whose angular velocity is cwq, we have 

colco^^arjr^ (3) 

The frictional couple on the cylinder is therefore 

— 47r/.6a^£t)o (4) 

If the fluid were bounded externally by a fixed coaxal cylindrical surface 
of radius h we should find 

® (5) 


* TMs, with corresponding results for some otter forms of section, appears to have been 
obtained by Boussinesq in 1868 ; see Hicks, JBriU Ass, Hep. 1882, p. 63. 
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which gives a frictional couple 

( 6 )* 

The formulae will apply to the case where the outer cylinder is maintained 
in rotation whilst the inner one is at rest, if we interchange the meanings of 
a and h. Experiments on this plan have been made by Mallockf, CouetteJ, 
and others, the couple on the inner cylinder being measured by the torsion 
of a suspending wire, or some similar contrivance. The results will be 
referred to later (Art. 366a). 


334. A similar solution to that of the preceding Art., restricted however 
to the case of infinitely small motions, can be obtained for the steady motion 
of a fluid surrounding a solid sphere which is made to rotate uniformly about 
a diameter. Taking the centre as origin, and the axis of rotation as axis of 
we assume 

^6 = — (OX, w ~0, (1) 

where « is a function of the radius vector r, only. If we put 

P=zJoirdr, ( 2 ) 

these equations may be written 

dP dP . . ... 



and it appears on substitution in Art. 328 (4) that, provided we neglect the 
terms of the second order in the velocities, the equations are satisfied by 

p — const., V^P = const (4) 


The latter equation may be written 


d^P 

dr^ 


2dP 

H — — const., 

r dr 


dco - , 

or r + 3(1) = const., 
dr 


( 5 ) 


whence 


ft) = Ajr^ + B. 


( 6 ) 


If the fluid extend to infinity and is at rest there, whilst coq is the 
angular velocity of the rotating sphere (r = a), we have 

cojcoo^a^jr^ (7) 

If the external boundary be a fixed concentric sphere of radius b the 
solution is 

^3 _ y.3 


^3 * J3 _ qS 




.( 8 ) 


The retarding couple on the sphere may be calculated directly by means 
of the formulae of Art. 326, or, perhaps more simply, by means of the Dissi- 

* This problem was first treated, not quite accurately, by Newton, Principia^ Lib. ii. Prop. 51. 
The above results were given substantially by Stokes, ll.cc. ante pp. 547, 549. 

t “Determination of the Viscosity of Water,” Proc. Boy, Soc, xlv. 126 (1888) ; “Experiments 
on Fluid Viscosity,” Phil. Trans. A, clxxxvii. 41. 

t “Etudes sur le frottement des liquides,” Ann. de chimie etphys. xxi. 433 (1890). 
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pation Function of Art. 329. We find without difficulty that the rate of 
dissipation of energy is 

dwdydz = f w/. J V ( J)' dr = . . .(9) 

If N denote the couple which must be applied to the sphere to maintain 
the rotation, this expression must be equivalent to iVcoo, whence 


Tvr o 


.( 10 ) 


or, in the case corresponding to (7), where 6 = oo , 

N = STTfia^CDo (11)* 

The neglect of the terms of the second order in this problem involves a 
more serious limitation of its practical value than might be expected. It is 
not difficult to ascertain that the assumption virtually made is that the ratio 
WQOrjv is small. If we put i/ = *018 (water), and a =10, we find that the 
equatorial velocity must be small compared with *0018 (c.S.)f. 

When the terms of the second order are sensible, no steady motion of the above kind is 
possible. The sphere then acts like a centrifugal fan, the motion at a distance from the 
sphere consisting of a flow outwards from the equator and inwards towards the poles, 
superposed on a motion of rotation f. 

In the case to which the formulae (8) and (10) relate the condition for the validity of 
the approximation is that the expression 



should be small, it being assumed that a and h are not very different §. 


334 a. Some simple cases of variable motion can be solved by means of the 
analogy with the Conduction of Heat, noticed in Art. 328 1|. 

1°. Take for instance the case of ‘laminar’ motion where the flow is in 
parallel planes and uniform over each plane, the direction being everywhere 
the same. With a suitable choice of axes we have -r = 0, w = 0j whilst a is a 

^ Kirchhoff, Ilechanik, c. xxvi. 

f Cf. Rayleigh, “On the Flow of Viscous Liquids, especially in two Dimensions,” Phil. Mag. 
(4), xxsvi. 3o4 (1893) [Papers, iv. 78]. 

X Stokes, l.c. ante p. 547. 

§ Experiments on the viscosity of air have been made by Zempl5n [Anri, dev Phys. (4), xxix. 
869 (1909) and xxxviii. 71 (1912)) on this plan, except that the outer sphere was made to rotate, 
the couple N being measured by the torsion of a wire from which the inner sphere was suspended. 
He finds that the formula analogous to (10) gives consistent results for a wide range of woa^lp, 
and remarks that criteria of this kind are to be taken as indicating an order of magnitude, 
rather than an absolute standard. This must be admitted ; but it should be rerbarked that the 
relevant criterion in the present case has rather the form (12). 

j{ This analogy has been utilized by Rayleigh, Proc. Land. Math. Soc. (1), xi. 57 (1880) 
[Papers, L 474] and by several subsequent writers, e.g. G. 1. Taylor, Aeronautical Research 
Committee, JR. M. 598 (1918), and K. Terazawa, Japanese Journ. of Phys. i. 7 (1922). 
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function of ^ only. 
p = const., and 


The equations (4) of Art. 328 are then satisfied by 


du 3% 

dt ^ * 


( 1 ) 


This is identical in form with the equation of linear motion of heat, so that 
known solutions of the latter problem can be at once transferred to our present 
subject. 

For example, suppose that the fluid extends to infinity in both directions 
of and that we have initially u^±U, the upper or lower sign being taken 
according as 5 is positive or negative. This corresponds to the case of two 
media in contact, initially at different temperatures. Appropriating the known 
solution of this problem we have 

e-^^de, (2) 

f\j7r j 0 

where, in the upper limit, 

6 = (3) 

It is easily verified that (2) does in fact satisfy (1), and that it makes ib-^±U 
for 


The function multiplied by TI in (2) was tabulated by Encke^. It appears 
that u^\JJ when 6 = *4769. For water this gives, in seconds and centimetres, 
t = 61*8^1 The corresponding result for air is t = 8'3z^ These results indicate 
how rapidly a surface of discontinuity in a viscous fluid would be obliterated, 
if indeed it could ever be formed. 

The vorticity is v = (4) 

This formula represents the diffusion of vorticity, which was initially con- 
fined to a vortex sheet at 5 == 0, into the fluid on either side. 

2°. Suppose the motion to be in circles about an axis, the velocity being a 


function of the distance r from this axis. 

Taking the axis in question as axis of z, we have obviously D^jDt = d^/dt 
and therefore, by Art. 328 (8), 

® 

where = d^/doo^ + d^jdy^. Integrating this over the area of a circle of radius 
T we have 

^ , 27rrdr = ^ Jj = ^Trr (6) 

Hence, differentiating with respect to 



^ Befl. Astr. Jahrhuch, 1834. The table is reprinted in Kelvin^s Papers, iii. 434, and 
(abbreviated) in the collections of Dale, and Jahnke and Emde. 
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which is identical with the equation of radial flow of heat in two dimen- 
sions 

For instance, suppose we have initially an isolated vortex of strength tc 
concentrated in the axis of z. The thermal analogy is the diffusion of heat 
from an instantaneous line-source in an infinite medium f; and the solution is 


^ ^TTVt 


That this satisfies (7) is easily verified by difFerentiation. Moreover it gives, 
for the circulation in. a circle of radius r, the value 


f ^ . ^TTrdr — — (9) 

J 0 

the limiting value of which for is /c. The velocity is 

( 10 ) 

As t increases from 0 to oo this diminishes from Kj^irr to 0. The vorticity on 
the other hand increases (for r > 0) from zero to a maximum and then falls 
asymptotically to zero. 

Again, suppose that at the instant ^ ~ 0 a uniform tangential stress f 
begins to act on the surface of a liquid of depth h which is at rest. 

If the origin be at the bottom the conditions to be satisfied, besides the 
equation (1), are 

u^O for ^-^0, fjbdtcjdz =/ for 

We write u — /z/im + it, (11) 

where the first term represents the asymptotic condition (t-^oo ). The equa- 
tion (1), and the conditions it' = 0 for = 0 and du'jdz — () fov z —h, are satisfied 
by a series 

u' - sin mz (12) 

provided mh = -|- (2s -f 1 ) tt, (IS) 

where s==0, 1, 2, 3, .... We have to determine the coeflScients so that 

fzjiJi -f hAm sin mz = 0 (14) 

identically. We may proceed by the ordinary Fourier method, or we may 
quote at once the known expansion 

^ = ^-sin (9— isin3<9 + isin5<9- (15) 

which holds from 0 = — to 9 \ir, inclusive. The final result is 


where h = ^irjh. 


^ — sin 4 - ^ 


sin 3^^ 0 -^vkH . 


* Oarslaw, Conduction of Heat, Cambridge, 1921, p. 113. 
t Oarslaw, p. 152. 
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334a] of Wind on Ocean Currents 


Calcialations of this kind have sometimes been designed to illustrate the 
action of wind in producing ocean currents; but if we insert numerical 
values of v and A, the final state would according io the formula be approached 
with extraordinary slowness. For instance, if z/ = *018, A = 10®, the coefficient 
of sin hz in (16) would be diminished in the ratio 1/e in a time 
t = Ijvk^ = = 7140 years ! 

In reality the conditions are enormously modified by turbulence. A more 
practical interpretation is obtained if we replace fi by the coefficient of 
turbulence,' as to which see Art. 366 A. 


4°. As a variation of this question, we may examine the steady currents 
which would be produced when account is taken of the earth s rotation 


We take the origin in the free surface, with the axis of z drawn upwards. 
If ft) be the component of the earth's angular velocity about the vertical we 
have, on the assumption that the conditions are uniform in respect of oc and 
and that the motion has become steady, 


— 2<av = v 



2mi == V 




(17) 


These may be combined into the single equation 

+ (IS) 

dz!- V 

Writing ‘ (19) 

and taking the depth to be practically infinite, we have 

^ + = (20) 


The condition fMdujdz=f to be satisfied for ^—0, gives (l+Oi®-^ 


whence 


or 


, • (i-af 


v'2/./3 


( 21 ) 

sin {^z — | tt) (22) 


/ 


^2^/3 

The motion is practically confined to a surface stratum 'whose depth is of the 
order /S'h The direction of the flow at the surface deviates 45° to the right 
(in the northern hemisphere) firom that of the force. The total momentum 
per unit area of the surface, on the other hand, is 

■0 _ ¥_ if 


r® , . N , V V 


.(23) 


the direction being at right angles to that of the force. 

Here again it is to be remarked that the results have a practical value 
only if we replace yu- by the coefficient of turbulence. With the ordinary 
value of iJL for water /3-^ would be only of the order of 20 cm. 

* Ekman, “On the influence erf the earth’s rotation on ocean currents,” to /. matematik... 
ii. (1905). The paper contains other interesting developments. 


L. H. 


36 
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335. The motion of a viscous incompressible fluid, when the eflFects of 
inertia are insensible, can be treated in a very general manner, in terms of 
spherical harmonic functions. 

It will be convenient, in the first place, to investigate the general solution 
of the following system of equations : 

W-0, VW-0, (1) 


du' dv' dw _ . 
dx dy'^ dz 


■( 2 ) 


The functions u\ w' may be expanded in series of solid harmonics, and 
it is plain that the terms of algebraical degree n in these expansions, say 
must separately satisfy (2). The equations (1) may therefore be 
put in the forms 


.(3) 


Hence 


d 

(dVn 

dUn 

dy 

\dx 

dy . 

d 

(dWn 

dVn 

dz 

\dy 

dz 

l_ 

(dUn 

dWn 

dx 

K dz 

dx , 

1 

^Xn 

d'Un' 

dz 

dx ’ 

dz 


(dUn 

dwn\ . 

V dz 

3* )' 

/3< 

dUn\ i 

\dx 

' dy)'' 

(dw^ 

dv^\ 

\dy 

dz 

_5x» 

dv2 c 

dy ’ 

dx 

and it further 


dy dz dx ^ dz dx dy ’ dx dy dz 

where Xn is some function of x, y, z] and it further appears from these 
relations that Xn is a solid harmonic of degree n. 

From (4) we also obtain 

dy ^ dz dx dy ' " dz ' dx' 

%vith two similar equations. Now it follows from (1) and (2) that 

ixUn + yVn + ZWn) = 0 , ( 6 ) 

so that we may write xv^ + yvn + zwn = 4>n+i, (7) 

where 4>n+i is a solid harmonic of degree n + 1. Hence (6) may be written 

,'^Xn 


.(4) 


9u ^ 3 

” + ^ {xUn + yVn + ZWn), ...(5) 


(n + 1) m/ = 

dx dy ^ oz 


.( 8 ) 


The factor n+1 may be dropped without loss of generality ; and we obtain 
as the solution of the proposed system of equations : 




. Jxn 


dx ^ dy 


■y 


dz)' 


oy dz dx 


w 


.(9) 


where the harmonics are arbitrary*. 

* Cf. Borehardt, “ Untersnchungen fiber die Elastieitat fester Korper unter Berfietsichtigung 
der Warme,” Berl. Monatsber. Jan. 9, 1873 IGesammelte Werke, Berlin, 1888, p. 245]. The in- 
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336. If we neglect the inertia- terms, the equations of motion of a viscous 
liquid reduce, in the absence of extraneous forces, to the forms 




dp 

'dx^ 




dp 


with 

By differentiation we obtain 


dy^ 

du dv A 

dx~^ dy"^ dz 




djp 

dz \ ' 


V2p = 0, 

so that p can be expanded in a series of solid harmonics, thus 

P = 'S.pn 

The terms of the solution which involve harmonics of different algebraical 
degrees will be independent. To obtain the terms in we assume 


■( 1 ) 

•(2) 

.(3) 

.(4) 






d Pn 
dy ’ 


.(5) 


dz^ dzr^+^’l 
where = aP- y'^ + z\ The terms multiplied by B are solid harmonics of 
degree ?^ + 1, by Arts. 81, 83. Now 

V.(,. I") 4(4 + j,i +4)|- vv.2(2„ + l)^>. 

Hence the equations (1) are satisfied, provided 

1 


2(2ji + l)ya 

Also, substituting in (2), we find 

2nA - (n + 1) (2?i + 3) 5 = 0, 
n 


whence 


B = 


(n + 1) (2n. + 1) (2w + 3) ya ’ 
Hence the general solution of the system (1) and (2) is 


.( 6 ) 


•(7) 




dpn 


+ 




d Pn 


fi ]2 {2n + 1) dx {n + 1) {2r + 1) {2n + 3) dx 


\ 


1 V 
V = ~ z 


^2 


dpn 


+ 




9 Pn 


2{2n+ 1) dy (n + 1) {2n + 1) {2n 4- 3) dy 


M 12 


dpn 


^,y.2W~j~3 


Pn ] 


+ U\ 
PrV', 

4- W'yJ 


} .-.(8) 


12 {2n ^l) dz {n-\- 1) {2n + 1) (2?^ + 3) dz 

where u', v\ w' have the forms given in (9) of the preceding Art.* 

vestigation in the text is from a paper “On the Oscillations of a Viscous Spheroid,” Proc. Land. 
Math. Soc. (1), xiii, 51 (1881), 

* This investigation is derived, with some modifications, from various sources. Of. Thomson 
and Tait, Art. 736; Borchardt, l.c.; Oberbeck, “Ueber stationare Fliissigkeitsbewegungen mit 
Berucksichtigung der inneren Eeibung,” Grelle, Ixxxi. 62 (1876). 


36—2 
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The formulae (8) make 


oou + yv + zw = — % , 


nr- 


Pn + ’ZrKjin 


>"'2(2w+ 3)-' 

Also, if "we denote by y, ^ the components of vorticity, we find 


.(9) 




fi (w+1) 

1-f. 


y- 






^ = -2 


yLt (yi + 1) 


dx dz 


+ 2(n+l) 


dx 

dy’ 


.( 10 ) 


r=-s- 




These make 


-^-(n + l)\rdy ^dxj 

y7) + (n + 1) Xn (H) 

The components of stress across the surface of a sphere of radius r are, by 
Art. 325 (4), 

X y 2 /To\ 

Vrx ~ “ fxx + ~ Pxy + “ Pxzt • - • > 

If we substitute the values of pxx, Pxy, Pxz>--^ from Art. 326 (5), (6), we find 


--xp + y (r^-l]u + p~ {xu + yv + z'w)i\ 


dx 


rpm = ~yp + fji. (r|- -l) v + ij,^ (xu + yo + zw), j 


dr 

d 


dy 

d 


•( 1 ?) 


/ 0 \ 0 

^jPrz == “ + /X, {r^ zw). 


These formulae are of course general. In the present case, substituting 
from (8), and making use of the relation 

fdpn 


xpn-- 


'2n + l\dx dxT'^^+y' 


.(14) 


we obtain, after a little reduction. 


2n- + 4^ + 3 


„ - ^n+3 ^ P'^ ] 

0^ ' (?i + l)(2n + l)(2n + 3) 0£cr^+ij 


+ 2,.S(»-l)^- + 


/i2 {n - 1) (y 


dz dy)' 


.(15) 


The corresponding expressions for rp^y and rprz can be derived by cyclical 
changes of letters. 


337. The results of Arts. 335, 336 can be applied to the solution of a 
number of problems where the boundary-conditions have relation to spherical 
surfaces. The most interesting cases fall under one or other of two classes ; 
viz. we have either 


+ 2/^7 -f = 0, 

(1) 

everywhere, and therefore = 0, ^„ = 0, or 


x^->ryy^-z^=0, 

- r (2) 

and therefore = 0. 
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Steady Flow past a Sphere 


1®. Let ixs investigate the steady flow of a liquid past a fixed spherical obstacle. If 
we take the origin at the centre, and the axis of x parallel to the flow, the boundary-con- 
ditions are that 2 ^= 0 , ^=0 for r=a (the radius), and u=U (say), ^ = 0, ^^?=0 for 

r=Qo . It is obvious that the vortex-lines will be circles about the axis of so that the 
relation (2) will be fulfilled. Again, the equation (9) of Art. 336, taken in conjunction with 
the condition to be satisfied at infinity, shews* that as regards the functions and we 
are limited to surface-harmonics of orders 0 and 1, and therefore to the cases ?^=0, 7 ^= 1 , 
Also, we must evidently have pi=0. Assuming, then, 


A ^ 

P-2=A^, 


(1)1^ 0^2 = ^- 


„(3) 


we find 




„ 0 X 


3pr’ 


w 


•( 4 ) 


These make 


- (r Ar^\ ^ f 
V efijdzr^' 

, /„ 2B A\ 

a:u+y»+zw=\^U - -^ + —j x. 


.(5) 


Also, from Art. 336 (16), or directly from (13), 


X ( , 6u,B\ d X A 


The condition of no slipping at the surface r=a gives 

Aa^ 

6fJL 

whence ~ |/x Ua^ UaK 

The component tractions on this surface are therefore 


.( 6 ) 




B- 


-= 0 , 




Pry— 


Prz— 


•( 7 ) 

.( 8 ) 

.(9) 


If dS be an element of the surface, we have 

JJ p^dS ^ QTTfl&a^ =0, J jprsdS =5 0 (10) 

The resultant force on the sphere is therefore ^TTfjta in the direction of ^-positive. 

The formulae (4) now take the shape 

0 X ^ 

0 X ' 

' 0y ’ j 
0 X 

’dz r’3* - 


u=^U{l 


.^+lUa{r^-a?). 
^Ua (r2- a^) 


J Ua {r^ - aP) ? 


.(11) 


The character of the motion is most concisely expressed in terms of Stokes’ stream-function 
(Art. 94). The radial Velocity being 


U 


(l-|“+i^)cos5, (12) 
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the Bus (Sirir) through a circle with Ox as axis, whose radius subtends ah angle & at 0, is 
given by 

^^,= - i - 1 ^ Vs sin2 ^ (13) 

If we impress on everything a velocity — U in the direction of we get the case of a 
sphere moving steadily through a viscous fluid which is at rest at infinity. The stream- 
function is then 

(14)* 



The diagram shews the stream-lines \(r=:const., in this case, for a series of equidis- 
tant values of The contrast with the case of a frictionless liquid, delineated on p. 120, 
is remarkable, but it must be remembered that the fundamental assumptions are very 
different. In the former case inertia was predominant, and viscosity neglected; in the 
present problem these circumstances are reversed. 

The configuration of the stream-hnes indicates that the existence of an outer rigid 
boundary, even at a distance of many diameters of the sphere, would greatly modify the 
results. The resistance would of course be increased t. 

* This problem was first solved by Stokes, in terms of the stream function ; see Art. 338. 

t The slow motion of a sphere in the neighbourhood of a plane rigid wall has been investigated 
by Lorentz, Ahkandlmgen uher theoretische JPhysilc, Leipzig, 1907, i. 23. The case of a 
concentric spherical boundary is treated by Williams, by the method of Art. 338, below, and 
compared with experiment, in an interesting paper (Phil Mag, (6), xxix. 526 (1915)). The fall of 
a sphere along the axis of a vertical tube filled with liquid is discussed by Ladenburg, Am. der 
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If F be the extraneous force acting on the sphere in the direction of ^-negative, this 
must balance the resistance, whence 

F~Q 7 rfj.aU. (15) 


It is to be noticed that the formula (14) makes the momentum and the energy of the fluid 
both infinite^. The steady motion here investigated could therefore only be fully estab- 
lished by a constant force Z acting on the sphere through an infinite distance. 

The whole of this investigation is based on the assumption that the inertia-terms 
udujdx, ... in the fundamental equations (4) of Art. 328 may be neglected in comparison 
with .... It easily follows from (11) above that Ua must be small compared with v. 
This condition can always be realized by making U ov a sufi&ciently small, but in the case 
of mobile fluids like water this restricts us to velocities or dimensions which are, from a 
practical point of view, exceedingly minute. Thus even for a sphere of a millimetre radius 
moving through water (i/=:*018), the velocity must be considerably less than *18 cm. 
per sec.f 

We may employ the formula (15) to find the ‘terminal velocity’ of a sphere falling 
vertically in a fluid J. The force F is then the excess of the gravity of the sphere over 
its buoyancy, viz. 

F=i^ip'-p)a% (16) 

where p denotes the density of the fluid, and p the mean density of the sphere. This gives 

(17) 

This will only apply, as already stated, provided Uajv is small. For a particle of sand 
descending in water, we may put (roughly) 

p'=2p, j/ — *018, p^=981, 

whence it appears that a must be small compared with *0114 cm. Subject to this condition, 
the terminal velocity is 6’’= 12000^2. 

For a globule of water falling through the air, we have 

/=!, p = *00129, /x=*00017. 

This gives a terminal velocity Z7=1280000a2, subject to the condition that a is small com- 
pared with *006 cm. 

2°. In the case of a liquid sphere we have to take account of the internal as well as the 
external motion §. We will suppose, in the first place, that the surrounding fluid is free 
from extraneous force, whilst a force - A, per unit volume, acts on the substance of the 
sphere. 

The formulae of Art. 336 (1) will apply to the internal space, provided 


(18) 

where y?' is the true pressure. If we further write 

fx—A'x., (jji—B'Xj (19) 


Phys. xxiii. 447 (1907), and by Fax4n, Arkivf. matematih..., xvii. (1923). The latter writer has 
also treated the case of a sphere moving between parallel plane walls, Ann. der Physik, Ixviii. 90 
(1922). 

* Eayleigh, Phil. Mag. (5), xxi. 374 (footnote) (1886) [Papers, ii. 480]. 

t Bayleighj l.c. .ante p, 558. For experimental researches bearing on this point, see Allen, 
“The Motion of a Sphere in a Viscous Fluid,” Phil. Mag. (5), 1. 323, 519 (1900); Arnold, Phil. 
Mag. (6), xxii. 755 (1911); and Williams, l.c. 

X Stokes, l.c. ante p. 547. 

§ This problem was investigated by Eybczynski, Bull. Acad. d. Sciences de Cracovie, 1911, 
p. 40, and independently by Hadamard, Comptes Rendus, clii. 1735 (1911). These references are 
taken from a paper by Smoluchowski, **'On the Practical Applicability of Stokes’ Law of Besiat- 
ance..,” Proc. of Math. Congress, Cambridge, 1912, ii. 192. 
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the formulae (8) of the Art. referred to give for the internal motion 


'^"ZOfjf ox 7^ 6/i' 

A' 7'^ d X 
^ ”” 30ft' dy lA ’ 

3 X 


.2 \ 

rr+B', 


.(20) 


whence 
Also, since 

we find 


30ft' az 7^ ’ 

,+yv+zw=(^^^,+B'y-. 




3 X . 0 


\w 

. , d X 


.( 21 ) 


‘2") 


i57-a:= -- ^3 + 3-^^’’ ^ 


Pnf = “ f 25o+ (A^' - IK) r* 


3;!P 

3 X 
oy ’ 


.(23) 


Pri= - 

The corresponding formulae for the external space will be as in (4) and (6), above. 
Expressing that the radial velocity vanishes for ?"=a, we have 
A 2B 

ixa a? 10ft 

The continuity of the velocity requires further 

(25) 


fh _ ^7=0, ^'+.B'=0 (24) 


Ace- AV 

20, x' • 


Again, on comparison of (6) and (23) it appears that the continuity of stress requires 

Aa-^-l^=^A'a*-iKaS A = -lKa^ (26) 

We have thus five equations to determine A, B, A', B\ U when K is given. Solving, 
we find 

cr=|^'./±^ (27) 

^ ft 2ft+3ft 

The total force which must act on the sphere in the direction of .a;-negative, in order to 
maintain it at rest in the stream, is 

m 


where 


The internal motion is given by the formula 

1/^= - ^5' (l - ^2 ) sin2 6 , . 

Kde 


B'=-- 


.(29) 

.(30) 


6ft + 9ft' 

If we put ft'=co we reproduce the results relating to a solid sphere. 

To adapt the results to the case of motion under gravity (supposed to act in the direction 
of ^-negative), we must put 

^=0ip'-p), (31) 

where p' is the internal density. The terminal velocity is then given by (28). If p' < p, 
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TJ is negative, indicating that the globule ascends relatively to the surrounding fluid. In 
the case of a bubble of gas ascending through water we may put, with sufiScient accuracy, 
p' = 0, p,' = 0, whence 

^Igpayjx (32) 

3°. A variation of the problem of the solid sphere is afforded if we allow for the 
possibility of slipping of the fluid over the surface, assuming the empirical law referred to 
in Art. 327. 

The formulae (6) give, for the normal stress on a sphere of radius r, the expression 




.(33) 


the three components of which may be written, in virtue of Art. 336 (14), 
.“T / Au.B\ d X A 4uB \ 


-Po'i 




r ) dy r^'^ 


.(34) 


z / , 4txB\ d X 

Subtracting these from the expressions in (6) we find, for the components of tangential 
stress, 

_ %\xB ^ 2p.5 0 X 2p5 0 X 


T 'bx 


by r' 


. 3 ’ 


bz r^' 


.(35) 


At the surface r=a, the radial velocity must vanish, and the expressions in (4) will 
become components of tangential velocity. We must have, therefore. 




6p /’ 


a^ 


/3 M7+ 


3pa, 


.(36) 




,.(37) 


where is the coefficient of sliding friction. Hence 

and it appears on reference to (6) that these satisfy the condition of zero radial velocity. 
The resultant force on the sphere is, by (6), 

X=jj p„ dS^ - 4^A =6,r^ Oa . (38)* 

For /3 = oo , this agrees with (15). If /3 were =0, the resultant would be 47rpZ7a. 

4°. The problem of a rotating sphere in an infinite mass of liquid is solved by assuming 


’0X 


by ^ bz ^ 


^/Y-2 


0Y_2 ^X-2 

oz dx 


0X-2 ^X- 


where X - 2 = Azjr^ 

the axis of z being that of rotation. At the surface y=a we must have 

ti=s~>oiiy^ v — cjx^ w—Oj 

if CD be the angular velocity of the sphere. This gives ; cf. Art. 334. 


.(39) 

.(40) 


338 . Problems relating to flow about a sphere, in planes through an axis 
of symmetry, have been usually treated, as by Stokes originally, by means of 
the current-function 'yfr. It may be useful, therefore, to give a few indications 
of the method. 


Basset, Hydrodynamics, ii. 271. 



570 


Viscosity 


[OHAP. XI 


9 j 


.( 1 ) 


we have 


•( 2 ) 


Putting cos sin and accordingly 

■y='i;cos^, sin 

1=0, 77= -cosing, {’=(i)Cos^5. 

, ro2 02 1 0 02 -1 

v3„= _ 4. + ___ 0) sm ^ 

‘ ^ ‘Gr-o^2j 

= — sin 5 + -5 — 5 4* — o 1 <«> 

[_0^2 02;r2 W d'o^ 

— ^ 4. -51 i -A*! 

*«r L0^2'^ 0^3-2 isr 0xcrj^^^ ’■“ 

and similarly _ i (3) 

In the case of steady motion, we have, from Art. 336 (1), and therefore 

K + 

or, substituting the value of a from Art. 161 (2), 

Tcs 32 1 3 T,_„ 

!_3«2 + an,2 ® 

In questions relating to a spherical boundary we put 

^=fCOS^, ^cr=rsin^ (6) 

Since 


0 . ^ 5 .0 

5— = Sm^;r~-l-COS ^ 
ojtT or 7W ’ 

, , . Sin^ 0 / 1 \ 0 n2 , ^ 

we obtain [97^ + -^ Sg ggj V'^O, 

the equation given by Stokes. 

This is satisfied by 

provided 

the solution of which is 


•i|/'=sm2d/(r) 

[£-J]Vw-o. .... 

f{r) = -+Br+Cr^‘+Ih^. 


•( 7 ) 

..( 8 ) 

..(9) 


.( 10 ) 


In the case of uniform flow at infinity we must have \/^= — ^Z7r2sin2 ^ for r= qo , whence 

‘ i)=0, G^-iU. (11) 

The component velocities along and at right angles to the radius vector are 
1 




e= 


r sin 6 


1 


^=rcos6-2(4 + |)cos6,| 
^7siiifl-(4-^sin«.j 


dyjr _ 


.( 12 ) 


rsin^ dr 

The rates of elongation in the directions of r and 6y and at right angles to these two, are 
found by superposition of the amounts due to E and 0 separately to be 
cR » fSA B\ . de R fZA jB\ , \ 
dr~^\ ?■* ry + 7 “ “ V?' 7 ) 


jK 0 
r'^r tan $ " 




cos 6, 


.(13) 


and the rate of shear in the plane of r and 6 is 


dR de 0 6A . , 

4- 5 - 3 - sm d. 

rcB dr r 


( 14 ) 
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rri, -i • 3e , e dR 25sm5 

ihe vorticity is a) = — ;^= 5 — (15) 

cr T rod 

The force on the sphere may be calculated directly from the stress-formulae, or may 
be inferred more simply from the rate of dissipation of energy. It follows from (13) 
and (14) that the function of Art. 329 (8) takes the form 

=12/* (^ + ^ cos2 g+36)^ ^ sm2 6 (16) 

To find the total rate of dissipation of energy in the fluid we must multiply this by 
% 7 Tr sin 6r W dr, and integrate from ^==0 to and. from r=a to r = co . The result is 

/3A2 , 2AJ5 . J52\ 

^ 

On the hypothesis of no slipping at the surface r==a we find from (12) 

• A^-\VaS B^lUa, (18) 

and therefore sin‘^ (19) 

or, if the sphere be regarded as moving with velocity — JJ through a liquid which is at rest 
at infinity, 

^==lVar (l -i ^) sin2 6, (20) 

as in Art. 337 (14). 

The force ( — P, say) which must be applied to the sphere to maintain the motion is 
found by equating the rate of dissipation of energy to PV. Substituting in (17) from (18) 
we find 

P^iSTrfxaU^ ( 21 ) 

as before. 

If there is slipping, with a coefficient jS of sliding friction, the conditions to be satisfied 
for r=a are 

ii.o. m 

in the original form of the problem where the sphere is regarded as at rest. Substituting 
from (12) and (14) we find 

+ m 

There is in this case an additional dissipation of energy by sliding friction at the surface 
of the sphere, of amount ^0^ per unit area. If we integrate this over the surface, the result 
is, by (22) and (14), 

(24) 

^ ^ 

If we add this to (17), and insert the values of A and B from (23), we find, on equating 
the total dissipation to F U, 



in agreement with Basset’s result (Art. 337 (38)). 


339. The problem of the steady translation of an ellipsoid in a viscous 
liquid can be solved in terms of the gravitation-potential of the solid, regarded 
as homogeneous and of unit density. 

The equation of the surface being 
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the gravitation-potential is given, at external points, by Dirichlet’s formula * 

r” / 22 ^\d'^ /9\ 

Q^^aboj^ + ( ) 

where A=[(a^-l-X)(6^-l-\)(c^-1-X)|i, (3) 

and the lower limit is the positive root of 

+ + (4) 

a^ + \^ b^ + \^ c^+'K 

This makes ^=2!raa;, ^=27r^y, ^=27r'y«, (S) 

, /■” c^X „ , f" <fX ^ d\ 

where a^abc j ^ i3=«6oj^ y==abc j ^ ^-35^ (6) 

/ oo C^X 

“ 3 

\ A 

it has been shewn in Art. 114 that this satisfies 

If the fluid be streaming past the ellipsoid, regarded as fixed, with the general velocity 
U in the direction of we assume t 

+ 

These satisfy the equation of continuity, in virtue of the relations 

v%:=0, V2x==0; 

and they evidently make ^=0, ^^^=0 at infinity. Again, they make 

v..-2sg, (9) 

SO that the equations (1) of Art. 336 are satisfied by 

^ = 25/x + const (10) 


It remains to shew that by a proper choice of J, B wq can make u^'o^w—0 at the 
surface (1). The conditions ‘V=0,w—0 require 

(“) 

With the help of this relation, the condition u~0 reduces to 

^ttAoq-Bxo+U^O, ( 12 ) 

where the suffix denotes that the lower limit in the integrals (6) and (7) is to be replaced 
by zero. Hence 

^A = -hBa\ B=-A~. ( 13 ) 

Xo+°o“® 

At a great distance r from the origin we have 

Q — • - ^irabc/r^ x “ 

whence it appears, on comparison with the equations (4) of Art. 337, that the disturb- 
ance is the same as would be produced by a sphere of radius i2, determined by 


or ^-8;.^. (U) 

The resistance experienced by the ellipsoid will therefore be 

^TTfiRU, ,...( 16 ) 


* Crelle, xxxii. 80 (1846) [Werhe^ ii. 11]; see also Kirchhofi, Mechanik^ c. xviii., and Thomson 
and Tait (2nd ed.). Art 494 m. 
t Oberbeck, l,c. ante p. 563. 
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In the case of a circular disk moving broadside-on, we have a=0, whence 

a() = 2, so that 

JS=8c/37r — 'SSc. 

If the disk move edgeways we have 

E = 16c/97r = *5660 

We must not delay longer over problems which, for reasons already given, 
have only a limited application except to fluids of great viscosity. We can 
therefore only advert to the mathematically very elegant investigations which 
have been given of the steady rotation of an ellipsoidf , and of the flow through 
a channel bounded by a hyperboloid of revolution of one sheet 

340 . The formula of Stokes for the resistance experienced by a sloAvly 
moving sphere has been employed in recent physical researches of funda- 
mental importance, as a means of estimating the size of minute globules of 
water, and thence the number of globules contained in a cloud of given 
mass§. Consequently the conditions of its validity have been much discussed 
both from the experimental || and from the theoretical side. 

We have seen (Art. 328) that the accurate equations of motion may be 
written 

^^-v^ + wn = X-^^ + vV^u,.. ( 1 ) 

where = ^ + (2) 

Hence a distribution of velocity which satisfies the conditions of any given 
problem, when the terms of the second order are neglected, will hold when 
these are retained, provided we introduce constraining forces 

Xi==W7)— = — u-q, (3) 

and at the same time suppose the pressure to be diminished by \pq^. These 
forces are everywhere perpendicular to the stream-lines and to the vortex- 
lines, and their intensity is 

sin (4) 

where ^ is the angle between the direction of the velocity q and the axis of 

the vorticity call. 

Other limiting cases are those of the circular cylinder, and of an infinitely long flat blade, 
either end-on or broadside-on to the stream. These have been examined by A. Berry and 
Miss L. M. Swain, Proc. Eoy, Soc, A, cii. 766 (1923). The velocity at infinity does not vanish, but 
is logarithmically infinite. Cf. Art. 343 below. 

t Edwardes, Quart. Journ. Math. xxvi. 70, 157 (1892); Jeffery, ‘‘On the Steady Rotation of 
a Solid of Revolution in a Viscous Fluid, Proc. Lond. Math. Soc. (2), xiv. 327 (1915). 

ij: Sampson, Lc. ante p. 118. 

§ Originally by J. J. Thomson, Phil. Mag. (5), xlvi. 528 (1898) ; see also his Conduction of 
Electricity through Gases, 2nd ed., Cambridge, 1906, p- 150. The mutual influence of the globules 
forming a cloud is considered by Cunningham, Proc.R. (^.Ixxxiii. 357 (1910), and Smoluchowski, 
l.c. ante p. 567. 

1] See the papers by Allen and Arnold cited on p. 567. 

U Rayleigh, “On the Plow of Viscous Fluids, especially in Two Dimensions,^’ Phil. Mag. (5), 
xxxvi. 354 (1893) [Papers, iv. 78]. 
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The magnitude of the hypothetical constraining forces, as compared with 
the viscous forces 

v^^u, vV^v, v^^w, (S) 

gives some indication as to the validity of an approximation in which the 
inertia terms are neglected. 

In the case of Stokes’ formulae, Art. 337 (11), for the steady motion past a 
sphere held at rest, we have 

f.O, t-}^^ (6) 

and therefore in the distant parts of the fluid where w == 27, v = 0, w-0, 
ultimately, 


X, = 0, Fi = ~| 


TJ^ay 


7^ 




U^-az 


•a) 


On the other hand, for the viscous forces (5) we find 




Ua 


ill 

3 ^ T ’ 


3= 1 3^ 1 

\vUa~-. ivUa--. 
^ oxoy r oxoz r 


.( 8 ) 


The ratio of the former to the latter is of the order TJrlvy which increases 
indefinitely with r, however small 27 may be. For this reason the formulae 
in question cannot be regarded as valid at points distant from the sphere. 
Since, however, both the constraining forces and the viscous forces are in 
these regions relatively small, it does not necessarily follow that the character 
of the motion in the immediate neighbourhood of the sphere will be seriously 
affected. At points near the sphere the constraining forces tend to vanish, 
whilst the viscous forces are of the order vUalr^. 

The above criticism is due to Prof. Oseen^ of XJpsala, who has made an 
interesting innovation in the treatment of the question by writing U + u 
for u, and neglecting terms of the second order in u, v, w only. These latter 
symbols now denote the components of the velocity which would remain if a 
translation — U were superposed on the whole system. The hydrodynamical 
equations accordingly take the forms 

\ 


OX pax 
jj dv 1 dp 

C7|£=-i2 + „V.w, 

dx pdz 




.(9) 


with 


du dv dw 
dx'^ dy^ dz 


:0. 


.( 10 ) 


"" “ Ueber die Stokes’scbe Formel, ond iiber eine verwandte Aufgabe in der Hydrodynamik,” 
AtUv for matematik, . . . Bd. vi. no. 29 (1910). The same remark was made independently by 
F. Noether, “XJeber den Giiltigkeitsbereich der Stokes^schen Widerstandsformel,’' Zeitschr, f. 
Math. u. Phys. Ixii, (1911). 
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The inertia terms are thus to some extent taken into account, hut it is to 
be remarked that although the approximation is undoubtedly improved at 
infinity, where u, 'y, w = 0, it is in some degree impaired at the surface of 
the sphere where we now have u — —U, This is a matter for subsequent 
examination. 

The solution of the equations (9) and (10) for the purpose in hand can be 
effected very simply^. In the first place we have 

= ( 11 ) 

and a particular solution is therefore obtained if we write 



d(f) 00 00 

“--S' "--S 

where (f> satisfies = 0 (14) 


where ^ satisfies = 0 

The solution is completed if we write 

dcj) , 9 ^ , / 

u = -£ + u, v = -^ + v, w = 

where u', v\ w' are solutions of the equations 


T du' dv' dw' . 



We have here written, for shortness, 

k^UI2v (18) 

Since the vortex-lines must be circles having the axis of ic as a common 
axis, we may assume 

f.O, , — c.| (19) 


where % is a function of x and w (the distance from the axis of x) only. It 
follows from (16) that we must have 




an additive function of x only being obviously irrelevant. Hence 
dx dz dy dx^ dx' 


dll 

= V“m' 

dr} 

Jl- 

. i'^x 

dx 

dz 

dy 

W 

dv' 

= VV 

1 

CO 1 
11 

.^1 = 

. 

dx 

dx 

dz 

dxdy' 

dw' 

= vw 

-^1. 

dr) 


dx 

dy 

dx 

dxdz' 


...( 21 ) 


* The method, which differs from that of Prof. Oseen, and the subsequent interpretation, are 
reproduced from a paper “ On the Uniform Motion of a Sphere through a Viscous Pluid,” JPhil. 
Mag. (6), xxi; 112 (1911). 
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We thus obtain the solution 

= ""'^Ykdz’ 

which is easily verified. 

The equation (20) may be written 



the solution of which is well known, the simplest type being e"*® x = C'e”*^7^ J 
cf. Art. 289. Adopting this, we have, finally 

dx 2k dx 

+ ^ (24) 

^ Zy^2kdy’ 

® “ dz^ 2k dz’ ^ 


where 


Qq-Mt-x) 


Since ^ must obviously involve only zonal harmonics of negative degree, 


we write 


r dx r door r 


For small values of hr we have 


which leads to 


^/1 , kx ^ 

\r T 




9 1 AL 1 0 9' 

dx r dx^ 


dx^ T 


=-A( _ . ...V> (28) 

2k dy 2k \ dy r ^ dxdy r * ” a 

19% ^11 ..1 

2k dz 2k \ dz r ^ dxdz r / ^ 

Hence the relations 

u = ^U, v = 0, w = 0, 

which are to hold for r = a, will be satisfied provided 

0 = f?7a, Ao—^va, = — (29) 

approximately ; and it will be noticed that the condition for the success of 
the approximation is again that ka^ or Ualv, should be small. 

To find the distribution of velocity in the neighbourhood of the sphere 
we may use the formulae (26) and (28), with the values of the constants 
given in (29). The result is identical with Art. 337 (11), if regard be had 
to the altered meaning of u. The resistance experienced by the sphere has 


9 1a_il2 9^ 1a. 

. — j- tkr^ h . 

oz r ^ dxoz r 
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therefore the same value {%iTfiaU) as on Stokes’ theory^. The same results 
follow also from a consideration of the stream-function which takes a 
comparatively simple form. When the sphere is regarded as in motion, and 
the fluid at rest at infinity, the radial velocity is 


, 1 9% a 

— ^ 4* KT — Y cos 
dr 2k dr ^ 


.( 30 ) 


where 6 denotes the inclination of the radius vector to the axis of x. Hence 


^ (1^ “ ^ ^ ^ 

Substituting from (25), (26), and (29), and performing the integration, we find 

Tln^ 

ir = ^va (1 + cos 6) {1 - e-*Ki-cos 0 )| _ _i. — sin^ d (32) 

For small values of kr this becomes 

= f [Ta ^ sin^ 61, (33) 

in agreement with Art. 337 (14). 


In other respects the motion differs widely from that represented by Stokes’ 
formulae. In the first place, as pointed out by Oseen, the stream-lines are no 
longer symmetrical with respect to the plane ^ = 0, the motion being in fact 
no longer reversible. Again, the vorticity is 

® = I iJa (1 + *r) ^ (34) 

and is therefore insensible, on account of the exponential factor alone, except 
within a region bounded more or less vaguely by a paraboloidal surface having 
its focus at 0, for which k (r — x) has a moderate constant value. This region 
may here be referred to as the ‘ wake,’ although it includes a certain space 
ahead of the sphere. The velocity (m, v, w) relative to the distant parts of 
the fluid tends, for large values of r, and for points outside the wake, to 
become purely radial, as if due to a source of strength 47rAo, or ^irva, at the 
origin. This is compensated by an inward flow in the wake ; thus for points 
along the axis of the wake, to the right, where x = r, we find 


u = —i 


lEE 


(35) 


This indicates a velocity following the sphere (when this is regarded as in 
motion), which ultimately varies inversely as the distance instead of as the 
square of the distance. 


It remains to estimate the degree of approximation which the preceding 
results afford in various parts of the field. For this we have recourse again 
to a comparison of the ‘constraining forces,’ which would be necessary to 
make the solution exact, with the viscous forces. The former are given by 

^ For further approximations see Oseen, Arhiv f. matem.... ix. (1913), and E. W. Burgess, 
Amer. J. Math, xxxviii. 81 (1916). 
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the formulae (3), with the new meanings of u, v, w, and the alteration of the 
pressure is 

4 “ 'uf) ( 36 ) 

This is constant {=^pU^) over the surface of the sphere, and so does not 
affect the resultant force on the latter. 

At distant points well outside the wake, the terms in (24) which depend 
on % may be neglected, and we have, ultimately, 

u = ^va~, v = ^va^, w = iva^ (37) 

Also, from (34), 

f = 0, v = r= - 1 (38) 

Hence 

. ooz 

T‘ 

(39) 

the resultant of which is 


= = 7i = -|!7'=a“ 




.(40) 


at right angles to the radius vector in a plane through the axis of x. The 
viscous forces may be found from (24) and (25). If we retain only the terms 
which are most important when r is large, we find 




-k{r-x) 


vV^w = - ( 41 ) 

It follows from (29) that the ratio of (39) to (41) is of the order (1/Ar). (a/r). 
The approximation in this part of the field is therefore amply sufficient. 

At points well within the wake, where k(r-‘x) is small, we find from (32), 
for large values of r/a, 




Ua 
r ' 


and from (34) 


^ = 0, ^ = f Uka 


approximately. These make 

Ax = 0, F, = | 
The viscous forces are found to be 


r- 


2I 


j/V^u = 2vkC- 




0, w = 0, 

...(42) 



...(43) 

II 

)4^l50 

...(44) 

7j, = ... 

...(45) 


approximately. The ratio of the magnitudes is of the order ka. 

Near the surface of the sphere we have - U, v = 0, w = 0, nearly, and 
therefore, from (3) and (19), 

x.-o, 


(46) 
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or, by (27) and (29), 

X, = 0, F, = fCr=aJ, (47) 

These are of the order U^/a. The viscous forces are obtained from (24*) and 
(27) ; thus 

vV^u — ^vUa p vV^v = ^vlTa*^~ , v^^w = ^vUa ^^,...(48) 

giving a resultant of the order v Ujar. The ratio of the magnitudes is there- 
fore Uajvi which has already been assumed to be small. The approximation, 
though less perfect here than on Stokes' theory, is seen to be adequate*. 

341. As a variation on the problems of Art. 337 we may investigate the 
steady motion of a liquid in a given field of force. 

Omitting terms of the second order, we have 

--^ + J:+vV2w==0, ~-^+F+vVh^0, ~l^+Z+vVhi!=0, (1) 

p0:v poy p 02 

, du dv dw ^ 

+ 

Hence = (3) 

pOsGoyoz 

which is satisfied by 

« 

if r=y{{;x - x!f H- (y -y)^ + ( 2 - 2 ')^} (5) 

If the forces X, Y, Z are confined to a certain region we have, by partial integration, 

— («) 

Heace, in the case of a force concentrated at the origin, writing 

P=pJj|XW(%W, Q—pjjjF'dtJff'd/ds', R = p jjjZ'd.v'dy'dz\ (7) 

we have p= (Jp « |+ |) J (8) 

To this we may add any solution of V2p=0. 

We now have, except at the origin, 

= = V^W=^-7f (9) 

If we substitute from (8), the integration comes under Art. 336, with 7 i= — 2. Thus 

' 

with similar formulae for w. If we add to (8) terms 

Ax-^By+Gz, (11) 

the corresponding terms in pu will be, by Art. 336, with 1, 

Ui!) 

The complete solutionis obtained by addition from (10) and (12)* 

^ The case of an eUipsoid of revolution moving parallel to its axis is treated by Oseen, Arhv, 
f. matem.... xxiv. (1915), and D. K. Sen, Benares Math. Soc. ii. (1920). 
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Thus if we have a fixed spherical boundary r=h, we find 

. 5P 3P 


whence 


« P/, 9r,5r3\ 

6’-/^w = -(l-i6+4p) 


If we mahe &= oo , we get 


= -+ ir- gj g^+ V g- 
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we find 


3P 

(13) 

87r6’ 


(14) 



(15) 


If we put P= -SnfiUa, Q=0, P=0, this is seen to be consistent with the results of Art. 
337 for large values of rja. 

342. The analogous problem in two dimensions may conveniently be 
treated by means of the stream-function. 


Putting 

d4r dyjr 

^ 0y ’ ^ dtv 

(1) 

in the equations 

Z ^?^ + vV,%-0, Y--^^+vVi^v=0, 

peso poy 

(2) 

and eliminating p, 

we have 

oX ar 



(3) 

where 

Vi2-32/a®2+a2/3/. 

(4) 

Hence 

IKw " ■^) +x. 

(5) 

where 

r=V{(x-af)2 + (y-y')2}, 

(6) 

and X i® ^ solution of Vi^;(=0. 



If we suppose the forces T to vanish outside a certain region, we have, by partial 
integration, 


<’> 


In particular, in the case of a force concentrated on a small area at the origin, writing 

(8) 


we have 


=^(i’y-w+x- 


As an example, suppose that the fluid is enclosed by a fixed boundary r=a and is 
subject to a force P at the origin. The appropriate form of (9) is, in polar co-ordinates. 


Hence, integrating, 


aV . 1 . 1 P sin^ ^ ^ 

^ = ^ -t-Arsm^. 

^ 05. y.2 0^2 27r/A T 


yL=: — (^logr-fA'r34-^r)sin S. 
471 yx 


At the boundary we must have const., d^^/dr^O, whence 

logh+A'a2+jB=0, 1-h log a+3A'aH 15=0, 
A'= ^=-loga-h^. 


or 


( 12 ) 

,(13) 
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Thus, finaUy, ^ ~ ^ 2 )} ^ 

It will be noticed that this fails to give a definite result for a = oo . 


Returning to the general formula (7), and putting 

F~ p J| X' log r dx'dy'^ (? = p jj T' log r dx'dy\ (15) 

(f - S) + ^ 

Since V^F=‘iirpX, Vi‘Gf=‘2npF, (17) 


we find, from (2), 

= ,„k' 1 

dx 27rdx\dx^ J ^ 

f 

dy Stt d^\dx 'by) ^ dy\ 

where x is the function ‘conjugate^ to X) relations being 

ng) 

dx by ’ dy dx ^ 

««»■» i>-s;(s+S)+»'+“”' <*» 


There is a remarkable analogy between the theory of the steady motion of a viscous 
liquid in two dimensions and that of the flexure of an elastic plate*. If w be the normal 
displacement in the latter problem, we havet 


AVi^w=^Z+ 


dM^dL 
dx dy ’ 


where Z stands for normal force per unit area, and L, M are components of impressed 
couple per unit length about lines in the plate parallel to y respectively, whilst ,4 is a 
constant depending on the elastic properties and the thickness. If we put 0 the analogy 
with (3) is complete * the couples Z, M correspond to the forces X, T, and the displace- 
ment w to the stream- function so that the contour-lines of the deformed plate are 

identical with the stream -lines. Since in the hydrodynamical problem we have = const., 
dy\rlbn — 0 at a fixed boimdary, the plate, in the elastic analogue, must be supposed fixed 
and clamped at the edge. Thus the formula (14) corresponds to the case of a circular 
plate clamped at the edge and subject to a couple, concentrated at the centre, in a per- 
pendicular plane. 

The analogy enables us to form a good idea of the general distribution of velocity in 
some cases where the actual calculation would be difficult J . 


343. If we attempt to find the steady motion produced ty the translation 
of a cylinder with constant velocity through an infinite mass of liquid, on the 
basis of the equations (1) of Art. 336, it proves to he impossible to satisfy 
all the conditions!. This was pointed out by Stokes, who gave the following 
explanation : “ The pressure of the cylinder on the fluid continually tends to 
increase the quantity of fluid which it carries with it, while the friction of the 
fluid at a distance from the cylinder continually tends to diminish it. In the 
case of a sphere, these two causes eventually counteract each other, and 

* Eayleigb, “ On the Flow of Viscous Fluids, especially in Two Dimensions,” Fhil. Mag. (5), 
xxxvi. 354 (1893) [Papers, iv. 78]. The analogy is slightly modified in the text. 

t Proc. Lond. Math. Soc. xxi. 77. 

X Some interesting applications are made by Rayleigh in the paper cited. 

§ Of. the remark following equation (14) of Art. 342, 
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the motion becomes uniform. But in the case of a cylinder, the increase in 
the quantity of fluid carried continually gains on the decrease due to^ the 
friction of the surrounding fluid, and the quantity carried increases indefinitely 
as the cylinder moves on^.’’ 

It appears, however, that if the inertia terms are partially taken into 
account, after the manner of Oseen (Art. 340), the above conclusion is 
modified, and a definite value for the resistance is obtained f. 


The hydrodynamical equations are now satisfied by^ 

0cf) 1 3 y I ^ 

= + dy^2kdy’ 

TTd(j> 



provided — 



The appropriate solution of (4) is 

X = Ce^ 


( 1 ) 

( 2 ) 

,(3) 

.(4) 

.(5) 


For the definite integral we have the expansions I 

J g- JrooslK. dft) = - (7 + log \lcr) Jo (kr) + -^ + S 3 gj-p + 2^- 4 3 ga + — 

_ /f + 1 (6) 

~\/\2kr) f 8 /fcr ^ 1 . 2 ( 8 A:r/ J’ 

the latter form, which is semieonvergent, being suitable for large values of kr. 


For small values of kr we have 

^ _ <7 (1 + Ja;) (7 + log pr), 


whence 

1 Sx. 


•(0 


G L 


8^ 


^ ^ log r — ^kr^ ^ log r+... 

2k dy ^k [Ut/ ° " dxdy ° 


Hence if we put 


4) = Ao logr + J .1 + 


.( 8 ) 

,(9) 


* Camb. Trans, ix. (1850) [Papers, iii. 65]. 

t Prof. Bairstow, applying the more usual approximate theory, finds a definite resistance for 
the case of a circular cylinder in a channel between parallel walls, Proc. Boy. Soc. A, c. 394 (1922). 

Z The proofs are analogous to those of Art. 194; cf. Watson, pp. 80, 202. The definite 
integral is a BesseFs function of imaginary argument, of the ‘ second kind.’ It is tabulated in 
Watson’s treatise, where it is denoted by Kq (kr). 
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we find that the conditions u = —U,v=0,w = 0 will be satisfied for r = a, 
provided 


C = -. 


2U 


A, = - 


C_ 

2k’ 


1 _ ry _ log {Ika) '• 

approximately. Hence near the cylinder we have 


A-y = \ Oa^, 


.( 10 ) 


M = I C |7 - i + log i (r^ - aO log r| , 

. = iO(r-^-a^)^logr. 

The vorticity is given by 


( 11 ) 


dos dy dy Jo 
which for large values of kr takes the form 



The general interpretation would follow the same lines as in the case of the 
sphere (Art. 340). 

To calculate the force exerted by the fluid on the cylinder we have to 
integrate the expression 



with respect to the angular co-ordinate (0) from 0 to 27r. The products of 
plane harmonics of different orders will disappear in this process. The first 
term of (13) gives, when r is put equal to a, 


— pWAof cos^0d0 = — 7TpI7Ao = 7r/iC. (14) 

Jo 

The second term contributes, on substitution from (11), irp^G, The third 
term gives a zero result, to our order of approximation. The final value for 
the resistance per unit length is therefore 


27rpLC = 


4i7rpbU 

^-ry-log (pa) 


,(15) 


The investigation is subject, as in the case of Art. 340, to the condition that 
ka, or Ual2v, is to be small It may be noted that the value of the expression 
in (15) does not vary rapidly with a. Thus for ka = we find 4i‘SlfjbU, and, 
for ka = 3*48ya U, 


* The above mvestigation is taken from the paper by the author cited on p. 575. The solution 
is further developed, without the approximations in (8), by Bairstow and others in Phil. Tram. A, 
cexxiii. 383 (1923). This paper includes a similar treatment of the case of a flat blade placed 
edgeways to the stream. 

The formula (15) is stated to be in good agreement with experiment for sufficiently small values 
of Uajv ; see Wieselsberger, Phys. Zeitschr. 1921, p, 321. 
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344. Some interesting general theorems, relating to the dissipation of 
energy in the steady motion of a li(][u.id under constant extraneous forces, 
have been given by Helmholtz and Korteweg. They involve the assumption 
that the inertia-terms in the dynamical equations may be neglected. 

1°. Considering motion in a region bounded by any closed surface S, let v, w be the 
component velocities, and W'^w' the values of the corresponding components 

in any othei* motion "which is subject only to the condition that u vanish at all points 
of the boundary 2. By Art. 329 (3), the dissipation in the altered motion is equal to 

WliijPxx +/aa:) (« + ‘ + {jpyz +p\z) (/ "4*/) dxdydz, (1 ) 

where the accent attached to any symbol indicates the value which the function in ques- 
tion assumes when -i*, w are replaced by u\ v\ w'. Xow the formulae (2), (3) of Art. 326 
shew that, in the case of an incompressible fluid, 

P:cx<^' -^Pzzd ^Pyzf +Pzx9' 

= -^p'yy^ +p'yzf+ v'zxg X A (2 ) 

each side being a symmetric function of a, &, c, /, y, h and a\ h', c\ f g\ Hence, and 
by Art. 329, the expression (1) reduces to the form 

IW^dxdydz^r'^ \\\{P:af^^Vyyy-\-pJ’\-Vnf^Pzxg' ^Vxy^) dxdydz^]]\^' dxdydz. 


The second integral may be written 
cv! 

' dx 


m 


cu' du\ du\ , \ 7 7 j 

^ + ... + .■■) d.vdi/dz; 


/ 


and by a partial integration, remembering that w’ vanish at the boundary, this 

becomes 

or Jjj “ fxVh^ ^ ..^dxdydz (3) 

Hence if -r, w satisfy the equations of motion when the inertia-terms are omitted, viz. 

1^0, (4) 


where 12 is a single-valued potential, the integral vanishes in virtue of the equation of 
continuity, by Art. 42 (4). 

Under these conditions the dissipation in the altered motion is equal to 

\\\^dxdydz’\‘\\l^' dxdydz^ (5) 

or 2 say. That is, it exceeds the dissipation in the steady motion by the 

essentially positive quantity 2A"' which represents the dissipation in the motion {y!^ v\ w'). 

In other words, provided the inertia-terms may he neglected, the motion of a liquid 
under constant forces having a single- valued potential is characterized by the property 
that the dissipation in any region is less than in any other motion consistent with the 
same values of w at the boundary. 

It follows that, with prescribed velocities over the boundary, there is under the same 
condition only one type of steady motion in the region^. 

It has been pointed out by Rayleigh t that the integral (3) vanishes, and the dissipation 
is accordingly a minimum, under somewhat wider conditions. The integral (3) may be 
replaced by 

- dxdydz, (6) 

* Helmholtz, “Zur Theorie der stationaren Strome in reibenden Fliissigkeiten,” Verh. d. 
naturhist.-med. Vereim, Oct. 30, 1868 [TFm. Ahh, i. 223]. 

t “On the Motion of a Viscous Fluid,” PUL Mag. (6), xxvi. 776 (1913) [Papers, yi. 187]. 
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which vfill vanish whenever 



2 dH „ dH „ cH 

v%= — , v2^=^, 

ox ^ oy^ oz ^ 

(7) 


where ^ is a single-valued function of x, y, z. This condition, which is purely kine- 
matical, implies that 

V2^ = 0, = v2^'=0, (8) 

and conversely. Under this head are included the case* of steady motion between parallel 
planes, where 

v=^0, w—0 (9) 

(Art. 330), and that of motion in circles between coaxal cylinders (Art. 333). It is to be 
noticed that there is now no necessity, so far as the truth of the theorem is concerned, that 
the motion represented by v, w should be small, or even that it should be dynamically 
possible as a steady motion, provided only that the relations (7) and the equation of con- 
tinuity are satisfied. For instance, in any case of motion between concentric spheres 
the dissipation is necessarily greater than was found in Art. 334, and the couple 
required to maintain the motion must therefore exceed the value there given. 

2°. If u, % w refer to any motion whatever in the given region, we have 

dxdydz == 2 JJJ -^pyyh -)rp,,c ^PyjA^Pz^g ^Pxyh) dxdydz, (10) 

since the formula (2) holds when dots take the place of accents. 

The treatment of this integral is the same as before. If we suppose that % % w 
vanish over the bounding surface 2, we find 

-/ f l{‘ Cf? +■■•+■■■} ■**■'’* 

= “ + dxdydz-hp YvA-Zw) dxdydz^ ( 11 ) 

in the case of slow motion. 

When the extraneous forces have a single-valued potential the latter integral vanishes, 
so that 

— p |||(«^ 4 - -{- vF) dxdydz (12) 

This is essentially negative, so that F continually diminishes, the process ceasing only 
when M=0, '^=0, w=0, that is, when the motion has become steady. 

Hence when the velocities over the boundary 2 are maintained constant, the motion in 
the interior will tend to become steady. The type of steady motion ultimately attained is 
therefore stable, as well as unique^. 

It has been shewn by Rayleigh t that the above theorem can be extended so as to 
apply to any dynamical system devoid of potential energy, in which the kinetic energy ( T) 
and the dissipation-function {F) can be expressed as quadratic functions of the generalized 
velocities, with constant coefficients. 

If the extraneous forces have not a single-valued potential, or if instead of given 
velocities we have given tractions over the boundary, the theorems require a slight modi- 
fication. The excess of the dissipation over doxihle the rate at which work is being done 
by the extraneous forces (including the tractions on the boundary) tends to a unique 
minimum, which is only attained when the motion is steady J. 

Periodic Motion, 

345 . We next examine the influence of viscosity in various problems of 
small oscillations. 

* Korteweg, “On a General Theorem of the Stability of the Motion of a Viscous Fluid,” P/n7. 
Mag, (5), xvi. 112 (1883). 

f Lc. ante p. 581. 


J Of. Helmholtz, lx. 
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We begin with the case of 'laminar^ motion, as this will enable us to 
illustrate some points of great importance, without elaborate mathematics. 
If we assume that v = w = 0, whilst u is a function of y only, the equations 
(4) of Art. 328 require that p = const., and 


du 


d^u 


.( 1 ) 


This has the same form as the equation of linear motion of heat. In the 
case of simple-harmonic motion, assuming a time- factor we have 


the solution of which is 
provided 


u = -t- (3) 

»-{& W 


Let us first suppose that the fluid lies on the positive side of the plane wz, 
and that the motion is due to a prescribed oscillation 

= o..(5) 

of a rigid surface coincident with this plane. If the fluid extend to infinity in 
the direction of y-positive, the first term in (3) is excluded, and, determining 
B by the boundary-condition (5), we have 


or, taking the real part, 

u = ae~^y cos {at - /3y + e), 
corresponding to a prescribed motion 

u — a cos (at + e) 

at the boundary^. 


.( 6 ) 

( 7 ) 

( 8 ) 


The formula (7) represents a wave of transversal vibrations propagated 
inwards from the boundary with the velocity cr/jS, but with rapidly diminishing 
amplitude, the falling off within a wave-length being in the ratio or 

The linear magnitude is of great importance in all problems of 
oscillatory motion which do not involve changes of density, as indicating the 
extent to which the effects of viscosity penetrate into the fluid. In the case 
of air (v = IS) its value is •21P4 centimetres, if P be the period of oscillation 
in seconds. For water the corresponding value is •072P4. We shall have 
further illustrations, presently, of the fact that the influence of viscosity 
extends only to a short distance from the surface of a body performing small 
oscillations with suflficient frequency. A similar statement can be made with 
respect to the free surface of a liquid in wave-motion. 


Stokes, Lc. ante p. 549- 
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The retarding force on the rigid plane is, per unit area, 

= {cos {at + e) — sin {at + e)} 

y=0 

= cr^a COS {crt + e -}- Jtt) (9) 

The force has its maxima at intervals of one-eighth of a period before the 
oscillating plane passes through its mean position 

On the forced oscillation above investigated we may superpose any of the normal modes 
of free motion of which the system is capable. If we assume that 


ucc A cos + B sin (10) 

and substitute in (1), we find -vm\ (11) 

Oo 

whence we obtain the solution 

u—' 2{A cosmy+B sin (12) 


The admissible values of m, and the ratios A : B, are as a rule determined by the 
boundary-conditions. The arbitrary constants which remain are then to be found in 
terms of the initial conditions, by Fourier’s methods. 

In the case of a fluid extending from y=-oo to ^= + co, all real values of m are 
admissible. The solution, in terms of the initial conditions, can in this case be immedi- 
ately written down by Fourier’s Theorem (Art. 238 (4)). Thus 

u—- [ dm /(X) cos m (y — X) e “ <^X, (13) 

TT J 0 J -00 

if ^=/(.V) 0-^) 

be the arbitrary initial distribution of velocity. 

The integration with respect to m can be effected by the known formula 

J ( 15 ) 

We thus find u= T (16) 

2{Trvtp J 

From this we might derive the solution (2) of Art. 334 a. 



346. When the fluid does not extend to infinity, but is bounded by a 
fixed rigid plane y = h, then, in determining the motion due to a forced 
oscillation of the plane y = 0, both terms of (3) are required, and the boundary- 
conditions give 

A+B = a, = 0, (17) 


whence 


sinh {I +i}p{h-y) 
sinh (1 + i) 


Qi{(rt+e)^ 


(18) 


as is easily verified. This gives for the retarding force per unit area on the 
oscillating plane 

= fi(l + i) /3a coth (1 + i) (19) 

y=zO 



* For investigations relating to the case where the motion of the lamina is not restricted to be 
simple harmonic see Stokes, l.c.; Basset, Quart. Journ. Math. (1910); and Eayleigh, ‘‘On the 
Motion of Solid Bodies through a Viscous Fluid,” Phil. Mag. (6), xxi. 697 (1911) [Papers, vi. 
29]. See also Havelock, Phil. Mag, (6), xlii. 620 (1921). 
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The real part of this expression may be reduced to the form 

^ sinh 2Bh cos (at + e + jr'Tr) + sin 2/ 3^. sin (crt + 6 + ('20 

"cosh 2/3/i.- cos 

When /SA is moderately large this is equivalent to (9) above ; whilst for 
small values of 0h it reduces to 


cos (crt + e), 

as might have been foreseen. 

This example contains the theory of the modification introduced by Maxwell^ into 
Coulomb’s method t of investigating the viscosity of fluids by the rotational oscillation of 
a circular disk in its own (horizontal) plane. The addition of fixed parallel disks at a 
short distance above and below greatly increases the influence of viscosity. 

The free modes of motion are expressed by (12), with the conditions that for 
and 3 /==y^. This gives J[=0 and mh=^S 7 r, where s is integral. The corresponding moduli 
of decay are then given by r= 


347. As a further example, let us take the case of a horizontal force 

X —/cos (or^ + e), (i) 

acting uniformly on an infinite mass of water of uniform depth A. 

The equation (1) of Art. 345 is now replaced by 

du d^u ^ /9\ 




If the origin be taken in the bottom, the boundary-conditions are w = 0 
for y = 0, and 3u/dy = 0 for y == A, this latter condition expressing the absence 
of tangential force on the free surface. Replacing (1) by 

(3) 


we find 




cosh(l4- 0/8(A-y) ' 
cosh (1 + f ) /3A 


(4) 


if/3=(cr/2v)i as before. 

When j8A is large, the expression in { } reduces practically to its first 

term for all points of the fluid whose height above the bottom exceeds a 
moderate multiple of yS~b Hence, taking the real part, 

f 

=: sin (orit d- e) (5) 

(T 

This shews that the bulk of the fluid, with the exception of a stratum at the 
bottom, oscillates exactly like a free particle, the effect of viscosity being 
insensible. For points near the bottom the formula (4) becomes 

■tt = - 1^(1 - e-o+»lP3/) ef(o-«+«), (6) 

or, on rejecting the imaginary part, 

f f 

w = sin {at + e) ~ sin (cr;^ — ySy + e) (7) 


l.t. ante p. 545. 


t Mem, de VInst. iii. (1800). 
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This might have been obtained directly, as the solution of (2) satisfying the 
conditions that = 0 for y = 0, and 

f 

== ^ . sin (at + e) 
a 

for large values of /3y. 

The curves A, B, G, D, E, F in the accompanying figure represent 
successive forms assumed by the same line of particles at intervals of 
one-tenth of a period. To complete the series it would be necessary to add 
the images of E, D, (7, B with respect to the vertical through 0. The whole 
system of curves may be regarded as successive aspects of a properly shaped 
spiral revolving uniformly about a vertical axis through 0. The vertical 
range of the diagram is one wave-length (27r//9) of the laminar disturbance. 



As a numerical illustration we note that if z/ = *0178, and 27r/o* = 12 hours, 
we find = 15*6 centimetres. This indicates how utterly insensible must be 
the direct action of viscosity on oceanic tides. There can be little doubt that 
such dissipation of energy by " tidal friction ' as at present takes place is to 
be attributed mainly to the eddying motion produced by the exaggeration of 
tidal currents in narrowing channels and in shallow water*. Of. Art. 365. 

* The feeble influence of viscosity on ‘regular’ motions of fluids on a large scale, illustrated 
also in Art. 334a ante, has been remarked by various writers, e.g. Helmholtz, “XJeber atmo- 
spherische Bewegungen,” Berl. Sitzb. 1888 [Wiss. Ahh. iii. 289], and Hough, “On the Influence 
of Yiscosity on Waves and Currents,” Proc. Lond, Math, Soc. xxviii. 264 (1896). 
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When is small the real part of (4) gives 

■a = ^ w (2A — y) . cos (fft + e), (^) 

Zip ^ 


the velocity being in the same phase with the force, and varying inversely 

as V, 

348. To find the effect of viscosity on free waves on deep water we may 
make use of the Dissipation-Function of Art. 329, in any of the forms there 
given, the simplest for our purpose being 



since, by Art. 321, the dissipation may, under a certain restriction, be calcu- 
lated as if the motion were irrotational. 

To put the calculation in a form which shall apply at once to the case where 
capillary as well as gravitational forces are taken into account, we recall that, 
corresponding to the surface-elevation 

7j = CLsi'ak{x~ct), (2) 

we have ^ ^ ace^^cos h {x ct), (^) 

since this makes 0i?/3t = — 90/5y for 3/ = 0. Hence 

gs = m2 4. ^2 = ( 4 ) 

and the dissipation is, by (1), 

2/iJk*c®a^ (5) 

per unit area of the surface. The kinetic energy, 

: ® 

has a mean value ipkc^a-^ per unit area. The total energy, being double of 
this, is 

ipkc^al (7) 

Hence, equating the rate of decay of the energy to the dissipation, we 


have 

^ (i pkc^c?) = — 

(8) 

or 

^ = 

(9) 

whence 



(10) 


The modulus of decay, r, is therefore given by t= ll2vk^j or, in terms of 
the wave-length (X), 

( 11 )^ 

In the case of water, this gives 

T = *71 seconds, 

* Stokes, Z.C. ante p. 549. (Through an oversight in the calculation the value obtained for r 
was too small by one-half.) 
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if X be expressed in centimetres. It follows that capillary waves are very 
rapidly extinguished by viscosity ; whilst for a wave-length of one metre r 
would be about 2 hours. 

The above method rests on the assumption that (tt is moderately large, 
where cr{^kc) denotes the ' speed.’ In mobile fluids such as water this 
condition is fulfilled for all but excessively minute wave-lengths. 

The method fails for another reason when the depth is less than (say) 
half the wave-length. Owing to the practically infinite resistance to slipping 
at the bottom, the dissipation can no longer be calculated as if the motion 
were irrotational"^. 


349 . The direct calculation of the effect of viscosity on water-waves can 
be conducted as follows. 


If the axis of y be drawn vertically upwards, and if we assume bhat the 
motion is confined to the two dimensions y, we have 

dt p0« ’ dt pdy 


■ g + v^^v, 


with 

These are satisfied by 


^ + ^ = 0. 
dx dy 


•(1) 

•(2) 


and 

provided 

where 


_ d(i> t 

dx dy ^ ^ dy dx ’ 


p _d4> 


P 


dt 


-9y> 




dx^ dy^ 


.(3) 

(4) 

,(5) 


To determine the ' normal modes’ which are periodic in respect of x with 
a prescribed wave-length ^Trjk, we assume a time-factor and a space-factor 
The solutions of (5) are then 

<f> = {Ae^y -h Be-^y) = {Ge'^v + De-^y) (6) 

with m^ — k^-\-ajv 0) 


The boundary-conditions will supply equations which are sufficient to deter- 
mine the nature of the various modes, and the corresponding values of a. 

In the case of infinite depth one of these conditions takes the form that 
the motion must be finite for y = — oo . Excluding for the present the cases 
where m is pure-imaginary, this requires that JS = 0, D = 0, provided m denote 


* For the same reason the method is not applicable to the oscillations of superposed liquids 
(Art. 231) ; cf. Harrison, Proc, Lond. Math. Soc. (2), vi. 396 ; vii. 107 (1908). In the case of Art. 
281, the modulus of decay is found to yary as instead of as Of. Art. 364. 
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that root of (7) which has its real part positive. Hence 

16 = - {ikA^ + mOe'^y) v = - {kAe^-v - ikGe^y) • • -( 8 ) 

If r/ denote the elevation at the free surface, we must have .dijjdt = v. If 
the origin of y be taken in the undisturbed level, this gives 

r, = -^(A-iG)e^^+-* (9) 


If Ti denote the surface-tension, the stress- conditions at the surface are 
evidently 

= 

to the first order, since the inclination of the surface to the horizontal is 
assumed to be infinitely small. 


Now 


dv 


fdv du 




.( 11 ) 


whence, by (4) and (6) we find, at the surface. 




dy 


= _ i {(a2 + + # + T1&) A-i (gk + T'k^ + 2vkma) 0}, 

( 12 )- 

^ ~ {2ivm + (a + 2vk^) C}, (13) 

P 

where T' = Tijp, the common factor being understood. 


Substituting in (10), and eliminating the ratio : (7, we obtain 

(a + 2vk^y + gk+ T'k^ = ^v^k^m (14) 

If we eliminate m by means of (7), we get a biquadratic in a, but only those 
roots are admissible which give a positive value to the real part of the left-* 
hand member of (14), and so make the real part of m positive. 


If we write, for shortness, 

gk -f T'k^ = vJd^lcT^ 6, a 4- 2vk‘^ = xa, (15) 

the biquadratic in question takes the form 

(^ + l)^-= 16 ^n^- ( 16 ) 


It is not difficult to shew that this has always two roots (both complex) 
which violate the restriction just stated, and two admissible roots which may 
be real or complex according to the magnitude of the ratio 6. If \ be the 
wave-length, and c (== a-jk) the wave-velocity in the absence of friction, we 
have 

8 = vkjc = 2nTvjck (17) 

Now, for water, if denote the minimum wave-velocity of Art. 267, we 
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find 2TTvjc^ = '0048 cm., so that except for very minute wave-lengths ^ is a 
small number. Neglecting the square of 6j we have == ± and 

a = — ± ia (18) 


The condition = 0 shews that 

C __ '^ivk^ _ _ 2vk^ 
A a + 2vk^ cr 


(19) 


which is, under the same circumstances, very small, 
approximately irrotational, with a velocity-potential 

<t> — J^Q—'^vkH-\-lcy->rUkxii<rt) ^ 


Hence the motion is 


,( 20 ) 


If we put a—^kAjcr^ the equation (9) of the free surface becomes, 
approximately, on taking the real part, 

77 = cos (kx ± at) (21) 

The wave-velocity is ajk, or {gjk H- T'k)^, as in Art. 207, and the law of 
decay is that investigated independently in the last Art.* 

To examine more closely the character of the motion, as affected by viscosity, we may 
calculate the vorticity (co) at any point of the fluid. This is given by 


( 22 ) 

ox dy ^ V ^ V 
Now, from (7) and (18), we have, approximately, 

where ^ — {cr/9,v)^. 

With the same notation as before, we find 

0 ) = qp + py QQQ ^ j. ^23) 


This diminishes rapidly from the surface downwards, in accordance with the thermal 
analogy pointed out in Art. 328. Owing to the oscillatory character of the motion, the 
sign of the vorticity which is being diffused inwards from the surface is continually 
being reversed, so that beyond a stratum of thickness comparable with 27r//3 the effect is 
insensible, just as the fluctuations of temperature at the earth’s surface cease to have 
any sensible influence at a depth of a few yards. 


In the case of a very viscous fluid, such as treacle or pitch, 6 may be large 
even when the wave-length is considerable. The admissible roots of (16) are 
then both real. One of them is evidently nearly equal to 20, and continuing 
the approximation we find 


whence, neglecting capillarity, we have, by (15), 

a = — gl2kv (24) 

The remaining real root is 1*090, nearly, which gives 

01 ,==^ '91vk^ (25) 


* Similar results were obtained by Basset, Hydrodynamics, ii. Arts. 520-522 (1888), who 
treats also the case of finite depth. Eeference may also be make to Hough, l.e, ante p. 589, where 
the case of a spherical sheet of water is considered. 


Ii. H. 


38 



594 


Viseositij [chap, xi 


The former root is the more important. It represents a slow creeping of 
the fluid towards a state of equilibrium with a horizontal surface. The rate 
of recovery depends on the relation between the gravity of the fluid (which is 
proportional to gp) and the viscosity (p), the influence of inertia being in- 
sensible. It appears from (7) and (15) that in — k, nearly, so that the motion 
is approximately irrotational* 

The type of motion corresponding to (25)^ on the other hand, depends, as 
to its persistence, on the relation between the inertia (p) and the viscosity (^), 
the effect of gravity being unimportant. It dies out very rapidly. 

The above investigation gives the most important of the normal modes, of the prescribed 
wave-length, of which the system is capable. We know ^ jpriori that there must be an 
infinity of others. These correspond to pure-imaginaiy values of and are of a less 


persistent character. If in place of (6) we assume 

(26)* 

with , (20 

V 

and carry out the investigation as before, we find 


(a^-{'^vk^a-{^gk+T'B)A-i(gh-hTP) C-%vJcm'aD=^0,] 

^ ^ 

Any real value of m' is admissible, these equations determining the ratios A : 0 : D ; 
and the corresponding value of a is 

a— —V wz'2) (29) 

In any one of these modes the plane is divided horizontally and vertically into a series 
of quasi-rectangular compartments, within each of which the fluid circulates, gradually 
coming to rest as the original momentum is spent against viscosity. 

By a proper synthesis of the various normal modes it must be possible to represent the 
decay of any arbitrary initial disturbance. 


350 . The equations (12) and (13) of the preceding Art. enable us to 
examine a related question of some interest, viz. the generation and main- 
tenance of water-waves against viscosity, by suitable forces applied to the 
surface. 

If the external forces pyy,p'aiy be given multiples of where Jc and a 
are prescribed, the equations in question determine A and 0, and thence, by 
(9), the values of rj. Thus we find 


Pyy _ (ot^ + 2vk^a -\-a^)A—i{€r^+ ^vhnoi) G 

9PV~ gh{A~iC) 

p'xy __ 2ivk^A -P (a + 2vk^) C 
gpv'^ gJc' A-iC 

where has been written for gk -f Tk^ as before. 

Let us first examine the effect of a purely tangential force. 
p'yy = 0, we find 

p'xy _ + 2vk^f -j- cr^ ^ 

gpTf gk' a -f — 2i/km 


( 1 ) 

( 2 ) 


Assuming 
( 3 ) 


* Cl Tait, ‘‘Note on Bipples in a Viscous Liquid,” Free. B. S, JEdin, xvii. 110 (1890) 
IScuTitiJic Papers, Cambridge, 1898-1900, ii. 313]. 
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If, as we shall suppose for reasons already indicated, vh^\(i and vkmicr are 
small, the elevation will be greatest when a = ± fcr, nearly. To find the force 
necessary to maintain a train of waves of given amplitude, travelling in the 
direction of ^r-positive, we put a = — icr. This makes 
p'xy _ 4<vkcr 

m ”"T~ ’ 


01 ™ Pct^ = ^iflkoTT], 


.(4) 


approximately. Hence the force acts forwards on the crests of the waves, 
and backwards at the troughs, changing sign at the nodes. A force having the 
same distribution, but less intensity in proportion to the height of the waves 
than that given by (4), would only retard, without preventing, the decay of 
the waves by viscosity. A force having the opposite sign would accelerate 
this decay. 


The case of purely normal force can be investigated in a similar manner. 
If = 0, we have 

p'yy (a + 2vk^y + a- — 4<p%^m 

— ^ = 7 

gpv gk 

The reader may easily satisfy himself that when there is no viscosity this 
coincides with the result of Art. 242. If we put a = — icr, we obtain, with the 


same approximations as before, 

P' yy = - (6) 

Hence the wave-system 

77 = a sin {kx — at) (7) 

will be maintained without increase or decrease by the pressure-distribution 
f = const. + 4ffjbkacr cos (kx — at), (8) 


applied to the surface. It appears that the pressure is greatest on the rear 
and least on the front slopes of the waves 

If we call to mind the phases of the particles, revolving in their circular 
orbits, at different parts of a wave-profile, it is evident that the forces above 
investigated, whether normal or tangential, are on the whole urging the 
surface-particles in the directions in which they are already, moving. 

Owing to the irregular, eddying, character of a wind blowing over a 
roughened surface, it is not easy to give more than a general explanation 
of the manner in which it generates and maintains waves. It is not difiScult 
to see, however, that the action of the wind will tend to produce surface forces 
of the kinds above investigated. When the air is moving in the direction in 
which the wave-form is travelling, but with a greater velocity, there will 
evidently be an excess of pressure on the rear-slopes, as well as a tangential 
drag on the exposed crests. The aggregate effect of these forces will be a 
surface drift, and the residual tractions, whether normal or tangential, will 


* This agrees -with the result given at the end of Art. 242 where, however, the dissipative 
forces were of a different kind. 


38—2 
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have on the whole the distribution above postulated. Hence the tendency will 
be to increase the amplitude of the waves to such a point that the dissipation 
balances the work done by the surface forces. In like manner waves travelling 
faster than the wind, or against the wind, will have their amplitude continually 
reduced*. 

It has been shewn (Art. 267) that, under the joint influence of gravity 
and capillarity, there is a minimum wave-velocity of 23*2 cm, per sec., or 
‘45 mile per hour. Hence a wind of smaller velocity than this is incapable 
of reinforcing waves accidentally started, which, if of short wave-length, 
must be rapidly extinguished by viscosity f. This is in accordance with the 
observations of Scott Russel^, from whose paper we take the following 
extract : 

“ Let [a spectator] begin his observations in a perfect calm, when the surface of the 
water is smooth and reflects like a mirror the images of surrounding objects. This appear- 
ance will not be affected by even a slight motion of the air, and a velocity of less than half 
a mile an hour (8-i in. per sec.) does not sensibly disturb the smoothness of the reflecting 
surface. A gentle zephyr flitting along the surface from point to point, may be observed 
to destroy the perfection of the mirror for a moment, and on departing, the surface remains 
polished as before ; if the air have a velocity of about a mile an hour, the surface of the 
water becomes less capable of distinct reflexion, and on observing it in such a condition, it 
is to be noticed that the diminution of this reflecting power is owing to the presence of 
those minute corrugations of the superficial film which form waves of the third order 
[capillary waves]. ... This first stage of disturbance has this distinguishing circumstance, 
that the phenomena on the surface cease almost simultaneously with the intermission of 
the disturbing cause so that a spot which is sheltered from the direct action of the wind 
remains smooth, the waves of the third order being incapable of travelling spontaneously 
to any considerable distance, except when under the continued action of the original dis- 
turbing force. This condition is the indication of present force, not of that which is past. 
While it remains it gives that deep blackness to the water which the sailor is accustomed 
to regard as the index of the presence of wind, and often as the forerunner of more. 

“ The second condition of wave motion is to be observed when the velocity of the wind 
acting on the smooth water has increased to two miles an hour. Small waves then begin 
to rise uniformly over the whole surface of the water ; these are waves of the second order, 
and cover the water with considerable regularity. Capillary waves disappear from the 
ridges of these waves, but are to be found sheltered in the hollows between them, and on 
the anterior slopes of these waves. The regularity of the distribution of these secondary 
waves over the surface is remarkable ; they begin with about an inch of amplitude, and a 
couple of inches long ; they enlarge as the velocity or duration of the wave increases ; by 
and by the eoterminal waves unite ; the ridges increase, and if the wind increase the waves 
become cusped, and are regular waves of the second order [gravity waves] §. They continue 
enlarging their dimensions, and the depth to which they produce the agitation increasing 
simultaneously with their magnitude, the surface becomes extensively covered with waves 
of nearly uniform magnitude.” 

It will be seen that our theoretical investigations give considerable insight 
into the incipient stages of wave-formation. 

* Cf. Airy, “ Tides and Waves,” Arts. 265-272; Stokes, Camh, Trans, ix. [62] [Papers, iii. 74] ; 
Bayleigh, L c. ante p. 399. 

t Sir W. Thomson, Ic. ante p. 434 [Baltimore Lectures^ p. 594]. J Lc. ante p. 399. 

§ Scott Bussell’s wave of the Jirst order is the ‘solitary wave’ discussed ante Art. 252. 
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351. The calming effect of oil on water-waves appears to be due to the 
variations of tension caused by the extensions and contractions of the con- 
taminated surface*. The surface-tension of pure water is greater than the 
sum of the tensions of the surfaces of separation of oil and air, and oil and 
water, respectively, so that a drop of oil thrown on water is gradually drawn 
out into a thin film. When the film is sufficiently thin, say not more than 
two millionths of a millimetre in thickness, it is found that the tension is no 
longer constant but is increased when the thickness is reduced by stretching, 
and conversely. It is evident at once from the figure on p. 344 that in 
oscillatory waves the tendency is for any portion of the surface to be alternately 
contracted and extended, according as it is above or below the mean level. 
The consequent variations in tension produce an alternating tangential drag 
on the water, with a consequent increase in the rate of dissipation of energy. 


The preceding formulae enable us to submit this explanation, to a certain extent, to the 
test of calculation. 

It is evident beforehand that the effect of the quasi»elasticity of the oil-film will be 
greater the shorter the wave-length ; and that if the wave-length be sufficiently small the 
surface will be practically inextensible, and the horizontal velocity at the surface will be 
annulled. We will assume this condition to be fulfilled. 

The internal motion of the water will be given by the formulae (8) of Art. 349, but the 
determination of the constants is different. The condition to be satisfied by the normal 
stress is the same as in the Art. cited, and gives 

(a^-t-2j/^^a-hcr^)A—i((r^+2p^ma) 6^=0, (1) 

where + T'^, (2) 

2^' referring now to the total tension of the oil-film. In place of the condition of vanishing 
tangential stress, we have the condition 

w=0 for y— 0, (3) 

which gives i^A -I- mO =0 (4) 

Eliminating the ratio A : G, we find 

m (o^ -I- 0-2)- ^0-2=0, (5) 

or, on eliminating m by means of the equation 

m2=F-l-a/j/, (6) 

0 +^ 2 ) (aH<r2)^->fcV4=0 (7) 

This equation has an extraneous root a=0, and other roots are inadmissible as giving, 
when substituted in (5), negative values to the real part of m. If i/F/o- is small, the 
relevant roots are, to a first approximation, a= ±^o■, and to a second 



where the correction to the ‘speed’ a- of the oscillations is neglected. The modulus of 
decay is therefore 

2V2 




^ Eeynolds, “On the Effect of Oil in destroying Waves on the Surface of Water,” Brit. Ass. 
Rep. 1880 [Papers, i. 409]; Aitken, “On the Effect of Oil on a Stormy Sea,” Proc. Boy. Soc. 
Edin. xii. 56 (1883). 
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The ratio of this to the modulus obtained on the hypothesis of constant surface-tension 
(Tiz. Iftvl?) is 4^2 which is by hypothesis small*. 

352. Problems of periodic motion in three dimensions, having special 
relation to spherical surfaces, may be treated in a general manner, as follows. 

We investigate, first, the general solution of the system of equations : 

(V=! -f. /i,2) tt' = 0, (V= -h A“) v' = 0, (V® -f w' = 0, (1) 

( 2 ) 


di(f dv' ^ 


in terms of spherical harmonics. This is an extension of the problem con- 
sidered in Art. 335. We will consider only, in the first instance, cases where 
u\ Vj w' are finite at the origin* 

The solutions fall naturally into two distinct classes. If r denote the radius 
vector, the typical solution of the First Class is 


u' = f ^ (hr) [y ^ 


9^ 




V = 


w 






.(3) 


where 'Xji is a solid harmonic of positive degree n, and ^|rn is defined as in 
Art. 292 (7). It is easily verified that the above expressions do in fact 
satisfy (1) and (2). 

It is to be noticed that this solution makes 

-j- yv' + zw = 0 (4) 

The t 3 rpical solution of the Second Class is 


8.r_ ^ 

dw ^ 


u’=(n + 1) (hr) ^ (hr) h^T^+:' ^ 

v' = (n+ 1) ^ - ^f«+i 


w' = (n + l) (hr) ~ - 


02 


(hr) ^ 2 y. 2 «+s 


d <pn 


.(5) 


dz ’ / 

where (f>n is a solid harmonic of positive degree n. The coeflScients of (hr) 
and (hr) in these expressions are solid harmonics of degrees n — 1 and 
+ 1 respectively, so that the equations (1) are satisfied. To verify that (2) 
is also satisfied we need the formulae of reduction 

( 6 ) 

(0 -h (2n + 1) (r) - '^n-z (?h (7) 

which are repeated from Art. 292. 

* The investigation is abbreviated from that given in the second edition of this work. 
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- (2w + 1) h-^n {hr) 


The formulae (5) make 

xu' + yv' + zw = n (rz. + 1) {^n + 1) (f^n, (^) 

the reduction being effected by means of (6) and (7). 

If we write 

dw' dv' r du' dw' (9) 

^ ~ dy'' dz' ^ dz dx' ^ 'dx dy' 

we find, in the solutions of the First Class, 

r = - ^{(-+ ’ 
r = - 2;^! {(« + 1) t«-a • , 

These make + yv' + z^' == -n(n + l) fn (hr) Xn (H) 

In the solutions of the Second Class, we have 

f = - (2n + 1) h?^n (hr) ( 2 / 1 ^ 4>n, 

V = - ( 2 n + 1 ) h^ir„ (hr) 9 - - r 


and therefore + 2/V + 

In the derivation of these results use has been made of (6), and of the 


formulae 


i Hn _ ^+1 1 _2^] 

- 2n + 1 1 dx dx r“*+V ’ 

r" f^X”’ _ ™m+i ^ _2^'\ 


yX«-2,i+lUy 


I j. \ 

r^ f9X» _ ,^+1 A 
“2irn:Ua dzr^*^)’j 


which hold whatever the form of 

To shew that the aggregate of the solutions of the types (3) and (5), with 
all integral values of n, and all possible forms of the harmonics %», con- 
stitutes the complete solution of the proposed system of equations (1) and 
(2), we remark in the first place that the equations in question imp y 


(V^ + h?) {oeu' -h yv' + zw') = 0, (15) 

and (V= -t- (a^r + ot' + = 0 U6) 
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It is evident from Art. 292 that the complete solution of these, subject to the 
condition of finiteness at the origin, is contained in the equations (8) and (11), 
above, if these be generalized by prefixing the sign 2 of summation with respect 
to n. Now when sou + yv -f zw and x^' ~\-yq 4* z^' are given throughout any 
space, the values of u\ w are rendered by (2) completely determinate. For 
if there were two sets of values, say u , v\ w' and ic\ v\ w" , both satisfying 
the prescribed conditions, then, writing 

= II — u', Vi==v' — Wi=^w' — w", 


we should have 


xui + yvi + zwi — 0/ 

+ yvi + -s:?! = 0, ^ 
dx^ dy dz 


,(17) 


If Mj, 2 ^ 1 , be regarded as the component velocities of a liquid, the first of 
these shews that the lines of flow are closed curves lying on a system of con- 
centric spherical surfaces. Hence the ‘ circulation ’ (Art. 31) in any such line 
has a finite value. On the other hand, the second equation shews, by Art. 32, 
that the circulation in any circuit drawn on one of the above spherical surfaces 
is zero. These conclusions are irreconcileable unless w-^ are all zero. 

Hence, in the present problem, whenever the functions <f>n and Xn have 
been determined by (8) and (11), the values of v\ w follow uniquely as in 
(3) and (5). 

When the region contemplated is bounded internally by a spherical 
surface, the condition of finiteness when r == 0 is no longer imposed, and we 
have an additional system of solutions in which the functions 
replaced by '4^n(?)? accordance with Art. 292*. 


353 . The equations of small motion of an incompressible fluid are, in the 
absence of extraneous forces. 


du 


19^ —^ dv 1 , r 72 rro /i \ 


* Advantage is here taken of an improvement introduced by Love, “The Free and Forced 
Vibrations of an Elastic Spherical Shell containing a given Mass of Liquid,” Proc. Lond. Math, 
Soc. xix. 170 (1888). 

The above investigation is taken, with slight changes of notation, from the following 
papers: ‘'On the Oscillations of a Yiscous Spheroid,” JProc. Lond. Math, Soc, xiii. 51 (1881); 
“On the Vibrations of an Elastic Sphere,” Froc, Lond. Math. Soc, xiii. 189 (1882); “On the 
Motion of a Viscous Fluid contained in a Spherical Vessel,” Froc, Lond. Math, Soc. xvi. 27 (1884). 
The method has since been applied by the author, and by other writers, to a great variety of 
physical problems. It was long overlooked that substantially the same analysis had been given 
by Clebsch in the paper “XJeber die Reflexion an einer Kugelflache,” to which reference has 
already been made on pp. 102, 487. The fact that Clebsch failed (confessedly) in the primary 
object of his investigation, which was to treat a problem of Physical Optics independently of the 
assumptions of the 'geometrical’ theory, perhaps contributed to the unjust neglect into which 
his paper had fallen. The analytical difficulties which he found insuperable, when the wave- 
length is small compared with the circumference of the sphere, are identical with those alluded 
to on p. 495 ante. 
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du dv dw ^ 
doD^ dy'^ dz 
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.(2) 


If we assume that u, v, w all vary as the equations (1) may be written 


1 dp 


_1 dp 




1 dp 


p dx 


fL dy' 


fl d:Z 


where 


^2 = -- 


From (2) and (3) we deduce 

V2^ = 0. .. 

Hence a particular solution of (3) and (2) is 
h’‘fi dx ’ 

and the general solution is 


.(4) 

.(5) 


u = ^^P + u' 

h?fji, dx ’ 


V=z 


\_dp 

h^fx, dy ’ 

1 9» 

1 dp , 

1 dp 
^~¥^dz 


( 6 ) 

+ «/'. (7) 


where u\ v\ w' are determined by the conditions of the preceding Art. 

Hence the solutions in spherical harmonics, subject to the condition of 
finiteness at the origin, fall into two classes. 

In the First Class we have 


p = const., \ 


.( 8 ) 


and therefore (cu + yv + zw = 0. 

In the Second Class we have 


.(9) 


u 


1 &Pri 


V =Pn, 


d i>n 


■ dx + 9a, ’ 


L.(io) 


and +z^=0, (11) 

where p, ^ denote the component rotations of the fluid at the point 
(x, y, z). The symbols Xn^ Pn stand for solid harmonics of the degrees 
indicated. 
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The component tractions on the surface of a sphere of radius r aie given 
as in Art. 336 by 


rprx =- cop + n 




doo 

/ 9 \ 9 

’’Prs, = - 2/i5 + - l) « + ^ ^ + 2/"' + 

rprz = ”•^^’ + '“•(’*^■■ 1 )'^ + /^^ + y'0 + zw). 

In the solutions of the First Class we find without difficulty 


.( 12 ) 


rpn 




dz dy 


-r-Pry = -yP 




rp„ =-zp+Pn , 


.(13) 


where = fi [hr'^frn (hr) + {n-l)'^n (hr)] (14) 

To obtain the corresponding formulae for the solutions of the Second 
Glass, we remark first that the terms in pn give 


h^\ dr / dec hr dx 


_ { 2 ( 71 - 1 ) r^ ] ^Pn 




2?i + l) dx 271 + 1 9ir * 


.(15) 


The remaining terms involve 


r 


^ - 1 j m' = (« + 1) }ArA|r'„_i {hr) + (n - 2) •fn-i (hr)} 
— n [hr^Vn+\ {tir) + n-^n+i {hr)] ^ 


and 


^<t>n 
dx 

A 

dx 


9 9 

^ {xu' + yv' + zv/) = n{n + l) (2n + 1) ^ 


= « (w + 1) j-'/rn-i {hr) + -^n+i {hr) h^r'^^.+i 


...(16) 


3 <hn 


dx * 

( 17 ) 

Various reductions have here been effected by means of Art. 352 (6), (7), (14). 
Hence, and by symmetry, we obtain 

r® = A + J? r^+i — P” 4 . n I j) «.3»+i ^ 4’n \ 

rp^-Ar^^^+Ji^r + — + 

rrt =A ^ + R ^ P'^ I r , n ^m+i ^ 4>n \ /.q\ 

rpry-An^^+tSnr - + 0„ ^ V...(18) 

r«,.. = -4 ,, 4. R .^2)1+1 ^ Pn , n , -p. 2,J+1 9 (fin 

rprz An + ^„r + 0„ + l>„r ^ ^ , 
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where 


2(w— 1) 

' 2wTT' 


^ ^ 

(7^ = /i {n + 1) [hrF-n^i (ftr) + 2 (w - 1) (hr)}, 

Dn = — fJLUh^r^ {hrfn+i (^»’) - "^m+i (^»')}- 

354. The general formulae being once established, the application to 
special problems is easy. 

1®. We may first investigate the decay of the motion of a viscous fluid contained in a 
spherical vessel which is at rest. 

The boundary-conditions are 

u=^0, ^’=0, 'id;=0, (1) 

for the radius of the vessel. In the modes of the First Class, represented by 

Art. 353 (8), these conditions are satisfied by 

^n{ha)^0 ( 2 ) 

The roots of this are all real, and the corresponding values of the modulus of decay (r) are 
given by 


■{ha)~K 


The modes are of a rotatory character- The equation (2) then takes the form 

tan4a=/ia, (4) 

the lowest root of which is /icfc=4’493. Hence 

T=*0495a2/v. 

In the case of water, we have i^=’018 c.s., and 

r=2*75a2 seconds, 

if a be expressed in centimetres. 

The modes of the Second Class are given by Art. 353 (10). The surface-conditions may 
be expressed by saying that the following three functions of y, viz. 

w=^ ^+(«+l) V'n-I {ha ) | . 

must severally vanish when r=a. Now these functions, as they stand, are sums of 
solid harmonics, and so satisfy the equations 

V2u = 0, V2v=0, v2w=0; (6) 

and since they are finite throughout the sphere, and vanish at the boundary, they must 
everywhere vanish, by Art. 40. Hence, forming the equation 


we find 
Again, since 


0U ov oW__^ 

^ 0y 'dz 

'l'n+i(ha)=0. .. 

2;U+^V+«W=0, 
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+ + (2% + l) (^) — 0®) 

■wtere use has teen made of Art. 352 (6), (7). This determines the ratio j>n ■ 

In the case n = l^ the equation (8) becomes 



the lowest root of which is Ac6= 5*764, leading to 

r=*0301a2/if. 

For the method of combining the various solutions so as to represent the decay of any 
arbitrary initial motion we must refer to a paper by the author cited on p. 600. 

2°. We take next the case of a hollow spherical shell containing liquid, and oscillating 
about the vertical diameter t. 

The forced oscillations of the liquid will evidently be of the First Glass, with 7?/=l. If 
the axis of z coincide with the vertical diameter of the shell, we find, putting 
Art. 353 (8), 

u = C\f/i {hr) y, v— - G^i {hr) a?, (12) 

If G> denote the angular velocity of the shell, the surface-condition gives 

G^i{ha)^-co (13) 

It appears that at any instant the particles situate on a spherical surface of radius r 
concentric with the boundary are rotating together with an angular velocity 

c*) 

If we assume that co = ae® (15) 

and put f o-/ 1 / = (I — /3^, (16) 

where, as in Art. 345, i3^=cr/2j/, (17) 

the expression (14) for the angular velocity may be separated into its real and imaginary 
parts with the help of the formula 

( 18 ) 

If the viscosity be so small that is considerable, then, keeping only the most 
important term, we have, for points near the surface, 



and therefore, for the angular velocity (14), 

. /{<r<+P(r-aj+8}^ ^20) 

the real part of which is 

•<io^{(rti-^{r-a) + €} (21) 

As in the case of laminar motion (Art. 345), this represents a system of waves travelling 
inwards from the surface with rapidly diminishing amplitude. 

When, on the other hand, the viscosity is very great, is small, and the formula (14) 
reduces to 

<»cos(cri+e), (22) 

* Another method of applying the surface-conditions is indicated in Art. 861. 
t This was first treated, in a different manner, by Helmholtz, l.c. ante p. 546. 
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nearly, when the imaginary part is rejected. This shews that the fluid now moves almost 
bodily with the sphere. 

The stress-components at the surface of the sphere are given by Art. 353 (13). In the 
present case the formulae reduce to 

...(23) 

If bS denote an element of the surface, these give a couple 

-\\{^Pry~yPr^)dS=C^h^{ (to) “> -(24) 

by (13) and Art. 352 (6). 

In the case of small viscosity, where Qa is large, we find, on reference to Art. 292 (8), 


putting ka={l-i) /3a, that 

2;,^.„(to)=(-^)’‘^^ (25) 

approximately, where f == (1 - i) /3a. This leads to 

(1 -j-i) ^aco (26) 

If we take account of the time-factor in (15), this is equivalent to 

J!f= - (0a)-i ^ (^a) a (27) 


The first term has the effect of a slight addition to the inertia of the sphere ; the second 
gives a frictional force varying as the velocity. 


355. The general formulae of Arts. 352, 353 may be further applied to 
discuss the effect of viscosity on the small oscillations of a mass of liquid about 
the spherical form. The principal result of the investigation can, however, be 
obtained more simply by the method of Art. 348. 

It appears from Art. 262 that when viscosity is neglected, the velocity-potential in 


any fundamental mode is of the form 

^=A’—S^.ooa(a-i+f), ( 1 ) 

where jS^ is a surface-harmonic. This gives for twice the kinetic energy included within a 
sphere of radius r the expression 

pna j j cos^ (<r^-f e), (2) 

if hm denote an elementary solid angle, and therefore for the total kinetic energy 

T^^pnallS^d'W, eos^ (o-iJH-e) (3) 


The potential energy must therefore be 

V=\pnall8r?d'ixj . sin^ (o-if + e), (4) 

and the total energy is 

T+ V^ipnajjSn^d^ . A2 (5) 

Again, the dissipation in a sphere of radius r, calculated on the assumption that the 
motion is irrotational, is, by Art. 329 (12), 

(®) 

Now r^jj <idv!= f^d^, (7) 
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each, side, when multiplied by pSr, being double the kinetic energy of the fluid contained 
between two spherical surfaces of radii t and j’+Sr. Hence, from (2), 

Substituting in (6), and putting r==a, we have, for the total dissipation, 


2F=^27i(?i-l)(27i + l)^ J JsjdnT.A^cos"-(iri-h€\ (B) 

the mean value of which, per unit time, is 

2F^n (n - 1) (2n+ (9; 


If the effect of viscosity be represented by a gradual variation of the 
must have 

|(r+r)— sJf, 


coefficient we 
(10) 


whence, substituting from (5) and (9), 

dA 


dt 

This shews that A cc where 




.( 11 ) 


r = - ~ (12)^ 

(ti-I) (2^^4•l) V 

The most remarkable feature of this result is the excessively minute extent to which 
the oscillations of a globe of moderate dimensions are affected by such a degree of viscosity 
as is ordinarily met with in nature. For a globe of the size of the earth, and of the same 
kinematic viscosity as water, we have, on the c.g.s. system, a =6*37 x 10®, r=*0178, and 
the value of r for the gravitational oscillation of longest period {n=2) is therefore 

r~l*44 X 10^1 years. 

Even with the value found by Darwin t for the viscosity of pitch near the freezing tempera- 
ture, viz. ft = 1*3 X 10® x^, we find, taking ^=980, the value 

r= 180 hours, 

for the modulus of decay of the slowest oscillation of a globe of the size of the earth, 
having the density of water and the viscosity of pitch. Since this is still large compared 
with the period of 1 h. 34 m. found in Art. 262, it appears that such a globe would oscillate 
almost like a perfect fluid. 


The above investigation does not involve any special assumption as to the nature of 
the forces which produce the tendency to the spherical form. The result applies, there- 
fore, equally well to the ^ubrations of a liquid globule under the surface-tension of the 
bounding film. The modulus of decay of the slowest oscillation of a globule of water is, in 
seconds, r—ll'2a\ where the unit of a is the centimetre. 


The same method, applied to the case of a spherical bubble, gives 

’’ (n+2)(27i+l) 1 / ’ 

where v is the viscosity of the surrounding liquid. If this be water we have, for n=2, 

r = 2*8«2 


The formula (12) includes of course the case of waves on a plane surface. When n is 
very great we find, putting X^^irajn^ 

T=\^IS7r^v, (14) 

in agreement with Art. 348. 


* Proc, Lond. Matk. Soc. (1), xxii. 61, 65 (1881), 

t “On the Bodily Tides of Yiseous and Semi-Elastic Spheroids, Phil Trans, dxx. 1 
(1878), 
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The above results all postulate that Sttt is a considerable multiple of the period. The 
opposite extreme, where the viscosity is so great that the motion is aperiodic, can be 
investigated by the method of Arts. 335, 336, the effects of inertia being disregarded. In 
the case of a highly viscous globe returning asymptotically to the spherical form under 
the influence of gravitation, it appears that 

Z- (15) 

nga 

a result first given by Darwin {lx.). For a system of equal parallel corrugations on a plane 
surface we deduce 

r = 4i7rvlg\ (16) 

Of. Art. 349 (24). 

356. Problems of periodic motion of a liquid in the space between two 
concentric sphere^ require for their treatment additional solutions of the 
equations of Art. 353, in which p is of the form and the functions 

which occur in the complementary functions u\ v', w' are to be 
replaced by (hr). 

The question is simplified, w’'hen the radius of the second sphere is 
infinite, by the condition that the fluid is at rest at infinity. It was shewn 
in Art. 292 that the functions '^niO l^oth included in the form 

f d 

r ^ ^ 

In the present applications, we have ^=^hr, where h is defined by 
Art. 353 (4), and we will suppose, for definiteness, that that value of h is 
adopted which makes the real part of ih positive. The condition of zero 
motion at infinity then requires that A = 0, and we have to deal only with 
the function 

( 2 ) 


^ , 

introduced in Art. 292. It was there pointed out that the formulae of re- 
duction for/n(^) are exactly the same as for and and the 

general solution of the equations of small periodic motion of a viscous liquid, 
for the space external to a sphere, is therefore given at once by Art. 353 (8), 
(10), with]p-:^_i written for and /n (hr) for '\\r^(hr). 

1°. The rotatory oscillations of a sphere surrounded by an infinite mass of liquid are 
included in the solutions of the First Class, with 7i=l. As in Art. 354, 2°, we put = 
and find 

u^Gfi {hr) y, - Gfi (hr) x, w = 0, (3) 

with the condition Gfx (ha) — w 

a being the radius, and © the angular velocity of the sphere, which we suppose given by 
the formula 


Putting A=(l— ^) /3, where j3=(o-/2i')^, we find that the particles on a concentric sphere 
of radius r are rotating together with the angular velocity 

fl - a) p^ (r --(%)+ e} 

Mha)^'^ 7^ l+iha^ ’ 


(6) 
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where the values of/i {hr), /i {ha) have been substituted from Art. 292 (15). The real part 
of (6) is 

a 


- - e- ^ + jS (ct 4- r) + 2i3%r} cos {at - ^ (r - a) + e} 

- P {r - a) sm {at — 13 (r - a) + €}j, .... 

corresponding to an angular velocity 

0) = aCOS(or2f + €) 

of tlie sphere. 

The couple on the sphere is found in the same way as in Art. 354 to be 


i\ = - Itt fiasco ‘ 


3 + 3iha-k^a^ 


fl -s-r- ^ 

Putting ha={l-i) /3a, and separating the real and imaginary parts, we find 

o (3+6^a+6^2a2 + 2iS3a3)-h 2232^2(1 +3a) 

A = - l + + 

This is equivalent to 

l+^a — 0,. 


.( 7 ) 

•( 8 ) 

•( 9 ) 


. . da> . ,S + 6pa+60^a^+2^a3 


.( 10 ) 

.( 11 ) 


.( 12 ) 


The interpretation is similar to that of Art. 354 (27)*. 

When the period ( 27 r/cr) is infinitely long, this reduces to 

W= — STT/Xa^O), 

in agreement with Art. 334 (11). 

2“, In the case of a ball pendulum oscillating in an infinite mass of fluid, which we 
treat as incompressible, we take the origin at the mean position of the centre, and the axis 
of £G in the direction of the oscillation. 

The conditions to be satisfied at the surface are then 

u= U, i;=0, (13) 

for r=^ a (the radius), where U denotes the velocity of the sphere. It is evident that we 
are concerned only with a solution of the Second Class ; and the formulae (10) of Art. 353, 
when modified as aforesaid, make 

xU’\-yv+zw—-~j^p^n-i3r'ti{n’\-l) {3.71^1) (14) 

By comparison with (13), it appears that this must involve surface-harmonics of the first 
order only. We therefore put 1, and assume 




.(15) 


Hence 




-Bf2{hr)h^i/^ 

-Bf2{hr)h^r^ 


0 X 

9y 

0 X 
dz r^ * 


dx i 

^ A d X 
'‘’~h^d^^ 

__ A d X 
dz r^ 

The conditions (13) are therefore satisfied if 

A = {ha) j3, 2/0 {ha) B=U, , 

The character of the motion, which is evidently symmetrical about the axis of can be 
most concisely expressed by means of the stream-function. From (14) or (16) we find 


.(16) 


.(17) 


24 X TJt (h^n^ ^ 

t+yv^zw= (M - 3/i (^oj , (18) 


Another treatment of this problem is given by Kirchhoff, Mechanik, c. xxvi. 
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or, substituting from Art. 292 (15), 


scU’\‘yv+zw 


-((■ 




G 


ha li^d^} \hr'^ K^r^) r 


'g-a(7-<i)L Ux. 


If we put x=^r cos this leads, in terms of the stream-function \j/ of Art. 94, to 

3^ 3 


+- - i w « {(. - 1 - ^|L) ? 4- ^ . 


Writing 




.( 19 ) 

.( 20 ) 

( 21 ) 


and therefore A=(l-i)/3, where ^=(<r/2i/)^, we find, on rejecting the imaginary part 
of (20), 


‘vj/'sz sin2 d 


^ 2ida) * 




3_ 

2^a 


|cos{cr^-/3(f-a)-f + sin {o-i - ^ (r — a) + e} ■ — (22) 


At a sufficient distance from the sphere, the part of the disturbance which is expressed 
by the terms in the first line of this expression is predominant. This part is irrotational, 
and difiers only in amplitude and phase from the motion produced by a sphere oscillating 
in a frictionless liquid (Arts. 92, 96). The terms in the second line are of the type we have 
already met with in the case of laminar motion (Art. 345). 


To calculate the resultant force (A^) on the sphere, we have recourse to Art. 353 (18). 
Substituting from (15), and rejecting all but the constant terms in since the surface- 
harmonics of other than zero order will disappear when integrated over the sphere, we find 


Z= J j Pr^ds=4^ ( 5,2 ^ (23) 

where (7i = 2^^a/o' (Aa), (24) 

by Art. 353 (19). Hence, by (17), 


— (,+^)} (25) 

This is equivalent to 

-J,,.. (HjI.) f (i u. ...(26) 

The first term gives the correction to the inertia of the sphere. This amounts to the 
fraction 

2 ^ 4;3a 

of the mass of fluid displaced, instead of J as in the case of a frictionless liquid (Art. 92). 
The second term gives a frictional force varying as the velocity^. 

When the period 27r/(r is made infinitely long, the formula (26) reduces to 

X^^e^pvalT, (27) 

in agreement with Art. 337 (15), since ^^~(rl2v. 


* This problem was first solved, in a different manner, by Stokes, Z.c. ante p. 549. For other 
methods of treatment see O. E. Meyer, “XJeber die pendelnde Bewegung einer Kugel unter dem 
Einflusse der inneren Beibung des umgebenden Mediums,” Crelle, Ixxiii. (1871); Kirchhoff, 
Mechanik, xxvi. 

The more general case where the velocity of the sphere is an arbitrary function of the time 
has been discussed by Basset, “On the Motion of a Sphere in a Viscous Liquid,” Phil. Trans. 
clxxix. 43 (1887) ; Hydrodynamics^ e. xxii. The question has been simplified in recent papers by 
Bicciati and Boggio; see Basset, Quart. J. of Math, xli. 369 (1910), and Bayleigh, l.c. ante 
p. 587. See also Havelock, Phil. Mag. (6), xlii. 628 (1921). 


L. H. 


39 
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357. A few notes may be appended on the two-dimensional problems 
which are analogous to those of Arts. S54, 356. 

Terms of the second order being neglected, the equations are 

( 1 ) 


dt p ox 


81— ;; 4 


with. 


du _Q 

dx~^ dy 


As in Art. 349, these are satisfied by 

dx dy ' 


u = ■ 


dS d^Jr 


and 

provided 


36 

P-P^, 








,.( 2 ) 

•( 3 ) 

.(4) 


r. It will be found that the modes of decay of an arbitrary initial motion of a liquid 
enclosed in a fixed circular cylinder are given in polar co-ordinates by 


= 5} cos.e-i.Ssm.^).--'*^ (5) 

when 'ir now stands for the stream-function of Art. 59. The condition of zero noraial 
motion at the boundary (r= a) is already satisfied ; and the tangential velocity d^/dr will 
also vanish there, provided 

kaJg {ka) — sJg (ka) = 0 , 
which is equivalent, by Art. 303 (5), to 

Js^i{ka)=^0 ( 6 ) 

This determines the admissible values of k, and thence the values of the modulus of decay 


In the case of symmetry we have s»0. The lowest root of Ji(ka)==0 is ^a=3*832, 
which gives 

*0681^2/1;, 

If we put, for water, j/ = '014 c.G.s., we find rs=4-9a2 seconds, provided a be expressed in 
centimetres. 


For the lowest root is X*a=5T35, whence 


or, for water, 


r=*0379a2/j/, 


2°. In the case of periodic motion, with a time-factor we have, from (4), 


(7) 

provided —ia-lv, or (say) 

^ = /3 = (cr/2i/)^ (8) 


The solution of (7) in polar co-ordinates involves Bessel’s Functions with the complex 
argument The selection of suitable functions for the various cases, and the 

* This result is from the paper “On the Motion of a Viscous Fluid contained in a Spherical 
Vessel,” cited on p. 600. The ease of a=0 was discussed by Steam, “ On some Oases of the Vary- 
ing Motion of a Viscous Fluid,” Quart. Journ. Math. xvii. 90 (1880). 
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working out of results in a practical form, involve some points of delicacy^. In view of 
the length of the necessary investigations, and of the fact that the problems in question 
are inferior in interest to those which relate to a spherical boundary, we content ourselves 
with a reference to the original papers by Stokes t. 

Yiscosity in Gases, 

358. When variations of density have to be taken into account, the most 
general supposition we can make with regard to the ‘ mean pressure 
consistently with our previous assumptions, is, in the case of a " perfect gas, 

p = — jLt' (a 4- 6 -h c), (1) 

where 6 is the absolute temperature, ii is a constant depending on the 
nature of the gas, and [j! is a second coefficient of viscosity 4!. There does not 
appear to be any experimental evidence as to the precise value to be attributed 
to 12 ! ; but according to the kinetic theory of gases /a' = 0§, and we shall for 
simplicity adopt this hypothesis. If it is desired to retain in the formulae, 
the necessary corrections can easily be made. 

It was shewn in Art. 329 that the work done in time U by the tractions 
on the faces of an element Zx?>yhz, in changing the volume and shape of the 

element, is ^ ^ /c»\ 

— p (a -j- & + c) Sic 80 . 8^ H- $ 8^ Sy 8^ . ht, (2) 

where <E> = - f/t (a + 6 + c)^ + /it (2a^ + 2h'‘ + 2c^+f + g^ + A'O (3) 

Now, hy Art. 7 (3), 

a + i + o-~-^-P j)t> <• 

where v denotes the volume of unit mass. Hence if E be the intrinsic energy 
per unit mass, and DQjDt the rate per unit volume at which a fluid element 
is receiving heat by conduction from adjacent elements, or by radiation, we 
have the equation of energy: 

DE -Dv , ^ , DQ 



The rate at which heat must actually be absorbed in order to effect the 
changes of density and temperature is, on thermodynamic principles, 

DQ Dv . DE 

* The investigations of Art. 194 require revision when the argument ^ is complex. The 
formulae (4), (5), (6) are valid, provided the real part of the argument lie positive (as is secured 
by the choice of h in (8) above) ; but the derivation of the descending and ascending series (13) 
and (20) presents new points. Incidentally, the results obtained by equating separately real and 
imaginary parts would call for examination. 

•f l.c. ante p. 549. See also Watson, Theory of Bessel Functions^ p. 201. 
t Cf. Kirchhoff, Vorlesungen Uherdie Theorie der Warme. Leipzig, 1894, c. xi.; Stokes, Papers, 

iii. 136. 

§ Maxwell, l.c. ante p. 545. 


39--2 
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Comparing, we have 


Dt Dt 


+ <!>. 


( 7 ) 


Hence in addition to the heat gained by conduction, &c., an amount measured 
by ^ per unit volume and unit time is generated in the element, at the 
expense (of course) of other forms of energy. 

If we write (3) in the form 

<|) = [(b ~ cf + (c - ay + (a - hf] + 4- (8) 


it is seen that <1> is essentially positive, and (moreover) that it cannot vanish 
unless 

a — b = G and f—g = h = 0y 

i.e.j unless the distortion of the fluid element consists of an expansion or con- 
traction which is the same in all directions. The conclusion that there is no 
dissipation of energy in this case rests of course on the assumption that the 
value of fjil in (1) is zero. 


359. We may notice the effect of viscosity on sound-waves. For con- 
sistency it is necessary to take account at the same time of heat-conduction, 
whose influence is of the same order of importance"*^ ; but in the first instance 
we follow Stokes f in examining the effect of viscosity alone. 


In the case of plane waves in a laterally unlimited medium, we have, if 
we take the axis of x in the direction of propagation, and neglect terms of the 
second order in the velocity, 


du ^ , 4 

dt po 9^ ' 


( 1 ) 


by Art. 328 (2), (3). If s denote the condensation, the equation of continuity 
is, as in Art. 277, 


0s du 

dt'~ dx' 




and the physical equation is, if the transfer of heat be neglected, 

+ 


( 3 ) 


where c is the velocity of sound in the absence of viscosity. , Eliminating jp 
and s, we have 


0 %_ ^d^u ^ d^u 
3^ 


(4) 


To apply this to the case of forced waves, we may suppose that at the 
plane = 0 a given vibration 


u = 


,(5) 


* This was first remarked by Kirchhofi, “Ueber den Einfluss der Warmeleitung in einem 
Gase auf die Schallbewegung,” Fogg, Ann. cxxxIt. 177 (1868) [G^s. Abh. i. 540]. 
t Lc. ante p. 15 [Papers, i, 100]. 
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is kept up. Assuming as the solution of (4) 

( 0 ) 

we find (c^ + = — cr^, (7 ) 

whence ^ (6) 

If we neglect the square of vajc^ and take the lower sign, this gives 

^ = ( 9 ) 

Substituting in (6), and taking the real part, we get, for the waves propagated 
in the direction of ^r-positive, 

u = ae~^f^ cos cr , (10) 

where I = ^c^/va- (11) 

The amplitude of the waves diminishes exponentially as they proceed, the 
diminution being more rapid the greater the value of cr. The wave-velocity 
is, to the first order of vcrjd^, unaffected by the friction. 

The linear magnitude I measures the distance in which the amplitude 
falls to 1/e of its original value. If X denote the wave-length (27rc/a-), we 
have 

= X/27rZ; (12) 

it is assumed in the above calculation that this is a small ratio. 

In the case of air- waves we have c=3*32x 10^, y = ’132, c.as., whence 
ya -/(32 = 27ry/Xe=2-50X“ixl0-^ ^=9*56X2 x lO^, 

if X be expressed in centimetres. The effect on the amplitude is very slight except for 
sounds of very short wave-length. 

To find the decay of free waves of any prescribed wave-length (2Trlk), we 
assume 

u = ; (13) 

and, substituting in (4), we obtain 

-f- ^vk^a — — k'^c^ (14) 

If we neglect the square of vkjc, this gives 

a = -- ^vk^ + ike (15) 

Hence, in real form, 

u — cos k{x± ct), (16) 

where t = oj2vk^, (17) 

360. When conductivity is to be allowed for, the dynamical equation (1), 
and the equation of continuity (2) are unaffected, but the physical relations 
must be modified. 

The amount of heat required to produce small changes in the volume v 
and (absolute) temperature 6 of unit mass of a gas is 

sQ=_pSv + as^=|(7-i)^s«+s0|a. 


( 18 ) 
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where is the specific heat at constant volume. Multiplying this by pM, 
the mass per unit area of a thin stratum, and equating to kd^eidcc^Bx, where 
k is the thermal conductivity, we find* 

= (19) 

^ 'Vo dt 

where ^ ^k/poC^o, ^ 

i.e. V is the ‘ thermo metric ’ conductivity’f’. 

The relation between p, p, 0 is 

P^ll. ( 21 ) 

Po po ^0 

If we put p = po(l"t^X ^=^o(l +'!?), (22) 

and neglect terms of the second order in s and rj, the equations (19) and (21) 
may be written 



and • p=p„(l + s + i?) (24) 

Substituting this value of p in (1), we have 

+ ( 25 ) 

0^ 0a? dx ^ 0a?2 

where h, = {pjp^f, is the Newtonian velocity of sound (Art. 278). Eliminating 
s by (2), we find 



^ + = 

which are two simultaneous equations to determine u and 97. 

If we now assume that u and rj both vary as 

we find . 

(<7^ 4- + ^ivcrmf) u — icrmiPrj — 0,1 

(7 — 1) mu + (^c^ — V w?) 7} = 0, j 

whence cr® + {o^o- + (f + 1^') icr^} m^ + v' {ilf — f i^cr) = 0, (29) 

writing for 76I 

We verify that if v = 0, z/' = 0 we have m=±i(rlc. Also that if r = 0, 
/ = 00 we have m== + since the conditions are now isothermal. Further, 
that if cr is very great, whilst z; = 0, we have again m = ± crjc, independently 
of the value of v. Cf. Art. 278. 

* The heat generated by internal friction (as explained in Art. 358) is here neglected, as 
being of the second order of small quantities. 

t Maxwell, Theory of Heat, c. xviii. If radiation were important, a term proportional to 
6-6^ would be introduced in (19). Cf. Stokes, Phil. Mag» (5), i. 305 (1851) {Payers, iii. 142] ; also 
Eayleigh, Theory of Sound, Art. 247. 
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According to Maxwell’s kinetic theory of gases 

(30) 

but we shall only assume that v and v are of the same order of magnitude. 

We have seen that for ordinary sound-waves the ratio vajd^ is small. The 
roots of the above quadratic in are therefore 

mi = v If == ifyaj v\ (31) 


approximately. 


whence 

if 


A 


more accurate value of the former root is 



(32) 

(33) 

(34) 


The complete solution for ^ > 0 is found to be, approximately, 
u = -I- 

fyj ^ ^ -f- A 

provided are chosen so as to have their real parts negative. The arbi- 

trary constants Aj, Ag enable us to represent the effect of prescribed periodic 
variations of u and rj at the plane ^ = 0. For ordinary frequencies the ratio 
m^cjcr is large, and the ratio Ag/Ai, as determined by the thermal conditions 
at ^ = 0, is accordingly usually small. The second term in the value of is 
then unimportant, even near the origin, and in any case it becomes insigni- 
ficant in comparison with the first term for sufficiently great values of x. Its 
use is to represent the purely local effect of a periodic source of heat at the 
origin. 



If we adopt the value (30) of v, and take = 7 = 1*40, we find fi*om 
(34) that the value of I is diminished by the conductivity in the ratio ‘65. 

The investigation of this Art. is due substantially to Kirchhoff*, who 
further examined the effect on the propagation of sound-waves in a narrow 
tube. This problem has a bearing on the well-known experiments of Kundt. 


360a. The same principles have been applied by Rayleigh f to explain 
the action of porous bodies in absorption of sound. For the purpose of a 
general explanation we may simplify the matter by taking account of viscosity 
alone. 

* l.c. ante p. 612. It is reproduced in Eayleigh’s Theory of Sound, 2nd ed. Arts. 348-350. 
t “On Porous Bodies in relation to Sound,” Phil. Mag. (5), xvi. 181 (1883) [Papers, ii. 220]; 
Theory of Sound, Art. 351. See also the author’s Dynamical Theory of Sound, London, 1910, 

p. 192. 
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Referring to Art. 347 (6), we find that in the case of a fluid oscillating 
over a plane wall the tangential drag on the fluid is, per unit area, 

(1) 

\dy J y^Q ^ ^ 

This was obtained on the supposition of incompressibility, but it will hold as 
an approximation provided the wave-length be great in comparison with the 
other linear dimensions with which we shall be concerned. Among these is 
the magnitude yS'h = which is a measure of the extent to which the 

retarding influence of viscosity penetrates into the fluid*. 

In applying (1) to waves travelling along a tube, or between parallel walls, 
the force X (per unit mass) maybe replaced by -dplp.dw. Taking the case 
of the tube, and assuming for the present that /3~^ is small compared with 
the radius cx, we have, calculating the forces on a length 8^ of the wall, 

^dU , n V 9<rrn 

^ = - 7ra-^4 (1 - 3^ X 

where u, p denote the average velocity and pressure over the cross-section. 
Since <r = 2vjS^, this may he written 

du ( l-i\dp 

dt V 

We have also p = jJo + 

where s is the condensation. Hence, eliminating s, 

dt^ V ^a) ds^ 

It is already assumed that it varies as e'H Hence, putting 

(5) 

we have _ J ^1 _ \ 

2^)’ 

on account of the assumed smallness of Ij^a. This may be written 

' m 

where c' = c(^l-~), l' = acjv^ (8)t 

Hence, taking the lower sign, and writing (5) in real form, 

u = Gos cr — ( 9 ) " 

* Taking v = 'W2, and denoting by 2sr(=;<r/2x) the frequency, we find /3-i=-207N~^cm. 
t Formulae equivalent to these were given (without proof) by Helmholtz in. 1863,; see his 
Ahh* i. 384. 
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In Art. 360 (34) we found, putting v —0, I — ^c^jva-^. Hence 

(10) 

approximately, where A. is the wave-length. The rate of decay of the waves 
as they advance is therefore much greater than in the open, if the wave- 
length is comparable with, 6r greater than, the circumference of the cross- 
section. 


When the tube is so narrow that the radius a is of the same order of 
magnitude as /3"*^ the character of the motion is altered. The friction has 
now a much greater hold on the vibrating mass, and the inertia of the latter 
becomes negligible. The mean velocity u is then related practically to the 
mean pressure-gradient by the formula (4) of Art. 331 ; thus 

dp 

^fjidx 

du _ d^a 

dt Sv dx^ 


ti = — 


Hence, referring to (3), 


.( 11 ) 

.( 12 ) 


This is identical in form with the equation of linear conduction of heat. 

Substituting from (5) we have 

m=±(l+i) q, (13) 

provided (f = = 2cr^l^-a^c^ (14) 

Hence, in real form, taking the lower sign, 

u = cos {ort — qx) (15) 

The phase is repeated whenever x increases by 27r/g, but in this interval the 
amplitude is diminished in the ratio or The ratio of this interval 
to the wave-length X in the open is 

^irjqX = (16) 

which is on the present suppositions a small fraction. 

When a sound-wave impinges on the surface of a solid which is permeated 
by a large number of narrow channels part of the energy is lost, so far as 
sound is concerned, by dissipation in these channels, in the way above 
explained. The interstices in hangings and carpets act in a similar manner, 
and it is to this cause that the effect of such appliances in deadening echoes 
in a room is to be ascribed, a certain proportion of the energy being lost at 
each reflection. It is to be observed that it is only through the action of true 
dissipative forces, such as viscosity and thermal conduction, that sound can 
die out in an enclosed space. 


361. In the investigations which follow the thermal processes are neg- 
lected for simplicity. We may infer from the preceding results that this will 
not affect the order of magnitude of the terms which represent the effect of 
dissipative action. 
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The general equations of sound-waves as affected by viscosity are, by 
Art. 328 (2), 

dll 

dt po ox 




where 


— ^ + 4-z/ 5— , 

dt po dy ^ dy 

dw 1 , T7.V,, , 1 

^ 4 - yy-^W + - 5 - , 

dt p,dz ^ dz 

__ 9^t dv dw 

dx^ dy dz' 




.(1) 


■( 2 ) 


If s denote the condensation we have in addition the equation of con- 
tinuity 


05 4. 4. 

dt~~ Kdx'^dy^dz)' 


(du . dv dw 


and the physical equation 

p =JPo + poC^S, 

where c is the velocity of sound in the absence of viscosity. 

Eliminating p and we have 
du 
U 
dv 
dt 
dw 


.„v.»-(c" + j4)5- 


From (5) and (3) we deduce by differentiation 


dH 

dV 


S f „ , , d' 


V®s. 


If we assume a time-factor e^, (6) takes the form 

(V=i + *’“) s = 0, 

<7^ 


where 

whilst (5) may be written 




0^ 4- 4^I/c^ ’ 




(y^+W)v ={]^-hf) 


dy’ 


.(3) 

.(4) 


.(5) 


.( 6 ) 

•(7) 

.( 8 ) 


,(9) 
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where h^ — — icrlv, ; (10) 

and <^^-icrsllc\ (11) 


These equations are satisfied by 


li = 


9(/) 




( 12 ) 


where ^ is any solution of (7). 


In particular, in the case of waves diverging from a spherical surface where a 

prescribed radial velocity is maintained, we have 


= (13) 

with the condition ~ JcAf^ {ka ) = 1 (11) 


Hence 


or, in full. 


rf. i-’t 

kfahcC) ’ 


<#>= 


e 


^i{<rt—kr-\-ka) 


1 -^ika' 


^(15) 

(16) 


We have seen (Art. 359) that even in the case of acoustical frequencies the ratio vajc^ 
is exceedingly small, so that 




O' 

G 



,(17) 


very approximately. The interpretation of (16) as regards the slight effect of viscosity on 
wave-velocity, and its infiuence in attenuation of the waves as they proceed, is the same 
as in the one-dimensional case of Art. 359. It appears that for distances of very many 
wave-lengths the attenuation due to viscosity is altogether negligible in comparison with 
that due to spherical divergence. 


When the motion is not symmetrical about the origin, the solution of the 
equations (7) and (9) is to be completed by the analysis of Art. 352. Thus, 
in the case of diverging waves, we have solutions of the type 

^ - V«+i ^ > 1 

where (19) 

the functions j>n, %» being solid harmonics of positive degree n*. 


These formulae make 

xu-\-yv + zw — — {krfn {hr) + n/„ (fo’)} <j>n + n (n+l)(2w,+l)/„ (hr) Xn, • ■ -(20) 


The solutions of the ‘ First Class ’ are of less interest from the present standpoint. 
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and 

yw-zv =-f^(kr)[y^^-z^)4>n 

^ /I M Z' 9 

+ (2n + 1) {hrfn' (hr) + (n + l)/» (hr)} ^ 

zu-xw = -fn (kr) (z 

+ (271 + 1) (hr) + (n + l)fn (hr)] (z ^ 


9\ 

y ...(21) 

9\ I 


>0 0 V 

xv-yu= -fn (M 

( 0 0 \ 

wli6re use has been made of the reduction- formulae ot Art. 292. 


For a reason already given we may with ample accuracy treat as real 
and equal to crjc. As regards h we write 

h = (I — t) where ^ = f(a-l2v), (22) 

as in Art. 34.5. The terms in (18) which involve %„ will therefore contain a 
factor and will accordingly tend to become negligible at distances r 
which are large compared with the linear magnitude whose value for air 
is about -211 fN cm., if N be the number of vibrations per sec. (Art. 345). 
The motion at a distance which is a moderate multiple of will therefore 
be practically irrotational, with a velocity-potential given by (19); It is to 
be noticed also that the ratio kaj^a, being equal to f(val2c^) approximately, 
is to be regarded as a small quantity. 


To apply the formulae to the case of a sphere oscillating parallel to x with a velocity 

(23) 


we put 71 = 1 in (18), and assume 
Tlie conditions 


cj>i=Aia;, 




U= Uy V = 0y w = 0 


,(24) 

.(25) 


to be satisfied at the surface r=a give, by (20) and (21), 

-{kaf^' {ka)+fi (ka)} Ai + Qfi iha) B^ = ly 

—fi {ka) ^1+3 {hafi {ha ) (-^<^)} = 1, 

whence 

_ hafi {ha) 

^ ~ hafi {ha) {kafi {ka) +/i {ka)} + 2/i {ha) kaf{ {ka) ’ 

D ^ lkaf{{ka) 

^ Aa/i' {ha) {kafi {ka) + fi {ka)} + 2/i {ha) kaf{ {ka) ' 


,(26) 

,(27) 

.( 28 ) 


Substituting from Art. 292 (15), we find 

. _ {Z-l-Ziha—h^a^) 

^ W (1 + iha) + (2 + - kH^) W ’ 
» _ J (3 + Zika — k^a^) hPa^ 

^ k^a^{\-]riha)-l'{2+%ika — k^a^)h‘^a^‘ 
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distant points the motion is practically irrotational, with the velocity-potential 

4>=APPhr)xe^* (30) 

From the acoustical point of view the most interesting case is where the radius a of the 
sphere is large compared with If we retain only the highest power of ha in (29) the 
formula becomes 

^3/y3 flllcCb 



3xactly as if viscosity had been ignored from the outset (Art. 295). This shews that the 
3onclusions of Stokes as to the influence of lateral motion in the communication of vibrations 
bo a gas are in the main unaffected by viscosity. It is true that the lateral motion of the 
air in contact with a vibrating surface is modified, and may even be reversed in direction, 
but the effect extends only to a stratum whose thickness is of the order and if this 
be small compared with the dimensions of the compartments into which the surface is 
divided by the nodal lines the general argument of Art. 294 still applies. 

In the case of very slow oscillations, on the other hand, or obstacles of very small radius, 
where /3a is not large, ka is necessarily small, and we have from (29) and (22) 



approximately. This is in consonance with Art. 356 (22). At distances r which are small 
compared with the wave-length, but moderately large in comparison with the motion 
is in fact practically the same as if the fluid were incompressible. 


362 . We may farther investigate the scattering of plane waves by a 
spherical obstacle. The question is the same as in Art. 297, except that 
viscosity is now taken into account. It is assumed that the circumference 
of the obstacle is small compared with the wave-length, so that ka is small 


By Art. 296 we may write, for the velocity-potential of the incident waves, 
^ _ gifcx _ ('^y) -f- Szkr (kr) cos ^ -h . 


where 6 is the usual angular co-ordinate, and the factor or is understood. 


( 1 ) 

understood. It is 

clear from Art. 297 that the terms involving harmonics of higher order than the first may 
be neglected. For small values of (1) takes the form 

(f) = l ~^k^/^+... + ikai-+- (2) 

We will first suppose the sphere to be fixed. The velocity at its surface due to (2) alone 

is made up chiefly of a uniform radial velocity and a uniform velocity -ik parallel to 
s. Beversing these, the velocity -potential cf) of the scattered waves at a distance r which 
is large compared with is obtained by superposition from Art. 361 (16), (30), with the 
proper coeiflcients. Thus 

2 * 3/73 pika 

<l> = -i^^^Ml=r)+{S+iK)Mkr)krooB6 + ..., (3) 

(' 3 + Ziha — ik^a^ 


where 


E+iK^iAi— ■ 


.(4) 


iV (1 + iha) -f- (2 -f 2i^a — ^%^) h‘^a^ 

The main interest of the investigation is to ascertain the rate at which energy is partly 
dissipated by friction, and partly diverted from the train of primary waves, owing to the 
presence of the obstacle. For this purpose the values of and must be expressed in 
real form. This being presupposed, let us write 


5= 


00 


V 90' 


.(5) 


* This, with the corresponding problem in two dimensions, was treated by Sewell, “On the 
Extinction of Sound in a Yiscous Atmosphere by Small Obstacles...,” Fhil. Trans. A, ccx. 239 
(1910), I have somewhat modified and condensed the procedure. 
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so that q, q' are the inward radial velocities due to the primary and secondary waves, 
respectively, at distances r which are large compared with ; and let p, p' be the corre- 
spending pressures, viz. 




P^PQ- 


The rate at which work is being done at a spherical surface of large radius t, on the 
included air, is given by the integral 

+ 

taken over the surface. Since the mechanical energy in the enclosed space is constant, 
the mean value of this integral represents energy dissipated by fluid friction. To this we 
add the work spent in generating scattered waves, viz. 

— (S) 

Again, the term 

represents work dissipated in the primary waves alone when the obstacle is absent. Hence 
the total rate at which energy is withdrawn from the primary waves, in consequence of 
the presence of the obstacle, is equal to the time-average of the integral 

ii(p^+p^q)dS, ( 10 ) 

taken over the surface of a sphere of very large radius. 

In forming the sum pq'+p'q we need only include products of terms which involve 
spherical harmonics of equal order. Moreover, since k is taken to be real, the final result, 
so far as the harmonics of zero order are concerned, must be the same as when viscosity 
was neglected. In terms of the energy-flux in the primary waves the result in question is 


( 11 ) 

by Art. 297 (7), (11). 

We mexy therefore confine our attention to the harmonics of order 1. Taking the real 
parts of the expressions in (1) and (3), when multiplied by we have, then, 

(j) — Sl'njri (kr) cos G . sin o-^, (12) 

cos at — K sin at) kr^-^ (kr) cos B -b {H sin at+K cos at) kryj/i {kr) cos 6, ...(13) 
by Art. 292 (14). These make 

p = — 3po ahr^i {kr) cos ^ . cos crJf, (14) 

~~ p^a {M sin at-{-K cos at) kriri {kr) cos 6 

^PQa{jff Gos at- Ks>m at) kr\j/i {kr) gob Bj (15) 

q {kr\lri {kr) {kr)} cos ^ . sin a*jf, (16) 

(^ = k{E cos at -K sin at) {kv^i {kr) -b (^r)} cos 6 

-^k{H sin at-^^K cos at) {kr\jri {kr) +-^1 {kr)} cos B (17) 

Hence 

Pq^ 4-p' q = f po {yjri {kr) {kr) - {kr) (^r)} cos^ B 

-b terms in cos 2o-^, sin 2at (18) 


Since JJ cos^ BdjS=^ 7rr% the mean value of that portion of the integral in (10) which is 
due to the harmonics of the first order is 


2TrpoaBr^E {fi'{kr)^i{kr) — ylri {kr)^i' (^r)} = 27rpocF, (19) 

the reduction depending on Art. 292 (19). 

When jSa is large we may expect the influence of viscosity to be negligible. We have 
in fact from (4) 




2+2ika — k^a^ * 


,( 20 ) 


Evaluating for small values of ka we find 


■-( 21 ) 
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and the result in (19) becomes, in terms of the primary energy-fiux 

(22) 

Adding to (11), we reproduce the result (12) of Art. 297, there obtained by a much simpler 
process. 


If on the other hand a is comparable with or less than we have, on account of the 
smallness of Ica^ 




ha 



,(23) 


The loss of energy is then, in terms of the primary flux, 

4:7rG^H 


Ic^ 


\ ^ ^a)-‘ 


.(24) 


The term (11) is now altogether negligible in comparison. 

When a is small compared with 13 the result is, approximately, 

6i/ o 


.(25) 


The fraction of the incident energy which is lost now varies inversely as the radius of the 
sphere. The total amount lost varies directly as the radius* For air at 0® C. we have 

6y/ca==2*39 x 10"“^ x 
the unit of a being the centimetre. 


363. The foregoing calculations have some interest in relation to the 
transmission of sound by fog. Owing to its great inertia in 'comparison with 
that of an equal volume of air, a globule of water in suspension, if not 
too small, may remain practically at rest as the air-waves beat upon it. 
If, however, the radius be diminished, the inertia diminishes as whilst 
the surface on which viscosity acts diminishes as and it is to be expected 
that a stage will at length be reached when the globule will simply drift to 
and fro with the vibrating air, and so cause little or no loss of energy. 

To examine this point a little more closely, we now regard the sphere as perfectly free 
to move. The velocity at its surface, in the scattered waves, will be made up of a radial 
velocity as before, and a velocity ik+d^/dt, or parallel to .jr, where g 

denotes the displacement of the centre from its mean position. Hence in place of Art. 361 
(24) we must write 

0i==^(i^+o-^)Ai^, (26) 

where Bi have the values given by Art. 361 (29). 

The direct calculation of the stresses on the surface of the sphere is somewhat trouble- 
some, but may be evaded by considerations of momentum. It will be seen that in this 
process we need only take account of the spherical harmonics of unit order. We write, 


therefore, 

<j£) — . . . + Sikryjri {kr) cos ^ + . . . , (27) 

cf>—...+i{k+(r^)Airfi(kr)co&6 + ,.,j ..(28) 


for the incident, and the scattered waves at a distance, respectively. 

We calculate the rate of change of momentum of the fluid contained between the sphere 
and a concentric spherical surface whose radius r is large compared with The primary 
waves contribute the term 

- icrpo j j j ^ doodydz—Amp^a-lc (kr) ~ (ka)} (29) 

* Numerical results for a range of values of /Sa, based on a closer approximation, are given in 
Sewell’s paper. 
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As regards the secondary waves, the first part of the value of u in Art. 361 (18) gives 

- icrpQ j j j ^ TTp^a (>L*+ <r|) Ai {T^f [(Jcr)-- a^fi {ka)) (30) 

The remaining part, involving xu 

-2iTpo(^+<r|) Bij’'foihr)4:,r7^dr= -8n-p|,<r(^ + <rg)5i {r^fi {hr)-a?fi (to)}, ...(31) 

where the first term in [ } may be omitted, as tending ultimately to zero on account of the 
factor which is involved. The rate of change of momentum of the sphere itself is 

~-|7rpiaV2^, (32) 

where pi is its density. 

The motion in the neighbourhood of the spherical surface of large radius r may ulti- 
mately he taken to be Irrotational, and the resultant pressure on this surface is therefore 

— cosdc^*S'= — iVpo ^^((p-\-cl))GOQBdS 

= 47rpoO'kr^\l/‘i (Jcr)4'^'^pQ^ (^ + <r^) AiT^fi (Jcr) (33) 

Ec^^uating the total rate of change of momentum to the resultant pressure, we have 

po k-^i {ka) + J po {k + cr^) A i/i {ka) ~ 2po {k + cr^) {ha) + -J Pi = 0 (34) 

This reduces, in virtue of Art. 361 (26), to 

pok^i {ka) - Ipo (^+ 0 -^) {1 '^kaf-l (ka) Ai} Jpicr^«0, (35) 

Pi 3po'<j^i {ka) 


whence 


— ^ = 1 — - 

k pi ~ po — pokaf (kd) A i 


.(36) 


This formula gives the ratio of the displacement of the sphere to that of the air at the 
position of its centre when the sphere is absent. 

When viscosity is negligible we have ha— co. Hence if ka be small, we find 

Ai—\{ka'f^ -kafi {ka)^Z {ka)~^^ (37) 

approximately. The ratio in question is accordingly 


Pi-' Po 


.(38) 


pi+ipo’ 

as in Art. 298 (21). 

On the other hand, when a is comparable with or less than we have, from 
Art. 362 (4), 

(i + ^) “ 4^ (^ ■*’^)} 

higher powers of ka being neglected. For small values of pa this reduces to 


4;3%2 ’ 

approximately ; and the formula (36) becomes 


.(40) 


-^1=1- Jl -A ‘ 

^ I ^ (pi-po)^VJ 


,.(41) 


If though itself small, be large compared with po/(pi — P o)j expression is small, 

and the sphere remains nearly at rest, inertia being still predominant. But when 
is small compared with po/(pi-po)) the ratio approximates to unity, the globule now 
moving with the air. 

Putting po/px= *00129, i/ = T32, the condition for this is that the radius a should be 
small compared with 

1-10 X 10-2 xiV”^ cm., 

where N is the frequency of the air-waves. Thus for a frequency of 256, a must be at 
most of the order -001 mm. 
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To calculate the loss of energy we must suppose (28) to be put in the form 

+ iK') fi {kr) kr cos , (42) 

in analogy with (3). The result, so far as the harmonics of unit order are concerned, is then 

27rpooir', (43) 

in place of (19). To find H' we have the equation 

+ . ( 44 ) 

‘ V pi-po-pokafi {ka)Ai pi- po+SpoAilk^a^ 

approximately. 

When viscosity is negligible, or /3a large, we have 

(45) 

approximately, and therefore 

(46) 

\pi+ipoJ 

In terms of the energy-fiux in the primary waves, the energy diverted from these waves is 




where the part given by (11), due to the resistance of the sphere to compression, has been 
added. If we put pilpQ=oo we reproduce the result of Art. 297 (12). 

When on the other hand (Ba is small, the approximation becomes troublesome ; but it 
is evident that when the radius is so small that the globule simply drifts to and fro with 
the air the dissipation due to the terms of the first order will be negligible, and the total 
dissipation is then given practically by the formula (11) of Art. 362. 

364 . To examine the effect of viscosity on the vibrations of air contained 
in a spherical vessel, the functions fn which occur in the formulae (18) of 
Art. 361 must be replaced by on account of the finiteness of the velocity 
at the centre. 

The formulae (20) and (21) of Art. 361 then shew that at the boundary r=a we must 
have 

-{ka^p'n (ka) + nyjrnika)}<l)n+^(‘n,-kl) (2n + l) xn—0, (1) 

and - ^|/n (pnA- {‘2,71+1) {ha) + {n + l)^|An{ha)} xn=0 (2) 

From these we deduce 

kayjrn {ka) (j>y^+7b {27i + l) {ha) Xn—^ (^) 

TT ka^lAn {ka)+7i\j/n(M) _ (^+ 1) 

ka^ir^{ka) ~^ha^\r^{ha) 

Assuming that a is large compared with /3“^ we have to ascertain the correction to be 
applied to the results of Art. 293, 1*", where ka was shewn to satisfy the equation 

Ci^n{C)-knxl.M==0 ;(5) 

We write accordingly 

ka=C+^j (^) 

where f satisfies (5), and e is assumed to be small. The left-hand member of (4) becomes 
^'^^/(0 + (^ + l)^|.,,'(0 {n+l)yl.n'{C) + C^n{ () _C^-n{n+_l) 

by Art. 292 (10). The right-hand member reduces to 

- tan {ha +^7i7r), 

by Art. 292 (8), since the modulus of ha is assumed to be large. Moreover, writing 

Aa=(l~i)^a, . 


L. H. 


40 
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we have tan {ha+\nv) = — i, 

approximately. Hence 

n{n-^rl) C ~l4-^ (7) 

^ 2/3a 

Since tlie time-factor implied in our formulae is it appears that the real part of 
(7) indicates a slight diminution of the frequency. The imaginary part shews that the 
modulus of decay of the oscillations is 

C^--n(n + l) //^^\ /g) 

^ ' c s/C V 

^inoe ^—s/{cCl2va), approximately. 

In the case of 1 we have, in the gravest mode of vibration, ^=2-081, and accordingly 

Assuming c=3*32 x 10^ i/ = *132, this gives T=-0173ai It is to be remembered, however, 
that these numerical estimates must be considerably under the mark, owing to the neglect 
of the thermal processes. 

The foregoing investigation does not apply to the radicd vibrations. When the 
formulae (12) of Art. 361 apply, with 

(9) 

and the boundary-condition gives ^ 

If ka be a root of this, we have, from Art. 361 (17), 

(r=fc(^l + §^), (II) 

approximately. The modulus of decay is accordingly 

r = ^.(ka)-\ ( 12 ) 


It is to be noticed that the ratio of (8) to (12) is of the order J{aclv), numerical factors 
being omitted. In all cases to which our approximations apply this ratio is large, so that 
the radial vibrations are much more slowly extinguished, so far as viscosity alone is con- 
cerned, than those which correspond to values of n greater than 0. This is readily accounted 
for. In the latter modes the condition that there is to be no slipping of the fluid in contact 
with the vessel implies a relatively greater amount of distortion of the fluid elements, and 
consequent dissipation of energy, in the superficial layers of the gas. 

The method of the dissipation function, which was applied in Art. 348 to the case of 
water waves, might be used to obtain the result (12) for the radial vibrations, but would 
lead to an erroneous result for ^ > 0, since the underlying assumption that the motion is 
only slightly modified by the friction is violated at the boundary. 

In the gravest radial vibration we have 4*493, whence 

r=: *07436^2/1/. 

In the case of air at 0° C. this makes 'r=*56a2* 


Turbulent Motion. 

365. It remains to call attention to the chief outstanding difficulty of 
our subject. 

It has already been pointed out that the neglect of the terms of the 
second order {udujdx, &c.) seriously limits the application of many of the 

* This Art. is derived with shght alteration from a paper cited on p. 600. 
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preceding results to fluids possessed of ordinary degrees of mobility. Unless 
the velocities, or the linear dimensions involved, be very small the actual 
motion in such cases, so far as it admits of being observed, is found to be 
very different from that represented by our formulae. For example, when 
a solid of ‘ easy ’ shape moves through a liquid, an irregular eddying motion 
is produced in a layer of the fluid next to the solid, and a trail of* eddies is 
left behind, whilst the motion at a distance laterally is comparatively smooth 
and uniform. 


The mathematical disability above pointed out does not apply to cases 
of rectilinear flow, such as have been discussed in Arts. 330, 331 ; but 
even here observation shews that the types of motion investigated, though 
theoretically possible, become under certain conditions practically unstable. 

•^The case of flow through a pipe of circular section was made the subject 
of a careful experimental study by Reynolds^, by means of filaments of 
coloured fluid introduced into the stream. So long as the mean velocity 
{wq) over the cross-section falls below a certain limit depending on the radius 
of the pipe and the nature of the fluid, the flow is smooth and in accordance 
with Poiseuille's laws; accidental disturbances are rapidly obliterated, and 
the regime appears to be thoroughly stable. As Wq is gradually increased 
beyond this limit the flow becomes increasingly sensitive to small disturbances, 
but if care be taken to avoid these the smooth rectilinear character may for 
a while be preserved, until at length a stage is reached beyond which this 
is no longer possible. When the rectilinear regime definitely breaks down 
the motion becomes wildly irregular, and the tube appears to be filled with 
interlacing and constantly varying streams, crossing and recrossing the pipe. 
It was inferred by Reynolds, from considerations of dimensions, that the 
' upper critical velocity,’ i.e. the upper limit of smooth rectilinear flow, must 
be proportional to vjD, where D is the diameter of the pipe, and v the kine- 
matic coefficient of viscosity. Since the dimensions of v are this is 

in fact the only combination which is of the dimensions of velocity. As the 
result of his experiments, Reynolds gave for the critical velocity the formula 

U-P/BD, (1) 

where P is the factor which expresses the variation of the viscosity of water 
with temperature, as found by Poiseuille, viz. 

P = (1-f *033686> + •OOO22O990')“^ 
and P = 43*79, the unit of length being the metre. 


* ‘^An Experimental Investigation of the Circumstances which determine whether the 
Motion of Water shall be Direct or Sinuous, and of the Law of Eesistance in Parallel Channels.” 
Fhil. Trans, clxxiv. 935 (1883) [Papers, ii. 51]. For a historical account of the researches and 
partial anticipations of other writers, see Knibbs, Proc. Roy. Soc. N.S.W. xxxi. 314 (1897). 
Eeference is there made in particular to Hagen, Berl. Abh. 1854, p. 17. 


40—2 
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Reducing’ to centimetres, putting P^vjva, and taking the value of 
from p. 545, the critical ratio is found to be 

^o«^-6415, .* * * § ..(2) 

where cb is the radius. The dependence of the critical velocity on v was 
tested by varying the temperature^. Subsequent observers have obtained 
considerably higher values for the numerical constant in (2) ; and much 
seems to depend on the success with which disturbing causes have been 
avoided f. 

366. Simultaneously with the change in the character of the motion 
there is a change in the relation between the pressure-gradient (- djpjd^;) and 
the mean velocity Wq, So long as the rectilinear character is maintained the 
gradient varies as Wq, as found by Poiseuille, but when the irregular, turbulent J 
mode of flow has set in the gradient increases more rapidly, in many cases 
apparently as more or less approximately. This more rapid increase of 
resistance is no doubt due to the action of the eddies in continually bringing 
fresh fluid, moving with a considerable relative velocity, close up to the 
boundary, and so increasing the distortion-rate (^wjdn) greatly beyond that 
which would obtain in strictly 'laminar' motion §. 

It was found by Reynolds that the transition from the linear law of 
resistance to that of turbulent flow took place for a definite value of WoDjv, 
Since disturbing influences are in such experiments hardly to be excluded, 
the corresponding value of must be regarded as a ' lower ' critical velocity, 
to be distinguished from that referred to in Art. 365. Reynolds* result is 
equivalent to 

w^afv = 1015 (3) 

The dependence on v was tested as before by varying the temperature ||. 

Some indications as to the possible forms of R, the tangential resistance 
per unit area of the walls of the tube, are obtained by consideration of dimen- 
sions. If we assume that 

we must have 

(LT-^" L^ 

whence m = 1, — r = 2 — 


so that 


R oc pwQ 



( 4 ) 


* The proportionality to v was confirmed by Barnes and Coker, for an extended range of 
temperature, Proc. P. S. Ixxiv. 341 (1904). 

t Cf. Barnes and Coker, lx, and Ekman, Arhw for Matem. vi. (1910). Ekman’s experiments 
were made with Beynolds' original apparatus. 

J This very descriptive term is due to Lord Kelvin. 

§ Of. Stokes, Papers, L 99. 

11 Cf. also Coker and Clement, Phil. Tram. A, eei. 45 (1902). 
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,( 5 )^ 


Generalizing this, we have the formula ' 



If in (4) we put ^ = 1, we have Poiseuille’s law for linear flow. If we 
put % == 0 we get the formula frequently adopted by writers on Hydraulics for 
the case of turbulent flow through pipes whose diameter exceeds a certain 
limit, viz. 

. R = kpw^, ( 6 ) 

where yfc is a numerical constant depending on the nature of the surface. As 
a rough average value for the case of water moving over a clean iron surface 
we may take A; = ’00251. A more elaborate empirical formula for R, taking 
account of the influence of the diameter, was given by Darcy as the result 
of very extensive observations on the flow of water through conduits^. 

It is to be noticed that if the resistance were accurately proportional to 
the square of the velocity it would be independent of the viscosity and of 
the diameter of the pipe. This follows at once from (5)§. 

Reynolds and various other observers have found that a closer representa- 
tion of the facts is obtained if in (4) we give to a value different from zero. 
The value n = | has been suggested, whilst Reynolds proposed ?^ = *27^'. The 
most suitable value of the index appears indeed to. depend on the degree of 
smoothness of the surface ; and probably no formula of the type (4) has more 
than a limited application. Rayleigh has pointed out that the form of the 
function f in (5) might be determined by experiments in which v alone is 
varied II . Experiment appears to indicate that with increasing values of 
Woajv the function f tends to a definite limit, so that (6) is a sort of asymp- 
totic law of resistance H. 

If we accept the formula (6) as the expression of observed facts, a 
conclusion of some interest may at once be drawn. Taking the axis of .s 
in the general direction of the flow, if w denote the mean velocity (with 
respect to time) at any point of space, we have, at the surface, 

* Bayleigh, “On the Question of the Stability of the Flow of Fluids,” FML Mag. (5), xxxiv. 
59 (1892) [Papers, iii. 575]. 

The formula (5) has been tested experimentally over a wide range of conditions, and with 
fluids so different as water and air. It is found that JR oc whenever the value of vlw^a is the 
same. See Stanton and Pannell, “Similarity of Motion in Relation to the Surface Friction of 
Fluids,” Phil. Trans. A, ccxiv. 199 (1913); Blasius, “Das Aehnlichkeitsgesetz bei Reibungs- 
vorgangen,” Zeitschr. d. Ver. deutsch. Ingenieure, 1912, p. 639. 

t Rankine, Applied Mechanics, Art. 638; Unwin, Encyc. Britann. 11th ed. Art. “Hydraulics.” 

X Recherches experimentales relatives au mouvement de Veau dans les tnyaux, Paris, 1855. The 
formula is quoted by Rankine and Unwin. § Rayleigh, l.c. 

It Lees has proposed the formula R—pw^ [A-^B {vl2wQa)^}, in absolute units, where A = *0009 
B=:*07Q5, ?^=•35, as most consistent with experiment (Proc. R. S. A, xci. 46 (1914)). 

If Stanton, Friction, London, 1923, p. 55. 



630 Viscosity [chap, xi 

if Wq denote the general velocity of the stream, and hn an element of the 
normal. If we take a linear magnitude I such that 

Wq _dw 

then I measures the distance between two planes moving with a relative 
velocity Wq in the regular ‘ laminar ’ flow which would give the same tangential 
stress. We find 

Wol = vjk. • 0 ) 

For example, putting z; = *018, = 300 [c.s.], k = *0025, we obtain I = *024 cm.^ 

The smallness of this result suggests that in the turbulent flow of a fluid 
the value of w falls rapidly to zero within a very minute distance of the 
walls f. 

The distribution of the mean velocity {w) over the cross-section has been 
examined by StantonJ in some experiments on the flow of air through slightly 
roughened pipes, where the law of resistance proportional to the square of the 
velocity was found to hold. Up to a short distance from the walls the velocity 
followed approximately a parabolic law 

w = Wc{l- ( 8 ) 

where Wc denotes the mean velocity at the axis, and /3 is a constant. In 
some later experiments§ he brings ‘ evidence for the view that close to the 
walls there is a region of strictly laminar flow. The depth of this region, in 
the case examined, was a fraction of a millimetre. 

366 a. In the experimental arrangement of Mallock and Couette, referred 
to on p. 557, we have another simple type of steady motion, the stability 
of which is more amenable to experimental investigation. When the inner 
cylinder was at rest, Mallock concluded that the steady motion represented 
by Art. 333 (5) was stable so long as the angular velocity of the outer cylinder 
did not exceed a certain limit, and definitely unstable when it exceeded a 
certain higher limit. In the intermediate stage there was a susceptibility to 
disturbing influences, much as in the case of the pipe||. When on the other 
hand the outer cylinder was fixed, the steady motion was found to be unstable 
for all speeds of revolution of the inner cylinder. These conclusions require 
qualification in the light of subsequent work, but the experiments referred to 
are of interest as the first attempt to study practically a case of turbulent 
motion other than in a pipe. 

* Cf. Sir W. Thomson, Fhil. Mag, (5), xxiv, 277 (1887). 

f This was in fact found experimentally by Darcy, lx. Morrow, in a paper “On the Dis- 
tribution of Velocity in a Viscous Fluid over the Cross-Section of a Pipe, and on the Action at 
the Critical Velocity,” Proc. Roy. Soc. A, Ixxvi. 205 (1905), observed a gradual transition from 
the parabolic distribution of Poiseuille to the nearly uniform mean flow referred to in the text. 

J Proc. Roy. Soc. A, xcvii. 413 (1920). § l.c. and Friction, p. 30. 

li See a letter by Kelvin, quoted by Eayleigh, Phil. Mag. (6), xxviii. (1914) [Papers, vi. 266]. 
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The effect of an unsymmetrical, but two-dimensional disturbance has been 
discussed mathematically by Harrison^, by the methods of Reynolds and Orr 
(Art. 369). He investigates the maximum relative angular velocity of the 
cylinders which is consistent with stability as regards disturbances of the 
above type. 

The problem has recently been studied, both mathematically and experi- 
mentally, by Taylort, with definite results. Starting with a stable condition 
and gradually increasing the ratio of the angular velocities, he finds that 
instability first manifests itself in the form of a three-dimensional and initially 
steady disturbance which is symmetrical about the axis of rotation, but 
periodic as regards distance parallel to this axis. The lines of flow when 
projected on a meridian plane present the appearance of a system of vortices 
contained in rectangular compartments, and rotating alternately in opposite 
directions. When the cylinders revolve in the same direction, each compart- 
ment extends over the whole radial space between them; in the opposite 
case there is an outer, but much feebler system of vortices. It was ascertained, 
both theoretically and experimentally, that when the inner cylinder was fixed, 
the steady motion was stable for all observed speeds of rotation of the outer 
one. When the outer cylinder was fixed there was stability for sufficiently 
low speeds of the inner one. In all cases the speed at which instability sets 
in was sharply defined. 

3666 . It has been seen repeatedly that unless the velocities involved 
are exceedingly small, or the spatial relations very constricted, calculations 
based on the hypothesis of rectilinear flow, such as those of Art. 330, lead to 
results which are in striking disaccord with experience. For instance, in the 
case considered in Art. 334 a, 3°, if we attribute to jjl the usual value for water, 
it would take an enormous time for the effect of the surface forces to penetrate 
beyond a very small depth. What really happens is that eddies are formed, with 
the result that there is an interchange of momentum between adjacent layers 
of fluid. The conception is the same as in Maxwells theory of gases, except 
that we are now concerned with molar, as distinguished from molecular 
momentum, i,e. with the momentum of elementary portions of fluid regarded 
as continuous (cf. Art. 369). 

It has been proposed by various writers, firom Reynolds]: onwards, to allow 
for this process by the introduction of a coefficient /2 of ‘molar’ or ‘mechanicar 
or ‘ eddy ’ viscosity in place of /x. That is, we assume for instance that the 
tangential stress on a plane perpeudicular to Oz is made up of components 

^du ^dv 

* Camb. Trans, xxii. 425 (1920), and Proc. Camh, PML Soc. xx. 455 (1921). 

t “ Stability of a Viscous Liquid contained between Two Botating Cylinders,” Phil, Trans, 
A, ccxxiii. 289 (1922). 

X l,c. ante p. 627. (1886) [Papers j ii. 2S6]. 
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where u, v are the mean values of v at the point considered, taken over 
a short interval of time. We thus abandon any attempt to follow in detail 
the rapid changes which take place, and concern ourselves only with mean 
effects, in the above sense. 

Naturally, this coefficient Jl is not to he regarded as a physical constant 
characteristic of the fluid; its value will depend on the type and scale of 
motion considered, and will often vary considerably from one part of the fluid 
to another. It is accordingly not known d priori, though sometimes an 
estimate can be made from analogy, but is to be found by comparison of 
calculation with experiment. Its value when ascertained gives a measure of 
the degree of turbulence under the circumstances considered. 

For instance, in Stanton’s experiments, considering the forces on unit length of a 
cjlirider of air of radius r, « 

( 9 ) 

^ dr oz 

where dpjdz is the pressure-gradient along the pipe. Also, from (6), 



i^hence 

Hence in the region to which (8) applies 

/A hw^Oi ^1 



This makes Jl uniform, over the section of the pipe, but proportional to the average velocity 
over the cross-section, and the radius, conjointly. If we put* 

^,= 1500, a=2-5, >&=*0025, /3='5, 


we get jjilp^^'Sf or ;u, = ’0068. 

Much greater values, as may be expected, are found in cases where the motion is on a 
larger scalet. 

366(7. The same idea has been applied to the law of variation of wind 
with altitude over the earth’s surface the earth’s rotation being taken into 
account as in the analogous problem of Art. 334 a, 4°. We assume the axis 
of to be drawn upwards in tbe direction opposite to that of apparent gravity, 
and the axes of or, and y to revolve with the component (co) about Oz of the 
earth’s angular velocity. Assuming the motion relative to these axes to be 
steady, putting w = 0, and neglecting horizontal gradients of u and v, we have§ 


by Aj:t. 203 (1) 


^ dp . 

2&>t; = ^ + 

pdoo oz^ 

0 = -|4^p, 


dp \ 

pdy'^ ^ dz^' I 


^ The data are of the same order as in one of Stanton’s experiments, 
t Of. Jeffreys, ^‘On Turbulence in, the Ocean,” Phil. Mag. (6), xxxix. 578 (1920). 

Z G-. I. Taylor, “Eddy Motion in the Atmosphere,” Phil. Trans. A, ccxv. 1 (1915). 

§ The marks denoting mean velocities of u, v, and p (with respect to time) are omitted, as 
unnecessary for the moment. 
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where v = /jujp. Now assume that the pressure-gradient in the neighbourhood 
of the origin is uniform, say 


p -^{u + iv) — 2ico (u 4 * I'd) — — if > 


If we write = co/?, //2a) = F, ' (4) 

the solution which is finite for ^ = oo is 

zt -f i-y = F 4- (5) 

At a great height we have u—V,v = 0\ this is the ' gradient wind/ parallel 
to the isobars, which would prevail if there were no friction. 

Suppose that at the ground {z = 0)' the wind makes an angle a in the 
positive direction from the axis of cc, so that 

Wo 4 - Fo6"“ (6) 

Hence = F4 { Fq cos (a — ^z) — F cos ^z], | 

V = e-’^2 1 ^ Y g* j 

We may assume that the tangential stress at the ground has the same 
direction as the velocity there ; or 

du dv ^ ^ 


for^ = 0, (8) 

whence, after reduction, 

Fo = F (cos a — sin a) (9) 

Substituting from (9) in (7), we have 

u/ F = 1 - sin a {cos (a — ^z) -4 sin (a - ^z)} 1 

vjV — sin a {cos (a ^z) — sin (a — ^z)] 6“^^. J 

The heights at which the wind coincides in direction with the gradient 
wind are given by -y = 0, or 

tan (a — ^z) = 1 (11) 

The equation (9) shews that a must be <^7r, so that the first value of 2 : 
which satisfies (11) is 

z^(a + i7r)l/3. ( 12 ) 

Comparisons of the theoretical results with observation have led to deter- 
minations of the kinematic eddy viscosity v of the order of 10^ c.G.S. 


367. Although much has been written on the subject, the theoretical 
explanation of the practical instability of linear flow under the conditions 
stated in Arts. 365, 366, and of the manner in which the irregular eddies 
are maintained against viscosity, remains somewhat obscure. We can only 
offer a brief account of various attempts which have been made to elucidate 
the question. 
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Rayleigh, in a series of papers^, has examined the stability, for infinitely 
small disturbances, of various types of steady motion, such as might be 
produced by viscosity. Although viscosity is, in the disturbed motion, ignored, 
the results may be expected to throw some light on the question, except in 
cases where the influence of a boundary predominates. The exception is, 
however, important. 

As the method is simple, and as the results have an independent interest, we may 
briefly notice the two-dimensional form of the problem. 

Let us suppose that in a slight disturbance of the steady laminar motion 

11= w=0, 

where (Tis 9i, function of y only, we have 

iijr=zU-\-u\ v=v\ IV =0 (1 ) 

The equation of continuity is 

« 

The dynamical equations reduce, by Art. 146 (4), to the condition of persistent vorticity 
J)ijm=0, or 

( 3 ) 

, , cv' dv/ dU ... 



Hence, neglecting terms of the second order in zc'^ 'v\ 


\0i'^ \047 dy) dy^ ^ " 


= 0 . 


.(5) 


Contemplating now a disturbance which is periodic in respect to we assume that 


zcj V vary as e 


^ikx+icrf 


Hence, from (2) and (5), 




(6) 



(7) 



(8) 


and 

Eliminating we find 


which is the fundamental equation. 

If, for any value of y, dUjdy is discontinuous, the equation (8) must be replaced by 




(») 


where A denotes the difference of the values of the respective quantities on the two sides 
of the plane of discontinuity. This is obtained from (8) by integration with respect to y, 
the discontinuity being regarded as the limit of an infinitely rapid variation. The 
equation may also be obtained as the condition of continuity of pressure, or as the condition 
that there should be no tangential slipping at the (displaced) boundary. 

At a fixed boundary, we must have 'y'ssO. 

1 . Suppose that a layer of fluid of uniform vorticity bounded in the undisturbed state 
by the planes y= +4 is interposed between two masses of fluid moving irrotationally, 

* Proc. Lend, Math. Soc. x. 4 (1879), xi. 57 (1880), xix. 67 (1887), xxvii. 5 (1895); Phil. 
Mag. (5), xxxiv. 59, 177 (1892) ; (6), xxvi, 1001 (1913) [Papers, i. 361, 374, iiL 575, 594, iv. 203]. 
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the velocity being everywhere continuous. This forms an interesting variation of a problem 
discussed in Art. 234. 

Assuming, then, U^Vl for y>h, £7‘=uy/A for h>y> - A, and ~U for y<-h, we 
notice that d^Uldy^ = 0 except at the surfaces of transition, so that (8) reduces to 

p'_w=0. (10) 

The appropriate solutions of this are : 


v'=Ae foYy>/i; 

v'=^Be-^y+Ce^y, for h>y>-h ; 
v ' = for ^ - k. , 
The continuity of v' requires 

j)Q-Tch^ 

With the help of these relations, the condition (9) gives 

2 (o-H-M) (5«-*’*+C'e“) = 0, 

2((r-M)5e**+j (£e‘*+(7e-**)=0. 
Eliminating the ratio B : (7, we obtain 




( 11 ) 


( 12 ) 


(13) 


(14) 


Eor small values of Jch this makes o^— as in the case of absolute discontinuity 

(Art. 234). Eor large values of kh, on the other hand, o-= ±y^u, indicating stability. Hence 
the question as to the stability for disturbances of wave-length X depends on the ratio X/2A. 
The function in { } on the right-hand side of (14) has been tabulated by Rayleigh. It 
appears that there is instability if X/2A>5, about; and that the instability is a maximum 
for X/2A=8. 


2®. In the papers referred to, Rayleigh has further investigated various cases of flow 
between parallel walls, with the view of throwing light on the conditions of stability 
of linear motion in a pipe. The main result is that if (PUjdy'^ does not change sign, 
in other words, if the curve with y as abscissa and U as ordinate is of one curvature 
throughout, the motion is stable. Since, however, the disturbed motion involves slipping 
at the walls, it remains doubtful how far the conclusions apply to the question at present 
under consideration, in which the condition of no slipping appears to be fundamental. 


3°. The substitution of (10) for (8), when d^Uldy^^O^ is equivalent to assuming that 
the vorticity ^ is the same as in the undisturbed motion ; since on this hypothesis we 
have 


du dv' , 

• 

oy oai 


.(15) 


which, with (6), leads to the equation in question. 


It is to be observed, however, that when d^Uldy^=0 the equation (8) may be satisfied, 
for a particular value of y, by or-i-kU=0, Eor example, we may suppose that at the plane 
y =0 a thin layer of (infinitely small) additional vorticity is introduced. We then have, on 
the hypothesis that the fluid is unlimited, 

^'^J^^=Fky+i(<rt+lcx)^ ( 10 ) 


the upper or the lower sign being taken according as y is positive or negative, 
condition (9) is then satisfied by 

(r+.fcJ7o=0, 


The 


(17) 
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where denotes the value of Z7for^=0. Since the superposition of a uniform velocity 
in the direction of x does not alter the problem, we may suppose and therefore 

(r=0. The disturbed motion is steady ; in other woi’ds, the original state of flow is (to the 
first order of small quantities) mutrat for a disturbance of this kind*. 


368. Kelvin attacked directly the very difficult problem of determining 
the stability of laminar motion when viscosity is taken into account f. The 
cases specially considered are (i) the flow under pressure between fixed parallel 
planes (see Art. 330), (ii) the uniform shearing motion between parallel planes 
one of which has a constant velocity relative to the other, which is fixed, and 
(iii) the flow of a stream over an inclined plane bed. His general conclusion 
was that the laminar flow is in all cases stable for infinitely small disturbances, 
but that for disturbances exceeding a certain limit the motion becomes unstable, 
these limits of stability being narrower the smaller the viscosity. The investi- 
gation is difficult, and portions of it have been questioned by Eayleigh J and 
Orr, to the latter of whom we are indebted for a detailed examination of the 
whole matter! . Most writers who have attacked the subject are disposed how- 
ever to regard the conclusion as probable, though as yet. hardly demonstrated. 
It will be noticed that it is in accordance with the observations of Eeynolds 
and others, referred to in Arts. 365, 366. 


In the case of uniform shearing motion between parallel planes ^ = 0, y=/i, the former 
of which is at rest, the first steps of the procedure are as follows. We assume, for the 
undisturbed motion, 

w=0, ( 1 ) 


and for the disturbed motion 






_a^ 


The vorticity is therefore 


ay’ 0^7’ 


iv—O. 


.(2) 

.(3) 


The third of equations (8) of Art. 328 gives 



Substituting from (2), and neglecting terms of the second order in ^jr, we have 



Assuming a disturbance of the type have 




(4) 

.(5) 

.(6) 


* Of. Sir W. Thomson, “On a Disturbing Infinity in Lord Bayleigh’s solution for Waves in a 
plane Vortex Stratum,” JBrit. Ass. Rep. 1880, p. 492 [Papers^ iv. 186], and Bayleigh’s reply, 
Proc. Load. Math. Soc. xxvii. 5 IPapers^ iv. 203]. 

t “Bectilinear Motion of Viscous Fluid between two Parallel Planes,” Phil Mag. (5), xxiv. 
188 (1887); "Brbad Biver flowing down an Inclined Plane Bed,” Phil. Mag. (5), xxiv. 272 (1887) 
[Papers, iv. 321]. 

J l.e. ante p. 629. 

§ “The^ Stability or Instability of the Steady Motions of a Perfect Liquid and of a Viscous 
Liqmd,”'l^roc.'!RayV lks^'2caA'x^ 9, 69 (1906-7). 
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where (7) 

the exponential factor being omitted. 

Since the conditions (1) must hold at the boundaries, we must have d^/doG=0^ 
dylr/dv^O, or 

<») 

for y =0 and for y=/i. 

If S be the complete solution of (6), the integration of (7) by the method of 'variation 
of parameters’ gives 

je-^ Je^ySd^'^ , (9) 

whence ^ j e~^y le^jSd^ (10) 

The indefinite integrals introduce of course two arbitrary additive constants, in addition 
to the two which are involved in S. 

The conditions (8) are fulfilled ^ov ^—0 if we take the lower limit of the integrals to 
be zero. The conditions at lead to 

j S d^=0, j e^^Sd^ — 0 (11) 

Hence, if we write S—CiSi + C 2 S 2 y (12) 

where ^i, S 2 are any two independent solutions of (6), we have, on elimination of the 
arbitrary constants Gi^ O 2 , ® 

f e^ySid^. f e~'^y S2dy— f e~^y Sidy . f S2dy=0^ (13) 

J a Jo Jo Jo 

an equation given byOrr* and afterwards independently by Sornmerfeldt. This deter- 
mines the values of or when k is given. For stability it is essential that if a—p + iqy 
q should be positive. 

Ti? 4. 79 , ^*(o'+^/3y) 

If we put (1^) 

the equation (6) takes the form 

d^S 

(15) 

which is integrable by series J. Thus 

r'"^"^2.5.3.6“2.5.8.3''.6T9‘^"7 

+ ji 2>7 |i - ^ + 3 e’ 4 . 7 - 3 . 6 . 9 !^4 . vTio-'^ ■ ■■} 

or, as it may also be written, 

S=Biri^J_^{%r]'^)->rB2ri^J:^{%n'^\ (17) 

in the notation of Bessel’s Functions §. 

The further investigation of the problem is difficult. It has been carried forward to 
some extent by Orr, and more recently by Rayleigh ||, in whose papers other references 
will be found. 


* l,c. ante p. 636. t Atti del IV. Congr. intern, dei matematici, Roma, 1909, ii. 116. 

X Of. Stokes, Camb. Trans, x. 106 (1857) [Papers, iv. 77]. 

§ For the relation between (15) and Riccati’s and Bessel’s equations see Forsyth, Differential 
Equations, Art. 111. 

j| “Stability of Viscous Fluid Motion,” Phil, Mag. (6), xxviii. (1914); “On the Stability of 
the Simple Shearing Motion of a Viscous Incompressible Fluid,” Phil. Mag. (6), xxx. 329 (1915) 
[Papers, vi. 266, 341]. 
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369. Reynolds, in a remarkable paper* attacked the general question from 
a different point of view. Taking the turbulent motion as already existing, he 
sought to establish a criterion which shall decide whether the turbulent 
character will increase or diminish or be stationary. 

Por this purpose the velocity (m, w) is resolved into two constituents. We may, for 
instance, write ^ i rfA-^ 

«.! r-'ui,, *-i 

Tjt-h ’•Jf-jr T Ji Jt . , , 

SO that u, V, w are the mean values oi%v,w at the point («, y, 2), ton over an mteiwal 
of time extending from t-ir to f+ir. Again, we might consider the mean values at the 
instant t over a space {e.g. a sphere) surrounding the point [x, y, 2) ; thus 

u==~^^^udxdydz, ^=^ljjvdxdydz, = ^ jjjwdxdydz. (2) 

Or, again, we might take a double mean, for times ranging over an interval r, and points 
ranging over a space S. The actual velocities are in each case denoted by 

= ^ + v^v + 'o', = (3) 

where w", -z?', w' may be called the components of the turbulent motion. This implies 

S'=0, r=o, w'=o, (4) 

where the bar placed over a symbol denotes the mean value, taken according to the 
particular convention adopted. 

For simplicity we will adopt the definition of mean value which is embodied in the 
formulae (1). 

Reynolds starts from the dynamical equations in the forms 

p'^^^pX+^(p^-puu)+l(j>y.-pw)+l{p^-pmB), ..., ..., (5) 

which are seen to be equivalent to Art. 328 (1) in virtue of the equation of continuity 

+ ( 6 ) 

o^jd oy 02 

These forms are not essential to the argument, but are interesting as an application of the 
method employed by MaxweUt in the kinetic theory of gases. They express the rate 
of variation of the momentum contained in a fixed rectangular space dxSyds, as a 
consequence partly of the forces acting on the substance which at the moment occupies 
this space, and partly of the flux of matter across the boundary, carrying its momentum 
with it. Thus the fluxes of ic-momentum across unit areas perpendicular to Ox, Oy, Oz 
are pu'.v, pn.tt, and pw.u, respectively; and taking the difference of the fluxes across 
opposite faces of the elementary space SxSySz, we obtain a gain of ar-momentum equal to 

~^(puSydz.ii’)bx-^ (pvSzSx .%)by-^^{,pwhxby . u) 82 

per unit time. 

We now take tbe mean value of each member of the equations (5), using tbe sub- 
stitutions (3). It is assumed that we may, without sensible error, take the mean values of 
u W, nw\ ... to be % 0, 0, 0, respectively. This is not exact, but is permissible 
provided the fluctuations of u, % w about their mean values are sujQhciently numerous 
within the time-interval t. It follows that 

im=s:uU-{-nr'u'j uv^uv-\~v! ( 7 ) 

* ‘^On the Dynamical Theory of Incompressible Viscous Fluids and the Determination of the 
Criterion,*’ JPHL Tram, A, clxxxvi. 123 (1894) [Papers, ii. 535]. 
t Ic. ante p. 545. 
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In this way we obtain 


du « 0 /— ~7~7\ , ^ — ~rT\ 

p-^ = P-^ + ^{Pxx-py'U-pUU)+^iPy^-pUV-pUV) 


whilst the equation of continuity gives 


+ — >-M (8) 


S+|+S=« 

These are the equations of mean motion^. It is to be noticed that the dynamical 
equations have the same form as the exact equations (5), provided we introduce additional 
stress-components 

p% 'dj , •> (I^) 

This recalls the explanation of gaseous viscosity by Maxwell (Z.c.). 

The equations (8) may be written, in virtue of (9), 


a . _ 0 


.. a 


(11) 

If we multiply these by v, w in order, and add, we obtain 

= p(Xu+ Yv+Zw) + W (pa> - p^) + ^ (^»* “ pw'v') + ^ (Pa=- ptt'w')| 

|^(Pw-p«^')+|;(^w-P^)+5(P®-P^)} 

/ 0 0 0 

iai + ^ CP!/*-P««V)+gJ (P*.-P«’V)| . 


Let us fixst suppose that there are no extraneous forces X, Y, Z ; and let us apply (12) 
to the case of a region bounded by fixed walls at which % v, w, and therefore also u, % w, 
all vanish. If we write 


we obtain, after some partial integrations, 

where _ _ _ 

, ^ du - dv , ^ dw - /dw . 0^ 


^0— ip j j j + (13) 

integrations, 

~~ j j j /// 


^ +Pvy ^ +Pvz ( ^ + ^ ) +Pzx i + 0^ ) -^P^y I ^ 


(jz ^ \c^ 

'0v\2 ^ /dw' 


’du dw\ _ (dv , du 


dx dy^ 


\ ^ fdv'\^ - fdw\^ /« 

='*K0^) +( 


dw dv\^ (du dw\^ (dv . du' 


\dy dz 


du 7 ", dv -r-,dw .—r—f 


4 . ) 4_ + + 


dz dxj \dx dy 


W u +v V ^ + w' w' -{-v w ( + 


Y~, (du 0w\ — , (dv du 


du 0w\ 
dz dx) 


o- U- + 


dx dy)) * 


* Or rather ‘mean-mean-motion,’ in the phraseology of Beynolds. He applies the term 
‘mean-motion’ to the system of velocities (w, v, w) to distinguish it from ‘molecular motion.’ 
The turbulent motion (u', v\ lo') is called by him ‘relative-mean-motion.’ 
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The formula (14) gives the rate of variation of the energy of the mean motion {u, % w). 
The first term on the right-hand side represents the dissipation due to the mean motion 
alone, and is essentially negative. The second term represents the rate at which work is 
being done by the fictitious stresses (10). 

Now if T be the true kinetic energy, we may write, in virtue of assumptions already 


made, 




(17) 


where 




,(18) 


z.e. T’ is the kinetic energy of the eddying motion. By the method of Art. 344 it may be 
shewn that on the present supposition of fixed boundaries at which there is no slipping, the 
total dissipation is, on the average, equal to the sum of the dissipations due to the mean 
motion and the eddying motion respectively. Thus 


dt " 


where 


''If /// 


.(19)^ 


Comparing with (14), we have 


+ 



dw'\^ 

/dd du'V 


+ 3 ^) +' 



.( 20 ) 


dT 

dt 


”” // J^' J j J'^d^dyd^. 


( 21 ) 


The sign of the expression on the right-hand side determines whether the mean energy 
T' of the eddying motion (tz', w') will increase or diminish. The first part, which alone 

involves the viscosity /z, is essentially negative ; the second part depends on the inertia of 
the fluid, and may be positive or negative according to circumstances. 


When there are extraneous forces X, F, Z to be taken into account, and when the 
velocities w, w do not necessarily vanish at the boundary of the region considered, the 
equation (14) requires to be amended by the addition of terms which rejiresent partly the 
convection of kinetic energy of mean motion into the region, partly the work done by 
the forces X, F, X, and iiartly the work done at the boundary by the rdean stresses 
Pxx, Pvx^ Pzx, ••• J and by the fictitious stre.sses Fy^, F,;^, .... 

The equation (21), on the other hand, requires only the addition of a term representing 
the convection of the energy of turbulent motion across the boundary. 


The derivation of the remarkable formulae (14) and (21), and of the modifications just 
referred to, appears to be free from objection, on the convections adopted. But, in apply- 
ing these formulae to actual conditions, the restrictions and assumptions which have been 
introduced as to the character of the turbulent motions must be borne in mind. 


One or two consequences of the formula (21) may be noted +. In the first place, the 
relative magnitude of the two terms on the right-hand side is unaffected if we reverse the 
signs of u', d, w\ or if we multiply them by any constant factor. The stability of a given 
state of mean motion should not therefore depend on the scale of the disturbance. On the 
other hand, certain combinations of vJ, v\ w' appear to be more favourable to stability than 
others. Thus, in the case of disturbed laminar motion parallel to Ox, between two rigid 


* It should be noticed that we are here virtually taking the differential time-element 5t to 
be of the order nf magnitude of the interval r employed in the definitions (1). The procedure in 
the text avoids the use of some very lengthy equations which appear in the original. 

t Cf. Lorentz, “Ueber die Entstehung turbulenter Eliissigkeitsbewegungen uud fiber den 
Einfluss dieser Bewegungen bei der Strfimung dureh Bohren,” Ahhandlungen ilher theoretische 
Physik, Leipzig, 1907, i. 43. The paper is a revised form of one published in 1897. 



641 


369-370] Reynolds' Investigation 

planes 3/= ±6, the formula (16) reduces to 

( 22 ) 

SO that the types of disturbance which tend to increase are those in which (for y>0) 
combinations of with the same sign preponderate. This indicates a tendency to 

equalization of the velocity in the different strata. Again, the relative importance of the 
second term in (21), which alone can contribute to the increase of T',is greater the greater 
the rates of strain du/dai, ... in the mean motion. This suggests a reason why a given 
type of mean motion does not begin to break down until a certain critical velocity is 
reached. 


If we apply the (modified) formulae to the case of flow in a uniform cylindrical pipe, on 
the supposition that the pressure gradient ( — dpldx) is zero, we find 



dT r® 

~-^=p^U7ra^ — 9,7r j dr -i~27r ^rdr, 

(23) 

and 

ra 

— = — dydz-^TT / '^rdr^ 

(24) 

where 

= 

(25) 


The region here considered is that contained between two cross-sections (of area •kci^) at 
unit distance apart ; the axis of oc coincides with that of the pipe ; and q denotes the 
velocity at right angles to this axis. It is assumed of course that ^=0 and 0^/047=0; also 
that the mean state of things is in all respects the same at each section. The conditions 
of steady motion are obtained by equating the right-hand members of (23) and (24) to zero. 

Reynolds discusses in detail the two-dimensional form of the problem, where there is a 
flow parallel to x between two fixed plane walls ±h. Assuming that u varies as 
in conformity with Art. 330, he seeks to determine a minimum value of the flux consistent 
with the condition dT'jdt^O; but for this we must refer to the original paper. The 
result obtained is that the critical ratio where Uq is the mean value of u between the 
limits y = ±65 must exceed 258*. 


Resistance of Fluids, 

370. This subject is important in relation to many practical questions, 
e.g, the propulsion of ships, the flight of projectiles, and the effect of wind on 
structures. Although it has recently been studied with renewed energy, owing 
to its bearing on the problems of artificial flight, our knowledge of it is still 
mainly empirical. 

It has been seen that in the case of an isolated body moving in frictionless 
liquid, at a distance from the boundaries (if any), there is no abstraction of 
energy ; in particular, if the motion of the fluid has been started from rest, 
and is therefore irrotational and acyclic, its influence can be completely allowed 
for by a modification of the inertia of the solidf (Arts* 92, 117). 

* A different result is obtained by Sharpe, “On the Stability of the Motion of a Viscous . 
Liquid,” Trans. Amer. Math. Soc. vi. 496 (1905), where also the case of flow through a cylindrical 
pipe is investigated. These problems, together with that of uniform shearing motion between 
parallel planes, have been treated more fully by Orr, l.c. ante p. 636. The differences in the 
numerical results obtained appear to arise from differences in the types of disturbance con- 
sidered. The last-mentioned problem has also been treated by Lorentz (l.c.). 

t The absence of resistance, properly so called, in such cases is often referred to by con- 
tinental writers as the * paradox of d’Alembert.* It has been shewn by Rayleigh, by a process of 

41 


L. H. 



642 


Viscosity [chap, xi 


The first attempt to obtain, on exact theoretical lines, a result less opposed 
to ordinary experience is contained in the investigations of Kirchholf and 
Rayleigh relating to the two-dimensional form of the problem of the motion 
of a plane lamina (Arts. 76, 77). It is to be noticed that the motion of the 
fluid in such problems is no longer strictly irrotational, a surface of discontinuity 
being equivalent to a vortex-sheet (Art. 151). 

This theory is open to the objection that the unlimited mass of 'dead water' 
following the lamina implies an infinite kinetic energy, and it has been some- 
what severely criticised, on this and other grounds, by Kelvin*, who maintained 
that the only legitimate application of the methods of Helmholtz and KirchhofF 
is to the case of free surfaces, as of a jet. It gives us, however, a scheme which 
we can to some extent complete in imagination, by taking account of viscosity 
and of the resistance to slipping over the surface of the lamina. The instability 
of the surfaces of discontinuity, which remains even when these are modified 
by viscosity, may be held to account for the turbulent motion of the fluid in 
the wake ; see Arts. 234, 345. 

The calculations of K-ayleigh (Art. 77) give for the mean excess of pressure per unit 
area on the front of the lamina the expression 


IT sin a 

^ 

4 + ^ sin a ^ 


( 1 ) 


where U is the velocity of translation, and a the angle which the plane makes with the 
direction of motion. The proportionality to the square of the velocity is confirmed more 
or less by experiment, but the numerical factor, and in particular its variation with a, is 
less exactly verified. It is found indeed that there is not only ao excess of pressure on the 
front face, but a defect of pressui’e, or ‘suction,’ on the rear, both circumstances con- 
tributing of course to the total resistance. When a does not differ much from the 
lamina moving nearly broadside-on, the excess and defect appear to be nearly uniform 
over the breadth, changing rapidly near the edgest. According to Rayleigh’s formulae, on 
the other hand, the pressure on the front face would vary much more gradually from the 
centre to the edges 


The. double trail of vortices with opposite rotations which follow in the 
wake of a lamina, or a cylinder, has been depicted, sometimes very effectively 
with the help of photography, by various observers§. It has often been remarked 
that vortices appear bo detach themselves from the solid on the two sides 


successive approximations, to hold also in the case of compressible (frictionless) fluids, so long as 
the velocity of translation falls below the velocity of sound. Phil. Mag. (6), xxxii. 1 (1916). 

* Nature, 1. 524, 549, 573, 597 (1894) [Papers, iv. 215]. 

t Stanton, “On the Resistance of Plane Surfaces in a Uniform Current of Air,” Proc. Inst. 
Civ. Eng. elvi. 78 (f904). An account of the whole subject from the experimental side is given 
by Eiffel, La resistance de Vair; examen des formulas et des experiences, Paris, 1910. 

{ If in Art. 76 (5) we put t = - cosec x» we find 
2Z 

^ +1 ^ I ix, 

from which the value of 1 — as a function of x can be plotted. 

§ See for example Ahlborn, Ueber den Mechanismus des hydrodynamischen Widerstandes, 
Hamburg, 1902; Mallock, Proc. M. 8. Ixxix. 262 (1907), and Ixxxiv. 490 (1910) ; Karm4n (and 
Rubach), l.c. ante, p. 208. 
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alternately, the result being similar to the unsymmetrical arrangement 
discussed by Karman (Art. 156) except that the vortices are not concentrated, 
as was there assumed for simplicity^. In the paper referred to, Karman has 
further calculated the resistance which the continual creation of vortices 
implies, on the assumption that the system has the configuration necessary 
for stability. The relative rate at which the vortex-system recedes from the 
solid has to be taken from observation ; when this is done, the result is stated 
to be in good agreement with experiment. 

371. It is remarkable that the formula 

( 1 ) 

for the resistance per unit area (Art. 366 (6)), with about the same value of 
the coefficient is found to hold over a wide range of cases of turbulent flow 
past a fiijted boundary. It applies for instance to the friction of the wind 
blowing over level ground i* * * § , and to the resistance of the ocean bed to the 
flow of tidal streams. Taylor, in a remarkable paper has calculated on this 
basis, from the known velocities of the streams, the rate of dissipation of 
energy in the Irish Sea. This rate can also be calculated in an independent 
way, viz. from the velocities and heights at the N. and S. entrances, of the 
ingoing and outgoing tidal streams, and the work done by the lunar attraction. 
The result obtained in either way was of the order of 3 x 10^^ ergs per second. 
An estimate, on the same principle, of the tidal dissipation in the whole ocean 
has been made by H. Jeffreys§, the figure arrived at being 2*2 x 10^^. The 
dissipation required to account for the acceleration of the moon's mean motion 
is reckoiied at 1*41 x 10^®. 

The frictional or ' skin-resistance ]| experienced by a solid of ‘ easy' shape 
moving through a liquid is to be accounted for on the same kind of assumption. 
The circumstances are however more complicated than in the case of a pipe- 
The friction appears to vary roughly as the square of the velocity ; but it is 
different in different parts of the wetted area, for a reason given by 
W. Froudef, to whom the first exact observations on the subject are due. 

* For the bearing of this phenomenon on “Aeolian tones,’* and on the singing of aeroplane 
wires, see Eayleigh, Phil, Mag. (6), xxix. 433 (1915), and E. F. Eelf, Phil. Mag. (6), xlii. 173 
(1921), 

t a. I. Taylor, Proc. Roy. Soc. A, xcii. 196 (1915). 

t l.c. ante p. 537, and Monthly Notices R.A.S. Ixxx. 308 (1920). 

§ Phil. Trans. A, ccxxi. 239 (1920). 

Ij So called by writers on naval architecture and aeronautics, to distinguish it from the 
‘wave-resistance’ referred to in Arts. 249, 256. 

IT “Experiments on the Surface-friction experienced by a Plane moving through Water,* Brit. 

Rep. 1872, p. 118. “The portion of the surface that goes first in the line of motion, in 
experiencing resistance from the water, must in turn communicate to the water motion, in the 
direction in which it is itself travelling. Consequently the portion of the surface which succeeds 
the first will be rubbing, not against stationary water, but against water partially moving in its 
own direction, and cannot therefore experience as much resistance from it.*’ 


41—2 
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Experiments on the resistance to plane surfaces moving lengthways have also 
been made by Zahm^, Lanchester*]', and others. In Zahms experiments the 
fluid was air, and the resistance was found to vary as Z/*' where = 15. 
The formula for the mean resistance per unit area would accordingly be 

® 

The coefficient 0 is not however an absolute constant, but varies somewhat 
with the length of the plane, for the reason indicated above. Thus in the 
case of a hoard moving at 10 ft. per sec. the average friction in lbs. per sq. ft. 
fell from *000524. when the length was 2 ft., to *000457 when it was 16 ft. The 
coefficient is therefore to he regarded as a function of the length, or rather of 
the ratio of the length to the breadth. A comparison with Froude's results 
for water verifies the proportionality of the resistance to density^. 

372. As regards the total resistance to the translation through a liquid (or 
through a gas whenever the compression is unimportant) of similar bodies, of 
any shape, in corresponding directions, we are led by consideration of dimensions 
to a formula of the type 

( 3 ) 

where I is any length defining the scale of the body {e.g. the radius, in the 
case of a sphere). The approximate proportionality to which is found in 
many cases indicates that the function / is nearly constant, and that the 
resistance is accordingly almost independent of the viscosity. As in former 
cases this does not mean that viscosity is without influence ; it plays its part, 
along with the resistance to slipping over the surface of the solid, in bringing 
about the regime which is finally established. 

The formula (3) is the basis of the method by which the forces on an 
airship or an aerofoil are estimated from model experiments in a wind- 
channel. If the value of Vljv could be made the same in the case of the 
model as on the full scale, the forces should he proportional to the correspond- 
ing values of pUHK As it is, there are outstanding ^scale-effects,’ due to our 
ignorance of the form of the function /. 

In many cases the general character of the motion relative to the body 
does not appear to be very different from that which holds in the case of the 
plane disk. In the case of a cylinder, for instance, the central stream-line 
divides where it meets the surface in front, and then follows the surface for 
some distance on each side, the motion of the fluid on either hand being fairly 
smooth and regular. At a certain stage, however, the stream-line in question 

* ‘‘On the atmospheric frictioa on even snrfacesy Fhil. Mag. (6), viii. 58 (1904). 

t Aerodynamics, Art. 247. 

X Stanton, Hep. of Advisory Gomm. for Aeronautics, 1909-10, p. 25. For more recent investi- 
gations reference may be made to G. I. Taylor, and Stanton and Marshall, Aeronautical Mes. 
Comm., R. and M. 604, 681 {1918, 1919). 
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appears to leave the surface, and can no longer be definitely traced, the space 
between its apparent continuation and the cylinder being filled with eddies. 

An able attempt to trace this phenomenon mathematically has been made by PrandtF. 
The region in front of the solid is regarded as made up of two portions, viz. (i) a thin 
stratum in contact with the solid, with a rapid variation of relative (tangential) velocity 
in the direction of the thickness, and (ii) an outer region in which the motion is taken to 
be irrotational, being practically unaffected by viscosity. Approximate solutions of the 
equations of motion are sought, appropiiate to these two regions, and continuous with 
one another at the common boundary. The calculations are necessarily elaborate, but the 
results, which are represented graphically, are interesting. 

The form of least resistance can only be found empirically. In the usual 
design of an air-ship, having a profile blunt at the nose and tapering 
towards the tail, the central stream-line follows the profile closely throughout, 
turbulence being sensible only in a thin stratum near the surface, and in the 
wake. A similar ‘stream-line form,’ as it is called, is adopted for the sections 
of aeroplane struts and wires. 

372a. When compressibility has to be allowed for the formula (3) of 
Art. 372 requires modification. If fc denote the elasticity, the method of 
dimensions leads easily to the assumption 

' 4 ’); « 

If U is small compared with the velocity of sound in the gas, viz. \J{Kjp), 
this approximates to the form 

F = pUH^f{^, O). (2) 

already considered. 

The law of resistance varying as the square of the velocity is found to hold 
fairly well in the case of a projectile moving through air up to velocities of 
about 800 ft. per sec. When the velocity approaches or exceeds that of sound 
the law changes, as we should expect. We have then a wave-making resistance, 
analogous to that discussed in Art. 249, in addition to the frictional type. 

When JJ > Co, the ordinary velocity of sound, a wave of (approximate) dis- 
continuity is formed, as appears from the photographs of Mach, Boysf, and 
others. The formulae of Rankine (Art. 284) appropriate to such a case have 
been applied by Rayleigh J to calculate the pressure at the nose of the 
projectile. 

The problem being reduced to one of steady rpotion, we consider the 
motion in the line of symmetry. There are two stages to be considered. 

* ^‘Ueber Fliissigkeitsbewegung bei sebr kleiner Beibung,” Verh. d. III. Internat. Math.- 
Kongressesj Heidelberg, 1904. See also Blasius, Grenzschichten in FlUsdgkeiten mit kleiner 
Reibung, Berlin, 1907. 

t Nature, xlvii. 440 (1893). 

X l.c. ante p. 457. 
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Denoting the relative velocity of the air by <l, we have in front of the wave 
q=^U, and p=p„ p = p„ (say). We denote the corresponding quantities just 
behind the wave by pi- Hence, writing 171 = qp in the equations (14) 


and (15) of Art. 284, 

/0i5i" = H7- l)Pi + i(7 + l)Po> (^) 

poU^ = ^ + 1) Pi + i (y - l)Po W 

Since Co^ = yPolpoy latter equation gives 

Pi^ 27 y~l 

p„ y + 1 Co^ 7 + 1 ’ 

thus determining jpi/po- 


Again, the velocity of the air, in its passage jfroni the rear of the wave 
to the nose, falls continuously from qi to 0 . Hence by Art. 25 ( 1 )* 

ml 


27 27 £1 j/psX 

7-1 \p2 pj 7-1 pi [Vpi/ 



,( 6 ) 


where pa refer to the nose. Substituting for p^qilpi from (3) we find 



(7 + ly ^ 7 "-^ £0 ^ 

47 47 Pi * 


Combined with (5) this gives the required value of ^ 2 . 


( 7 ) 


Taking 7 = 1*41 Kayleigh finds 

p 2 /p, = l-90, 4*49, 11*7, 20*7 

in the cases ?7/co= 1 , 2 , 3 , 4 , respectively. 

Conversely, the theory can he applied to the measurement of air velocities 
exceeding that of sound. The ratio pa/Po is obtained from the readings of a 
Pitot tube whose nozzle points up the stream, and of a 'static pressure’ tube. 
The equation (7) then determines the value of jOp/po, whence TJ is found by ( 5 ). 
In this way Stanton has measured velocities of two or three times that of 
sound, and found them to agree closely with independent, but more elaborate, 
experimental determinations^. 


372S. An explanation of the fact that a body such as an' aerofoil may 
be supported against gravity, if endowed with a suitable horizontal velocity, 
has been proposed, in which viscosity plays only a secondary part. The 
theoryf is based on the result of Art. 69, where it was shewn that a circular 
cylinder will describe aijrochoidal path, the motion being mainly horizontal, 
if the surrounding fluid is frictionless, and its motion irrotational, provided 
there is a circulation (/c), in the proper sense, about it. In particular the 

^ Hep, of the Nat. Phys. Lab. for 1921, p. 146. 

t First suggested by Lancbester, AerodynamicSy London, 1907, Art. 122: Peripteroid 
Motion.” 
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path may be a horizontal straight line, the lifting force (which is to counteract 
gravity) being then 

Y^icpU ( 1 ) 

per unit length, where JJ is the horizontal velocity. This result is easily 
generalized, as might have been expected from the fact that it does not 
involve the dimensions of the cylinder. 

If (w, 'o) be the fluid velocity, vanishing at infinity, the formula for the pressure is 


^==const. - \ {{u - (2) 

since the motion relative to the body is steady. Hence if Z, m be the direction- cosines of 
the outward normal to an element hs of the contour of the cross-section, the resultant 
pressure on the solid parallel to x is 


^~ip J + Ids — pXJ j ulds— —p yy dxdy — pU J ulds 

~—p j j dxdy — pU j ulds — p j (lu-^mv) uds — pV j ulds. ...(3) 


We have here omitted two line-integrals taken round an infinite enclosing contour ; these 
vanish since the velocity at infinity is of the order 1/r, where r denotes distance from the 


origin. In the same way we find 

Y=pj (lu + mv) vds^ p€^ j umds (4) 

At the surface of the cylinder we have 

lu + mv^lJJ^ (5) 

whence JT— 0, and Y^pU f {Iv — mu) ds = pKl7. (6)^ 


The case of an elliptic cylinder, which includes as an extreme form that of a plane 
lamina, may be examined on the basis of the formula given at the end of Art. 72. With 
the notation there adopted, the fluid pressures on an elliptic cylinder of semi-axes a, b 


reduce (when <» — 0) to a force 

Y~—7tpkV, Y—7rpK.U, (7) 

and a couple — 7rpU'V(a^— b^) (8) 


Kutta (Lc.) has treated the case of a lamina whose section is an arc of a circle. He 
assumes the circulation to be so adjusted in relation to the velocity of translation that 
the infinite value of the fluid velocity which would otherwise occur at the follo%oing edge 
is avoided, whilst an infinity remains of course at the leading edge. It is assumed 
that in this way an approximation to actual conditions is obtained, the ‘circulation’ 
representing the effect of the vortices which are produced behind the lamina in real 
fluids 


* Another proof is given by Kutta, l.c. ante p. 76; the theorem was given in an unpublished 
dissertation of date 1902. A prior publication is attributed to Joukowsky (1906). 

f The^eorem of this Art. forms the starting point of Prandtl’s theory of the aerofoil; for 
which see Gott. Nachr. math. phya. Glasse^ 1918, 1919, or the Monograph published (in English) 
by the Nat. Advisory Comm, for Aeronautics, U.S.A. {Beport No. 116), where further references 
are given. 
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372c. This subject had its origin in the investigations on the theory of 
the Earth’s Figure which began with Newton and Maclaurin, and were con- 
tinued by the great French school of mathematicians which flourished near 
the end of the eighteenth and the beginning of the nineteenth century. It 
has in recent times undergone great development, at the hands, notably, of 
Thomson and Tait, Poincare, Darwin, and Jeans. 


The problem is to ascertain the possible forms of relative equilibrium of a 
homogeneous gravitating mass of liquid, when rotating about a fixed axis with 
constant angular velocity, and to determine the stability or instability of such 
forms. 


We take the axis of rotation as axis of z, and the mass-centre, which niust 
evidently lie on the axis, as origin. If ft) be the angular velocity of rotation 
the component accelerations at {x^ y, z) are -- co^x, — co^y^ — co^z, and the 
dynamical equations therefore reduce to 


— — 


1 an 

- - , - ft)2y = 




pdx dx ' ^ ^ pdy dy 

where O is the potential energy per unit mass. Hence 


o = (1) 

pdz 


= ift)2 4. ^3) _ ^ const. 

P 

At the free surface we have p = const. 


( 2 ) 


Some general properties of forms of equilibrium have been proved by 
Poincare and Lichtenstein. 


In the first place there is for a given fluid an upper limit to the angular 
velocity, if the external pressure is zero^. Considering any internal region 
we have by Art. 42 (3) 

//If ~ [f I I dxdydz^ (3) 

where dp/dn denotes the inward gradient of p, and p is expressed in /astro- 
nomical’ measure f. Applying this to any small spherical region we learn 
that the pressure cannot be a minimum at an internal point if a)^< 2irp, 
and cannot be a maximum if ccP > 27rp. If it vanishes over the boundary it 
cannot therefore be negative anywhere in the interior in the former case, or 
positive in the latter. In the intervening case of = 27 rp we have V^p = 0 

* It wiU be shewn presently that this limitation is unnecessary. 

+ This involves of course a special unit of pressure. 
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throughout the interior, and p = 0 at the boundary, and therefore p 0 
everywhere (Art. 40). 

Hence in a fluid unable to sustain tensile stress there is an upper limit, 
viz. \/( 2 ' 7 rp), to the angular velocity*. If the density be the earths mean 
density, viz. p ^^irgay the limiting value of o) is given in terms of the earth s 
angular velocity (ojo) by 

— = I -4- = 433. 

The shortest possible period is accordingly 1 h. 7 m. 

Again, an equilibrium form is necessarily symmetrical with respect to the 
plane through the mass-centre at right angles to the axisf. We conceive the 
fluid mass as made up of columnar portions of infinitesimal section having 
their lengths parallel to Oz, The centres of these columns will lie on a certain 
surface (which may consist however of several detached portions). Unless this 
surface is plane there will be some point M on it at which is a maximum , let 
PQ be that line drawn in the fluid, parallel to Oz and terminated both ways 
at the boundary, which is bisected at if, and suppose that zp> Zq. It easily 
follows from the theory of the attraction of a straight line of matter that the 
potential (energy) per unit mass, due to any one of the elementary columns, 
cannot be less at P than it is at Q, and will as a rule be greater. Hence, on 
the whole, flp > Hq and therefore by (2) Pp<Pq> contrary to the hypothesis. 

The points P and Q have so far been assumed to be distinct. If they co- 
incide we find in a similar manner that in the absence of a plane of symmetry 
we should have dQ/dz > 0, and therefore dpjdz < 0, at AT, which is now a point of 
the free surface. But if the tangent plane at M is parallel to Oz we must have 
dpidz = 0 there, whilst if M were a singular point on the surface all the space- 
derivatives of p would vanish. 

Incidentally we may note, as a result of the preceding argument, that if 
there is no rotation every plane through the mass-centre must be a plane of 
symmetry. We have thus a simple proof of the proposition that the only form 
of equilibrium of a mass of homogeneous liquid under its own attraction is a 
sphere 

We conclude that the middle points of all chords of the free surface drawn 
parallel to the axis lie in a plane normal to this axis, which we may call the 
equatorial plane. Hence no straight line parallel to the axis can meet the 
surface in more than two points. It follows that the z-componmt of the 
attraction at any internal or external point not on the plane of symmetry 
will be directed towards this plane. For the theory of the attraction of a 

^ Poincar4, Bull Astr, 1885 ; Figures d’JSquilibre, Paris, 1902, p. 11. The proof is modified. 

+ Lichtenstein, Berl Ber, 1918, p. 1120. The argument is slightly simplified. 

t Oarleman, Math. Zeitschrift, iii. 1 (1918). A ^roof that the sphere is the only stable form, 
due to Liapounoff, is given by Poincar^, Figures d’JSguilibre, c. ii. 
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uniform straight line, already appealed to, shews that this is true as regards 
each of the elementary columns into which we have supposed the mass to be 
divided. Hence 90/3^ > 0, and therefore dpjdz < 0, at all points on the 
positive side of the plane of symmetry. It follows that djp/dn > 0 at all 
points of the free surface, and that p > 0 at all internal points. The former 
of these statements is inconsistent with (3) if co^ > ^irp. The limitation 
CO < V( 27 rp) is therefore imposed quite apart from any question of internal 
tension. 

373. Proceeding now to the consideration of special forms, we begin with 
the case where the external boundary is ellipsoidal. We write down, in the 
first place, some formulae relating to the attraction of ellipsoids. 

The gravitation-potential, at internal points, of a uniform mass enclosed 
by the surface 

(« 

" + + 

where A-{(a^ + \)Qf + X){(f + X)}^. (3) 

This may be written 

O = Trp (aoir= + - X«)> 

where, as in Art. 114, 

„ , r d\ o j. r ^ t r 

( 5 ) 

“d = (6) 

The potential energy of the mass is given by 

y=iJJJO,pdxdydz, (7) 

where the integrations extend, over the volume. Substituting from (4) we find 
V= ^m^p^abc (a„ + AS” + %d‘) - %o} 

= f ” ^ ^ 1 1 ^ 

^ Jo rW+X + X c^+xy [A 

= f7rVa^h®c-^j'^ = ...(8) 

This expression is negative because the zero of reckoning corresponds to a 
state of infinite diffusion of the mass. If we adopt as zero of potential energy 

that of the mass when collected into a sphere of radius R, = (abc)^, we must 
add the term 

n-^P^R’^ ( 9 ) 

For references see p. 572. The sign of O has been changed from the nsual reckoning. 
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If the ellipsoid be of revolution, the integrals reduce. If it be of the 
planetary form we may put, in the notation of Art. 107, 


a = b = - — c, 


and obtain* 


ao=/8o=(?^+i)rcor^r-r. 

7„=2(r-+i) (1 - rcot-' ?),i 

F = if |i - (-^y ? 

provided the zero of V correspond to the spherical form. If e be the 
eccentricity of the meridian, we have 


.( 10 ) 

.( 11 ) 

.( 12 ) 


® ^^+1’ 

and the formulae may be written 


7o 




V = ^TT^p-R^ |l — (1 — e^) 
For an ovary ellipsoid we put (Art. 103) 

,, (r-i)^ 

a = 0= ~ — TT-^ c, 


sin“^ e 


and obtain 


ao = A = ?^-(?=‘-l)rcoth-^?, 


.(13) 

.(14) 

.(15) 

.(16) 

,.(17) 


1 

7„=2(?^-l)(fcoth-^r-l),J 

F = if {l - (^7 (18) 

The case of an infinitely long elliptic cylinder may also be noticed. Putting 
c = 00 in (5), we find 

= A = 7^,. 7« = 0 (19) 


'a + b’ ^“^a+b’ 
The energy per unit length of the cylinder is 


.( 20 ) 


Maclaurin’s Ellipsoids, 

374. Now suppose the ellipsoid to rotate in relative equilibrium about the 
axis of z, with angular velocity (o. Since 

£ == -H 2 / 2 ) - O -f- const., (1) 

P 

^ Most simply by writing c^+'K={a^—c^)u^, The results are expressed by Thomson and Tait 
(Aj:t. 771) and other writers in terms of a quantity/, the reciprocal of ^ 
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the surfaces of equal pressure are given by 

{"’-Q (a-^) <2 ) 

In order that one of these may coincide with the external surface 


^ + ^, + 5 = 1. (3) 

0 ^ c- 

we must have = (^/^o i^) 

In the case of an ellipsoid of revolution (a = b), these conditions reduce to 
one, viz. 

(5) 

LTrpy 


Since <x^/(a^ + X) is greater or less than c^/(c^ + \), according as a is greater or 
less than c, it follows from the forms of 70 given in Art. 373 (5) that the 
above condition can be fulfilled by a suitable value of co for any assigned 
planetary ellipsoid, but not for the ovary form. This important result is due 
to Maclaurin*. 

If we substitute from Art. 373 (11), the condition (5) takes the form 


^ = (3?^+l)^cot-ir-3r^ (6) 

LTTp 

or, in the notation of Art. 107, 

coVSvrp = (7) 


It will be noticed that the value of co corresponding to any prescribed 
ellipticity depends on the density p, and not on the actual size of the ellipsoid. 
It is easily seen that this is in accordance with the theory of ' dimensions.’ 

If M be the total mass, H its angular momentum about the axis of 


rotation, we have 

M = ^Trpa^c, H = I (8) 

whence ^ ^ 1(3^" + 1) t cot-^ (9) 


The formula (6) has been discussed, under different forms, by Simpson, 
d’Alembert, and (more fully) by Laplace f. It is easily seen that the right- 
hand side of (6) vanishes for ^=0 and t=oo, but is otherwise finite and 
positive; consequently that it has a greatest value for some intermediate 
value of There is thus, for given density p, an upper limit to the angular 
velocities for which an ellipsoid of revolution is a possible form of relative 
equilibrium. A more detailed investigation is required to shew that there is 
only one maximum, and consequently no minimum, value of the function on 
the right-hand side of (6) or (7). 


* l.c. ante p. 287. 

t MScanique CiUste, Livre c. iii. For other references see Todhunter, History of the 
Theories of Attraction...^ London, 1873, cc. x, xvi. 
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Laplace also examined, from the same point of view, the formula for the 
angular momentum. It appears that the right-hand side of (9) increases con- 
tinually from 0 to 00 as f decreases from oo to 0. Hence for a given volume 
of given fluid there is one, and only one, form of Maclaurin’s ellipsoid having 
a prescribed angular momentum. 

These questions may also be investigated by actual computation of the 
functions on the right-hand sides of (6) and (9). The table below giving 
numerical details of a series of Maclaurins ellipsoids, is adapted from 
Thomson and Tait^. The unit of angular momentum in the last column is 
where ' astronomical ’ units are of course implied. 

The maximum value of is *2247, corresponding to e = *9299, 

ajc = 2*7198. For any smaller value of a)'^j2'jrp there are two possible 
ellipsoids of revolution, the eccentricity being in one case less and in the 
other greater than ‘9299. 

In the case of a homogeneous liquid mass of density equal to the mean density of the 
earth, we have 

|7rp^=980, 72=6-37 X 10 % 

if the units of length and time be the centimetre and the second, whence it is found 
that the fastest rotation consistent with an ellipsoidal form of revolution has a period of 
2 h. 25 ra. 


e 

afR 

cIR 


Angular 

momentum 

0 

1-0000 

1*0000 

0 

0 

•1 

1-0016 

-9967 

•0027 

*0255 

•2 

1-0068 

•9865 

*0107 

. *0514 

•3 

1 -0159 

•9691 

•0243 

•0787 

•4 

1-0295 

•9435 

*0436 

•1085 

•5 

1-0491 

•9086 

•0690 

•1417 

•6 

1*0772 

•8618 

*1007 

•1804 

•7 

1*1188 

•7990 

*1387 

•2283 

•8 

1*1856 

•7114 

•1816 

•2934 

*8127 

1*1973 

*6976 

•1868 

•3035 

•9 

1*3189 

•5749 

•2203 

■4000 

•91 

1*341 

•5560 

•2225 

■4156 

•92 

1*367 

•5355 

•2241 

•4330 

•93 

1-396 

*5131 

•2247 

•4525 

•94 

1*431 

*4883 

•2239 

•4748 

*95 

1 *474 

*4603 

•2213 

•5008 

•96 

1*529 

*4280 

*2160 

•5319 

•97 

1-602 

-3895 

•2063 1 

•5692 

*98 

1-713 

•3409 

•1890 I 

•6249 

•99 

1*921 

*2710 

•1551 

•7121 

1-00 

00 

0 

0 

00 


When C is great, the right-hand side of (7) reduces to approximately. Hence in 

the case of a planetary ellipsoid differing infinitely little from a sphere we have, for the 
elUpticityj 




Trp 


* Natural Philosophy, Art. 772. 
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g denote tlie value of gravity at the surface of a sphere of radius a, of the same density, 
we have g—^7rpa, whence 






Putting we find that a homogeneous liquid globe of the same size and mass as 

the earth, rotating in the same period, would have an ellipticity of 2 ^. 


JacoMs Ellipsoids. 

375. To ascertain whether an ellipsoid with three unequal axes is a possible 
form of relative equilibrium, we return to the conditions (4) of Art. 37 4. These 
are equivalent to 

(ao - A) = (1) 

ct)® CL^a^ 

^ ~ If 


and 


•( 2 ) 


If we substitute from Art. 373, the condition (1) may be written 






A ' 


= 0. 


.(3) 


i(a2 + X)(6"4-X) C"4-XJ 
The first factor, equated to zero, gives Maclaurin’s ellipsoids, discussed in the 
preceding Art. The second factor gives 


ff 


a^h^-{a^ + b^ + X)c^]'^ = 0, 


.(4) 


which may be regarded as an equation determining c in terms of a, b. When 
= 0, every element of the integral is positive, and when 

(js = a^yi(a^ + y) 


every element is negative. Hence there is some value of c, less than the 
smaller of the two semi-axes a, b, for which the integral vanishes. 


The corresponding value of 00 is given by (2), which takes the form 

(a^ + \){y + X)A’ ^ 

so that o> is real. It will be observed that as before the ratio co^l2irp depends 
only on the shape of the ellipsoid, and not on its absolute size* 


The equations (4) and (5) were carefully discussed by C. 0. Meyer f, who 
shewed that when a, b are given there is only one value of c satisfying (4), 
and that, further, a maximum value (viz. T871):|: of occurs for 

a=6=l-7l61 c. The Jacobian ellipsoid then coincides with one of Maclaurin's 
forms. This limiting form, which is shewn on 'the opposite page, may be 


The possibility of an ellipsoidal forni with three unequal axes was first asserted by Jacobi, 
‘‘ Ueber die Figur des Gleichgewichts,” Pogg. Ann. xxxiii. 229 (1834) {Werhe, ii. 17]; see also 
Liouville, “Sur la figure dune masse fluide homog^ne, en equilibre, et douee d’un mouvement 
de rotation,” Journ. de VEcole Polyteehn. xiv. 290 (1834). 
t ‘‘Be aequilibrii formis ellipsoidieis,” Crelle, xxiv. (1842). 

t According to Thomson and Tait this should be -1868. See the table on the preceding page. 
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determined by putting 

a = 6, + X = — 0^) u^, d^) f ^ 

in the second factor of (3). We find 

f if?.+in’_?:iJ!L=o, 

J f |\i + uy 1+ u^ 

13^+3^= 


whence 


cot-“ f = , 


,( 6 ) 

.(7)^ 


3 + 14f^ + 3^" 

There is only one finite root, viz. f = *7171 ; this gives, for the eccentricity of 
the meridian, e = *8127. 



Since, in the general case, the two ratios a :b:c are subject to the con- 
dition (4), there is virtually only one variable parameter, and the Jacobian 
ellipsoids form what may be called a ' linear ’ series. The sequence of figures 
in the series is illustrated by the following table, computed by Darwin f. As 


Axes 


Angular 

momentum 

a/JR 

bjE 

cjB 

27rp 

1-197 

1-197 

•698 

-1871 

•304 

1*216 

1-179 

*698 

-187 

*304 

1-279 

1*123 

*696 

•186 

•306 

1*383 

1-045 

*692 

•181 

•313 

1*601 

•924 

-677 

*166 ’ 

■341 

1*899 

*811 

*649 

•141 

•392 

2*346 

•702 

•607 

•107 

*481 

3*136 

*586 

*545 

•067 

•644 

5*04 

•45 

*44 

•026 

1-016 

C30 

0 

0 

0 

00 


diminishes from its upper limit T871, the ratio of one equatorial axis 
of the ellipsoid to the polar axis increases, whilst that of the other diminishes, 
the asymptotic form being that of an infinitely long circular cylinder rotating 
about an axis perpendicular to its length (a = oo , 6 = c). The figures on the 
next page shew two intermediate forms, the unit of length being the radius (iJ) 
of the sphere of equal volume. 

It may be noticed that an infinitely long elliptic cylinder may rotate in 
relative equilibrium about its longitudinal axis. It is easily proved, with the 
* Thomson and Tait, Art. 778'. 

t ‘^On Jacobi’s Figure of Equilibrium for a Eotating Mass of Fluid,” Proc. Uoy. Soc, xli. 
319 (1886) [Papers, iii. 119]. 
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Other Special Forms. 

376. The problem of relative equilibrium, of which Maclaurin's and Jacobi’ 
ellipsoids are particular cases, has been the subject of many remarkable in- 
vestigations, to which only slight reference can here be made. 

The case of the annulus was first treated by Laplace*, with special reference 
to the theory of Saturn’s rings. 

The annulus is supposed to be a figure of revolution about the axis of 5 ^, 
and the origin is taken at the intersection of this axis with the equatorial 
plane of symmetry which we know must exist (Art. 372 c). Further, the cross- 
section is taken to be an ellipse whose semi-axes parallel to Oos and Oz are a 
and c respectively. If C be the centre of this section, we write OC = D; and 
it is assumed that the ratios a/i), c/D are both small. 

Under these conditions, the component attractions at any point in the 
substance of the ring are, to a first approximation, the same as if the radius 
D were infinite, so that we may write, in accordance with Art. 373 (19), 

= TTp (aoco^ -1- 70-3^^) + const., (1) 

wliere «o = -—, = (2) 


provided the origin of oo be now transferred to C. The pressure-equation is, 
accordingly, for points of the cross-section, 

£ - (i) + «)• - n + + const (3) 

where S denotes the mass of the central attracting body at 0. This may be 
expanded in the form 


■ = (JD^ 4- 2J)a) -f £c0 — wp (aoX^ -h JqZ^) -h ■ 


S'*" 


If p is to be approximately constant over the circumference of the section 


00^ 

c- 


the terms in x must’’’ cancel^ and the coefficients of and z^ must be in the 
ratio of to a\ Hence 

ct)-Z)^ = ;S^, (6) 

<'> 

The former of these equations shews that the period of revolution of the ring 
must be that proper to a satellite at the same distance ; and the latter may 
be written 

6)" ^ 2ac(a-c) 

27rp (3a"4-c2)(a + c)’ 

* “ M4moire sur la th^orie de I’anneau de Satiirne,” Mem. de VAcad. des Sciences^ 1789 [1787] 
[Mecanique CSleste, Livre 3°^®, c. vi]. 


L. H. 


42 
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whence it appears that the equatorial diameter of the section must be the 
greater. 

The expression on the right-hand side has a maximum value 1086, corre- 
sponding to a/c = 2*594. Hence for a fluid ring at a given distance D from 
the central body there is an inferior limit to the destiny. 

Laplace points out that a ring such as we have imagined would be 
unstable even if rigid, and must a fortiori be unstable when fluid. It is now 
generally held that the constitution of the Saturnian rings is meteoric. 

When the central body is absent, or its mass relatively small, the attraction of the 
ring at points of its substance must be calculated to a higher degree of appioximation. 
It easily appears that the cross-section must be nearly circular, and that the angular 
velocity must be much less than in the previous case. It is found that when S 0 


-I 

CO" 

27rp 



( 9 )* 


nearly, provided ajD be small. 

This formula may be verified as follows. In cylindrical co-cordinates, with the origin 
at the centre of the ring, the potential at external points satisfies an equation of the type 
(1) of Art. 100, viz. 

+ ( 10 ) 

OZ^ or O'aS 


If we introduce polar co-ordinates in the plane of a cross-section, writing 
s=rsin^, ar=i)+r cos 


this becomes 


0J-2 rp Qf 0^2 D-hrcos^ 


\cr 


cos 0 — ^ sin 6 
T o6 


i)=o. 


( 11 ) 

( 12 ) 


To obtain a solution which shall be valid for values of r which are small compared 
with D, we take, as a first approximation, Q=Qo, where Qq satisfies 


Thus 


3^ 1 

0y.2 0y. 

£2o=A-f-jBlogr. 


(13) 

,(14) 


For a second approximation we put 

Q =s: ^2^ -{- COS 6 . 

Substituting we find 

d^Qi , 1 0^1 

D dr 


dr^ r 0r 


1 B 


Dt^ 


whence 


G' B 

0.i=Cr+- - ^rlogr. 


,(15) 

,( 16 ) 

,(17) 


At distances r which, though small compared with D, are large compared with the 
radius a of the section, the result thus obtained must approximate to the potential of a 
circular line of matter, of radius i), and line-density irpaK This is given by 




/ 2jr 

0 7i 


dx 


AttpO^D 


F,{h\ 


.(18) 


V(n2 eos^ \x + sin2 ^x) ^2 

where, as in Art. 161, rx, r 2 denote the least and greatest distances of the point con- 


* A slightly different result was given by Matthiessen, lx. The formula (9) was obtained by 
Mme Sophie Kowalewsky, Astr. Nackr. cxi. S7 (1885); Poincar^, lx. infra; Dyson, lx. ante 
p. 147, See also Basset, Amer. Joum. Math. xi. (1888). 
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yidered from the circamference, and the modulus h of the elliptic integral is given by 

= (19) 

^2 

Since this is nearly equal to unity, we have* 



of which the first term will suffice for our purpose. 

To accord with the present notation, we put 

Ti = r, ^ 2 = si ( 4 i )2 4 - 4^2) cos B + r2) = 2i) cos , (21) 

approximately. Hence 

^ „ A 8i> r cos d , 82) , r cos B\ 

O = - ^log — ^ log — + j (22) 

The result contained in (15), (14), and (17) will tend to coincide with (22) as r 
increases, while still remaining small compared with 2), provided 

(7=^"(log8i>-l) (23) 

We therefore adopt, as the value of the external potential of the fluid annulus, at points 
near its surface, the expression 

^ . f, 8D A 8D .\r cos d] C' cos d 

a=- 2 ^pa^ {log — - (log — -Ij -^} + -^ (24) 

To find the potential at internal points, we must replace the right-hand member of 
(12) by 47rp. By the same process of approximation as before we find, having regard 
to the condition of finiteness for r==0, ^ . 

Q, = const, -p -p G"r cos d — cos d (25) 

The values of a and of dQ/dr derived from (24) and (26) must be continuous for r=a. 
This gives ' 

(log^-l). ^'= (26) 

The condition for a free surface requires that the expression 

Ja)2(2)-Pr cosd)2 — a (27) 

should be constant for r~ a. Neglecting the square of rfD wq find 

(28) 


Substituting the value of 0" from (26), we obtain the result (9). 

It has been shewn by Dyson that a ring of the above kind would be unstable for types 
of disturbance in which the sectional area varies with the longitude, and for such types 
only. Its tendency would therefore be to break up into detached masses. 

Darwin has investigated “f* in great detail the case of two detached masses 
of liquid rotating in relative equilibrium about their common centre of 
gravity like the components of a double star. When the distance between 
the masses is large compared with the dimensions of either, the series of 
spherical harmonics in which the solution is expressed are rapidly convergent; 


* Cayley, Elliptic Functions, p. 54. 

t “On Figures of Equilibrium of Eotattng Masses of Fluid,” Phil. Tram. A, elxxviii. 379 
(1887) {Papers, iii. 135]. 


42—2 
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but in other cases the approximations become very laborious*. The specially 
interesting case where one mass is much smaller than the other appears to 
have been first discussed by Roche in 1847 f. 


GcneTQjl pTohlcRi of Relative EquilihTiuTYi. 

377. The question as to the possible configurations of relative equilibrium 
of a rotating homogeneous liquid was taken up from a more general point of 
view by Poincare, in a celebrated paper J. 

Consider in the first place an ordinary dynamical system of vi degrees of 
freedom, whose constitution depends on a variable parameter X, the potential 
energy R being accordingly a function of the u generalized co-ordinates 
q,, q,, ... qn and of X. The possible configurations of equilibrium corre- 
sponding to a prescribed value of X are determined by n equations of the type 

1 ^ = 0 ; ( 1 ) 

dq^ 

and by varying X we get one or more ‘ linear series ’ of equilibrium con- 
figurations. Such a series may be represented by a curve in an 7 i-dimensional 
space, of which q^ q^y ... <jn I'll® Cartesian co-ordinates. 

Again considering small deviations from any equilibrium configuration, we 
have 

Y = Cii Sqi^ -f- C 22 ^q2 + . . . 4“ 2Ci2 Bqi Sq2 4* • • • , (2) 

where Cii, c. 22 , C 12 , ... are ‘coefficients of stability’ (Art. 168) defined by 

dqr^' dqrdqs 


Crr ^ 


By a linear transformation of the variations Sg'i, Sq 2 , ... ^qn> fh.® ®x~ 
pression (2) can be reduced, in an infinite number of ways, to a sum of 
squares ; but whatever mode of reduction be adopted, the number of positive 
as well as of negative coefficients is, by a theorem due to Sylvester, invariable. 
The coefficients in the transformed expression may be called principal co- 
efficients of stability. In order that the configuration in question may be stable, 
it is necessary and sufficient that these should all be positive. 


As we vary X, the several linear series will remain distinct so long as the 
discriminant A of the quadratic form (2) does not vanish, i.e. so long as no 
principal coefficient of stability vanishes. But if, as we follow a linear series, 


For a fuller investigation of tlie problems of Arts. 374-376 reference may be made to 
Tisserand, Traite de Mecanique Celeste, Paris, 1889-1896, ii. 

t See Darwin, “On the Figure and Stability of a Liquid Satellite,” Phil. Trans. A, ecvi. 161 
(1906) \PaRer$, iii. 436]. For the application of Poincard’s methods to this problem reference 
may be made to Schwarzschild, “Die Poincar^’sche Theorie des Gleichgewichts...,” Ann. 
Munch. Sternwarte, iii. 233 (1897), and Jeans, Prohlems of Cosmogony..., Cambridge, 1919. 

t “Sur Tequilibre d’une masse fluids anim^e d’un mouvement de rotation,” Acta Math. vii. 
259 (1885). See also his Figures diiquiltbre. For an account of the earlier researches and partial 
anticipations by Liapounofl, see Lichtenstein, Math. Zeitschrift, i. 228 (1918). 
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A vanishes and changes sign for a particular value of X, it appears that the 
configuration in question is a ‘ form of bifurcation/ i.e. it is (as it were) the 
meeting point with another linear series. The case may also arise where, as 
X passes through a particular value, two linear series coalesce and then become 
imaginary. If the configuration in question does not belong to any other linear 
series, we have what is called a ' limiting form ’ of equilibrium, and it may be 
shewn that A has different signs in the two series, in the neighbourhood of 
the junction. A specially important case is where two series coalesce and 
afterwards become imaginary, whilst a third series passes continuously through 
the common point. 

The foregoing statenaents may be illustrated by the case of a system of one degree 
of freedom^. The positions of equilibrium are given by 

(‘> 

which determines one or more values of q in terms of X. If we differentiate with respect 
to X, we obtain 



This gives, for each linear series, a unique value of dqjdX, and so determines the succes- 
sion of equilibrium configurations, unless d^Vjdq^=0, The several series therefore remain 
distinct so long as the coefficient of stability does not vanish ; but if d'^V/oq^^Oy dqjdk is 
infinite or indeterminate according as dW[dqd\ is or is not different from zero. In the 
former case, two series in general coalesce. 

0F 


Writing (^) 

let us consider the surface 

where y, 2 : are ordinary Cartesian co-ordinates. The curve (p {Xy y) = 0 which separates 

y\ 



the parts of the plane xy for which z is positive from those for which z is negative, repre- 
sents the various linear series of equilibrium forms. Also the parts of the curve for which 

* As a simple example, take the case of a particle free to move in a smooth curvilinear tube 
(having points of inflexion) in a vertical plane, the tube being capable of being set in different 
positions by rotation about an axis perpendicular to this plane. Other examples are furnished 
by investigations as to the positions of equilibrium of a floating log, as depending on the density, 
and their respective stabilities. The case of a log of square section is discussed in the author’s 
Statics, Cambridge, 1912, pp. 221, 234. 
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the gradient o^/cy is positive correspond to stable, and those for which 32/0y is negative 
to unstable configurations. 

The critical points correspond to 0^/ay=O ; the tangent-line to the curve 

is then parallel to y, or else the point in question is a singular point on the curve, n 
the former case, if no other branch of the curve goes through the point of contact, we have 
a ‘limiting form ’ ; and it is evident that there is a change from stability to instability at 
this point. This case is represented in the preceding figure (p. 661), where the two series 
PA and QA coalesce in the limiting form A. If the upper signs in the figure refer to the 
values of ^ in the corresponding regions, the series PA is unstable and QA stable. If the 
lower signs obtain, these statements must be reversed. 

If however we have also d^VIdqdX^O, or we have a singular point. The case 

where two series {PA and QA) coalesce and become imaginary, whilst a third series (HAE) 
passes through the common point and remains real, is shewn below. ^ In the latter series 
we have a transition from stability to instability, or vzc6 vcTsd/j whilst the other series 
are both stable or both unstable in the neighbourhood of A*, 



When there are n degrees of freedom, the equations of equilibrium are 


dqi 


= 0 , 


dq. 


= 0 , 


dv 

dq, 


= 0. 


.( 8 ) 


We may utilize the n—l equations following the first to determine q 2 , ... qn in terms 
of qi and X. Let us denote the result of substituting these values in the general expression 
for Fby ^{qi, X). We have then, 


dqi ” 0^1 ^ '^q2^qi ‘^ '^qn Bg'i ~ '^qi ’ 


by (8), so that the remaining condition of equilibrium may be written 

From this we derive 


|t.o. 


dq, 0 > _ 

0^i2 ’ 


.( 10 ) 

.( 11 ) 


which shews that the sequence of equilibrium configurations is unique unless 0 ^'\J!f/ 0 ( 2 i^=O. 
The rest of the argument is then as before, with yjr substituted for F. It is easily proved 
that the condition d^ldqx^=0 is analytically equivalent to A=0t. 


* The case of a simple crossing between two series, both of which are real on either side of 
the intersection, may be illustrated in a similar manner. 

t The argument is taken, with little alteration, from Poincare’s treatise. 



663 


377-378] Exchange of Stabilities 

378. ■ The bearing of these considerations on the theory of relative equi- 
librium of a rotating system will be apparent. 

In the case of equilibrium relative to a rigid frame which is constrained 
to rotate with constant angular velocity w about a fixed axis, the conditions 


are most conveniently considered under the type 

( 1 ) 

where V is the potential energy, and Tq is the kinetic energy of the system 
when rotating as rigid in any assigned configuration (^i, ... g^); cf. 


Art. 205. By varying (a we get the various linear series of equilibrium 
configurations. Moreover, if the system be subject to dissipative forces 
affecting all relative motions, the condition of secular stability is that V — 
should be a minimum. 

When, on the other hand, the system is free, the case comes under the 
general theory of gyrostatic systems, and the more appropriate form of the 
conditions is 

< 2 ) 

where K is the kinetic energy of the system when rotating, as rigid, in the 
configuration (^ 1 ,^ 2 , ••• %) with the component momenta corresponding to 
the ignored co-ordinates unaltered (Art. 254) ; and the condition of secular 
stability is that V K should be a minimum. From the present point of 
view the only ignored co-ordinate which we need consider is an angular 
co-ordinate specifying the position in space of a plane of reference in the 
system, passing through the axis of rotation and therefore also through the 
centre of inertia. The corresponding component of momentum is the angular 
momentum about the axis ; we shall denote this by k. By varying k we get 
the various linear series of equilibrium configurations. 

In the case of a rotating liquid, the generalized co-ordinates gi, g 2 , ... are 
infinite in number, but the theory is otherwise unaltered. Let us suppose, for 
a moment, that we have a liquid covering a rigid rotating nucleus. If the 
nucleus be constrained to rotate with constant angular velocity, or (what comes 
to the same thing) if it be of preponderant inertia, we have the first form of 
the problem ; whereas if the nucleus be free, the second form applies. The 
distinction between the two forms disappears when we confine ourselves to 
disturbances which do not affect the moment of inertia of the system with 
respect to the axis of rotation. 

The second form of the problem is from the present point of view the more 
important. We pass to the case of a homogeneous rotating liquid by imagining 
the nucleus to become infinitely small. In this case the solution of the problem 
of relative equilibrium is partially known. We have, first, the linear series of 
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Maclaurins ellipsoids in which., as /c ranges from 0 to oo , a/R ranges from 1 
to 00 (Art. 374). Again, we have the two* series of Jacobian ellipsoids in 
which, as k ranges from *304Af'^jR^ to oo , djb ranges in one case from 1 to oo , 
and in the other from 1 to 0, where a, b denote the two equatorial semi-axes 
(Art. 375). When K='304iM^R\ we have a form of bifurcation, and accord- 
ingly a change in the character of the stability. 

379. As a simple application of the preceding theory we may examine 
the secular stability of MaclauriAs ellipsoid for those types of ellipsoidal 
disturbance in which the axis of rotation remains a principal axis*]". 

Let <s) be the angular velocity in the state of equilibrium, and k tbe angular momentum. 
If I denote tbe moment of inertia of the disturbed system, the angular velocity, if this were 
to rotate, as rigid, would be k/Z Hence 

V+K= F+i/Q'= (1) 

and the condition of secular stability is that this expression should be a minimum. We 
will suppose for definiteness that the zero of reckoning of V corresponds to the state of 
infinite diffusion. Then in any other configuration V will be negative. 


In our previous notation we have 

/=ii/(a2 + 2>2), (2) 

c being the axis of rotation. Since ahc—E% we may write 

® 


where /(a, 5) is a symmetric function of the two independent variables a, b. If we 
consider the surface whose ordinate is /(a, h), where a, b are regarded as rectangular co- 
ordinates of a point in a horizontal plane, the configurations of relative equilibrium will 
correspond to points whose altitude is stationary, whilst for secular stability the altitude 
must further be a minimum. 

For cc=oo , or 5 = 00 , we have /(a, 6)=0. For a=0, we have F=0, and /(a, h) oc 1/62^ 
and similarly for 5=0. For a=0, 5=0, simultaneously, we have f{a, 5) = qo. It is 
known that, whatever the value of k, there is always one and only one possible form of 
Maclaurin’s ellipsoid. Hence as we follow the section of the above-mentioned surface by 
the plane of symmetry {a—h\ the ordinate varies from oo to 0, having one and only one 
stationary value in the interval. It is evident that this value is negative, and a minimum};. 
Hence the altitude at this point of the surface cannot be a maximum. Moreover, since 
there is a limit to the negative value of F, viz. when the ellipsoid becomes a sphere, there 
is always at least one finite point of minimiun (and negative) altitude on the surface. 

Now it appears, on reference to the tables on pp. 653, 655, that when K<*304J/t R^y 
there is one and only one ellipsoidal form of equilibrium, viz. one of revolution. The 
preceding considerations shew that this corresponds to a point of minimum altitude, and 
is therefore secularly stable (for symmetrical ellipsoidal disturbances). 

When K >'304 if t Rh^ there are three points of stationary altitude, viz. one in the plane 

* The two series include the same succession of geometrical forms, but are from the present 
point of view to be regarded as analytically distinct. 

t Poincare, lx. For a more analytical investigation see Basset, “On the Stability of 
Maelaurin's Liquid Spheroid,” Froc. Gamh. Phil. Soc. viii. 23 (1892). 

t It follows that Maclaurin’s ellipsoid is always stable for a deformation such that the 
surface remains an ellipsoid of revolution. 
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of symmetry, corresponding to a Maclanrin^s ellipsoid, and two others symmetrically 
situated on opposite sides of this plane, corresponding to Jacobian forms» "It is evident 
from topographical considerations that the altitude must be a minimum at the two 
last-named points, and neither maximum nor minimum at the former. Any other 
arrangement would involve the existence of additional points of stationary altitude. 

The result of the investigation is that Maclaurin's ellipsoid is secular^ 
stable or unstable, for ellipsoidal disturbances, according as the eccentricity 
e is less or greater than * * * § 8127, the eccentricity of the ellipsoid of revolution 
which is the starting point of Jacobi’s series; whilst the Jacobian ellipsoids 
are all stable for such disturbances^. 

The further discussion of the stability of Maclaurin’s ellipsoid would carry 
us too far. It was shewn by Poincar6 that the equilibrium is secularly stable 
for deformations of all types so long as e falls below the above-mentioned 
limit. This is established by shewing that there is no form of bifurcation for 
any ellipsoid of revolution of smaller eccentricity. It follows, from the con- 
sideration of 'exchange of stabilities,’ that Jacobi’s series begin by being 
thoroughly stable. 

380 . Poincare has further examined the coefficients of stability of the series 
of Maclaurin’s and Jacobi’s ellipsoids, by the method of Lame’s functions, with 
the view of ascertaining what members are forms of bifurcation. He finds that 
there are an infinite number of such forms, and consequently an infinite 
number of other linear series of equilibrium configurations. In each case it is 
possible to assign the form of the members of the new series in the neighbour- 
hood of the bifurcation. The question has been further discussed by Darwin f, 
and by Poincar6 himself in a subsequent paper 

The case which has attracted most interest is the first bifurcation which 
occurs in the series of Jacobi’s ellipsoids. According to Darwin -f, the critical 
ellipsoid is that for which ajR = 1*8858, hjR = *8150, cjR = *6507. After this 
point J acobi’s ellipsoids are unstable. 

In the figure§ on p. 666, in which the ratios ajc and hjc are taken as 
co-ordinates, the straight line HAK represents the series of Maclaurin’s 
ellipsoids corresponding to different values of /c; whilst the branches AR, 
AS represent those of the Jacobian figures. The point H corresponds to 
the case of the sphere, when /c = 0 ; and the Maclaurin series is stable from 
E to A, and afterwards unstable. The points P, Q indicate the stage at which 

* This result, like the preceding, was stated, without proof, by Thomson and Tait, Natural 
Philosophy (2nd ed.), Art. 778". 

f ‘‘On the Pear-shaped Figure of Equilibrium of a Eotating Mass of Liquid,” Phil, Trans. A, 
cxcviii. 301 (1901) IPapers, hi. 288]. 

X “Sur la Stability des Figures Pyriformes affectdes par une Masse Fluids en Eotation,” 
Phil. Trans. A, cxcviii. 333 (1901). 

§ The diagram is constructed from the tables on pp. 653, 655. A sketch is given in Poincare’s 
treatise. 
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the Jacobian ellipsoids become unstable. At these points new series brand 
off. The difficult question as to the stability of these has been discussed hy 



Darwin, Pomcar6, and Jeans The latter writer concludes definitely that 
they are in the first instance unstable. The first members of these new series 
have the ‘ pear-shaped ' form shewn in the annexed diagrams, which are taken 
from the paper by Darwin just referred to. 



£r = /*<Stf5lP 


The corresponding two-dimensional problem has been discussed by Jeans f, 
by a special method. 

* Poincar^, Z.c.; Darwin, ‘‘The Stability of the Pear-shaped Figure of Equilibrium,” PhiL 
Tram. A, oe. 251 (1902) [Papers, iii. 317]; Jeans, l.e. ante p, 660. 

t “On the Equilibrium of Rotating Liquid Cylinders,” PhiL Trans. A, ce. 67 (1902). 
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Small Oscillations. 

381. The small oscillations of a rotating ellipsoid mass have been discussed 
by various writers. 

The simplest types of disturbance which we can consider are those in which 
the surface remains ellipsoidal, with the axis of revolution as a principal axis. 
In the case of Maclaurin’s ellipsoid, there are two distinct types of this character; 
in one of these the surface remains an ellipsoid of revolution, whilst in the 
other the equatorial axes become unequal, one increasing and the other de- 
creasing, whilst the polar axis is unchanged. It was shewn by Eiemann* * * § that 
the latter type is unstable when the eccentricity (e) of the meridian section 
exceeds '9529. In this investigation frictional forces are not contemplated, 
and the criterion is one of ‘ordinary ’ stability. We have seen (Art. 379) that 
practically the equilibrium is unstable when e exceeds •8127. The periods of 
Riemann’s two types of oscillation (when e < '9629) have been calculated by 
Lovef, who has also discussed the two-dimensional oscillations (of elliptic 
type) of a rotating elliptic cylinder]. 

The problem of small oscillations was treated in a more general manner 

by Poincar6§. It appears from Art. 207 that the equations of small motion 

relative to rotating axes may be written 

du „ d^r dw ^ 

= - + 2a>u— W 

where ■\fr = — + 0, — (a;® + (^) 

P 

if fi denote the gravitation potential of the liquid mass. From these, and 
from the equation of continuity 

du , dv dw „ 
dec dy oz 

we deduce ^ + 4ct)^ = 0 (^) 

If we assume that v, w vary as we find 

...(5) 

^ a^-4iO>^ ’ (r--4ico^ a- dz 

* “Beitrag zu den Untersnolmngen fiber die Bewegung eines flussigen gleiobaitigen EUip- 
soides,” 6m. Abh. ix. 3 (1860) [Werhe, p. 192]. See also Basset, Hydrodynamics, Art. 367, 
Eiemann also shews that Jacobi’s eUipsoids are stable (in the above restrioted sense) for ellipsoidal 

disturbances. ^ ,9 -dt, -r 

t “On tlie Oscillations of a Eotating Liquid Spheroid, and the Genesis of the Moon, Frai. 
Mag. (5), xxvii. 254 (1889). The symmetrical type is easily treated by means of the equation (33) 
of Art. 382, below. 

“On the Motion of a Liquid Elliptic Cylinder under its own Attraction, Quart. Journ. 
Math, xxiii. 153 (1888), 

§ lx. ante p. 660. 
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and therefore from (8), or immediately from (4), 
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da^ df \ 

( 6 ) 

If we write 

1 - = T®, Z=TZ', 

CT" 

( 7 ) 

this takes the form 

dy^ dz‘^ 

(8) 

If the equation of the undisturbed ellipsoid be 



30- 'if - 

’ 

( 9 ) 


the appropriate solutions of (8) are those which involve the ellipsoidal 
harmonics corresponding to the surface 


aP‘ 




.( 10 ) 


which is obtained from (9) by homogeneous strain*. 

At the surface (9) we must have p = const., and therefore 

^ = ( 11 ) 

The potential fl of the disturbed form depends on the normal displacement 
(^) at the surface ; this is connected with by a relation of the form 


lu-hmv -hnw=^^ = io-^y 


.( 12 ) 


where the surface values of u, v, w are to be taken from (5). 

The procedure is then as follows. Assuming that f is an ellipsoidal 
surface-harmonic relative to (9), the surface- value of fi is calculated, and 
substituted in (11). The resulting surface-value of 'xjr is then expressed in 
terms of harmonics relative to the auxiliary surface (10) ; the corresponding 
expression of in the interior can then he written down in ellipsoidal solid 
harmonics. The condition (12) then gives an equation to determine a; it 
appears that this equation is always algebraic. 

In the case of Maclaurin’s ellipsoid the process is somewhat simplified, 
the harmonics involved being of the types studied in Arts. 104, 107. This 
problem has been fully worked out by Bryan f, who has in particular com- 
pleted Biemanns investigation by shewing that the equilibrium is 'ordinarily' 
stable for all types of disturbance so long as the eccentricity of the meridian 
is less than *9529. 

* It appears that for some types of free oscillation r is imaginary, and the surface (9) con- 
sequently a hyperboloid. 

f The Waves on a Botating Liquid Spheroid of Finite Ellipticity,” JPhiL Trans. A clxxx. 
187 (1888). 
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Dirichlefs Ellipsoids, 

382. The motion of a liquid mass under its own gravitation, with a 
varying ellipsoidal surface, was first studied by Dirichlet^. Adopting the 
Lagrangian method of Art. 13, he proposed as the subject of investigation 
the whole class of motions in which the displacements are linear functions of 
the co-ordinates. This was carried further, on the same lines, by Dedekind f 
and Riemann]. More recently, it has been shewn by Greenhill§ and others 
that some branches of the problem can be treated very successfully by the 
Eulerian method. 


We will take first the case where the ellipsoid does not change the 
directions of its axes, and the internal motion is irrotational. This is in- 
teresting as an example of finite oscillation of a liquid mass about the spherical 
form. 


The expression for the velocity-potential has been given in Art. 110; viz. 
we have 

h 


\a 0 ^ G . 

with the condition of constant volume 


i (; 


•( 1 ) 


d b 6 ^ 

- + T + - = 0. 

a 0 c 


.( 2 ) 


The pressure is then given by 

+ (3) 


by Art. 20(4); and substituting the value of fl from Art. 373 we find 

- = — i (- + ^‘1/^ + - z^') — Trp {aoX^ + + F(t) (4) 

p " \a 0 c / 

The conditions that the pressure may be uniform over the external 
surface 


+ + 


( 5 ) 


are therefore 


~ -f 27rpa}j 27rp/3o) ~ + 27rp7o j c\ 


.( 6 ) 


* “ Untersuchungen iiber ein Problem der Hydrodynamik,’^ Gott, Adh, viii. 3 (1860); Crelle, 
Iviii. 181 [Werke, ii. 263]. The paper was posthumous, and was edited and amplified by 
Dedekind. 

t Grelle, Iviii. 217 (1861). 

X l-c. ante p. 667. 

§ “On the notation of a Liquid Ellipsoid about its Mean Axis,” Proc, Ganib, Phil, Soc, iii. 
233 (1879); “On the general Motion of a liquid Ellipsoid under the Gravitation of its own 
parts,” Proc. Ganib. Phil. Soc, iv. 4 (1880). 
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These equations, -with (2), determine the variations of a, h, c. If we multiply 
the three terms of (2) by the three equal magnitudes in (6), we obtain 

aa + hh + cc + 2'7rp {a^aa + + 7oCc) = 0 .(7) 

If we substitute the values of «o, 7o from Art. 373, this has the integral 

dX 

^ — = const (8) 

It has already been proved (Art. 873) that the potential energy is 


d\ 

V = const. — j ^ , (9) 

and it easily follows from (1) that the kinetic energy is 

T = -^TTpabc (d^ + b^ + c^) (10) 

Hence (8) is recognized as the equation of energy 

T+ F= const. (11) 


When the ellipsoid is of revolution (a = b), the equation (8), with a^c = R\ 
is sufficient to determine the motion. We find 

(|l + c' + F= const (12) 


The character of the motion depends on the total energy. If this be less 
than the potential energy in the state of infinite diffusion, the ellipsoid will 
oscillate regularly between the prolate and oblate forms, with a period 
depending on the amplitude ; whilst if the energy exceed this limit it will 
not oscillate, but will tend to one or other of two extreme forms, viz. an 
infinite line of matter coinciding with the axis of -s', or an infinite film 
coincident with the* plane of^cy’*. 


If, in the case of an ellipsoid of revolution, we superpose on the irrotational motion 
given by (1) a uniform .rotation w about the axis of 0 , the component velocities (parallel 
to fixed axes) are 


a 


a 





,(13) 


The Eulerian equations (Art. 6 (2)) then reduce to 

a , o 1 0^ \ 

- a? — COV — 2 — (ay — (irX = ^ — 7=r- 3 

a ^ a ^ pdxdx 

^ . . , o ^ 9 1 0JO 0Q 

a ^ p Qy cy 

c 1 dp 0S1 

c p dz dz’ 

The fii’st two equations give, by cross-differentiation, 


^ 4 - 2 -= 0 , 
<B a ’ 


.(14) 


.(15) 


(16) 

* Hiriolilet, l.e. Wien the amplitude of osoUlation is small, the period must ooinoide with 
that obtained by putting n=2 in the formula (10) of Art. 262. This has been verifted by Hicks 

Proc. Camh. Phil, Soe, iv. B09 (1883). 
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which is simply the expression of von Helmholtz’ theorem that the ‘strength’ of a vortex 
is constant (Art. 146). In virtue of (15), the equations (14) have the integral 

^ = - i (‘S* + y') - i a* - a + const (17) ' 


Introducing the value of Q> from Art. 373 (4), we find that the pressure will be constant 
over the surface 





.(18) 


provided (^+i7rpaii-<o^ a2=0+2n-pyo) (19) 

In virtue of the relation (15), and of the condition of constancy of volume 

( 20 ) 

this may be put in the form 

2d«+CC + 2 {co'^ad + (aaa^) + 4rrpaoad’\-27rpyQCC=^Oy (21) 

/*«> 

whence 2d^+c^+2<ji^a^-‘4:iTpa^c I r=const (22) 

Jo (a2 4-X)(cHX)4 

This, again, may be identified as the equation of energy. 

In terms of c as dependent variable, (22) may be written 

+ g) 0 ^+^^ c} + F=const (23) 

If the initial circumstances be favourable, the surface will oscillate regularly between 
two extreme forms. Since, for a prolate ellipsoid, V increases with c, it is evident that, 
whatever the initial conditions, there is a limit to the elongation in the direction of 
the axis ’which the rotating ellipsoid can attain. On the other hand, we may have an 
indefinite spreading out in the equatorial plane 

If we write 

K=^Trpo>o^ao^c, -....(24) 

the condition of relative equilibrium, as obtained from (23), is 

^{r+K)=0, (25) 

in accordance with Art. 378 (2). The small oscillations (of symmetrical type) about' 
equilibrium may be investigated by writing c^oq+c', where cq is the solution of (25), 
and treating c' as small. 


383. The study of the motion of a fluid mass bounded by a varying 
ellipsoidal surface was carried further by Riemann in the paper already 
quoted. The problem has since become the subject of an extensive literature, 
some references to which are given below f. The case where the ellipsoidal 

* Dirichlet, Le. 

t Brioschi, ^‘D4veloppements relatifs au §3 des Becherches de Dirichlet sur un, probUme 
d’Hydrodynamique,” Crelle, lix. 63 (1861) ; Lipschitz, “Beduction der Bewegung eines fiussigen 
homogenen Ellipsoids auf das Variations-problem eines einfachen Integrals, Crelle^ Ixxvih, 
245 (1874); Greenhill, l.e. ante p. 669; Basset, “On the Motion of a Liquid Ellipsoid under the 
Influence of its own Attraction,” Proc.' Land. Math. 8oc. xvii. 255 (1886) [Hydrodynamics, 
c. XV.]; Tedone, Ilmoto di %m ellissoide Jiuido secondo Vipotesi di Dirichlet, Pisa, 1894; Stekloff, 
“Probl^me du mouvement d’une masse fluide incompressible de la forme ellipsoidale...,” itwi. 
de Vdcole iiormale (3), xxvi. (1909); Hargreaves, Camh. Trans, xxii. 61 (19L4). 
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boundary is invariable in form, but rotates about a principal axis (Oa), can be 
treated very simply*. 

If K, V, w denote the apparmt velocities relative to axes y rotating in their own 
plane with constant angular velocity m, the equations of motion are, by Art. i07 1, 

Dn 


m 


- ScD-y — oo' 


0 _ 1 ^ 
s S’ 


,.(i) 


, 1 Sp da 

Z)w __ 1 

15? p dz dz ‘ ) 

If tlie fluid have a uniform vorticity C whose axis is parallel to z, the actual velocities pai-allel 
to the instantaneous positions of the axes will be 

-- <oy == (<» - if ) y 


■V + («<> - if ) 

w = 0 , 

since the conditions are evidently satisfied by the -superposition of the irrotational motion, 
which would be produced by the revolution of a rigid ellipsoidal envelope with angular 
velocity a> ~if on the uniform rotation if (cf. Art. 110). Hence 

252 


,.{ 2 ) 




'^=0 (3) 


Substituting in (1), and integrating, we find 


p ■(«2 + 52)2 
Hence the conditions for a free surface are 


a^+b^ 


- G) ((i>-if)-0 + const. ...(4) 


f 2^252 , 1 MO , I 9 / IM \ 

WTW ~ J “ 


^ — TTpyoC^ 

This includes a number of interesting cases. 

1“. If we put oj==if, we get the conditions of Jacobi’s ellipsoid (Art. 374 (5)), 

T. If we put <i)=0, so that the external boundary is stationary in space, we get 


,.(5) 


{ 


a^b^ 




” ¥W+¥i- 


/-si ^2: 

,2)2 ^ [ 


= TTpyoh^. 


These conditions are equivalent to 

(ao - M +yo^5^ = 0, 

, (0^2+62)2 a2ao-68^„ 

and 


^TTp 






.(6) 

,.(7) 

..( 8 ) 


It is evident, on comparison with Art. 375, that c must be the least axis of the ellipsoid 
and that the value (8) of Ci^Trp is positive. 

* G-reenhill, “On the Botation of a Liquid Ellipsoid about its Mean Axis,” Proc. Oamb. Phil. 
Soc. iii. 233 (1879). 

t We might also employ the equations of Art, 12, regard being had to the diflerent meaning 
of the symbols 2 ^, v, w. 
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The paths of the particles are determined by 



whence cos ((r^+€), sin (<r2f+6), s=0, (10) 



and € are arbitrary constants. 

These results are due to Dedekind^. It is remarked by Love that as regards the 
external form the series of Dedekind’s and of Jacobi’s ellipsoids are identical. 

3°. Let f==0, so that the motion is irrotational. The conditions (5) reduce to 
f (a2~S2)(^2 + 352) ^2^ ( (Z,2_^2) (3^2^52) ,2^ ^ 

r — r — ^ 

These may be replaced by 

{ao (3a^ + b^)+^^{3l^+a^)}a^b^-y^ {a* + 6a^b^ + ¥) c2=0, (13) 

arid <B^ {a^+by aoa^-go6^ 

a^+6a^b^+¥‘ a^-b^ ! ^ ^ 

The equation (13) determines c in terms of a, b. Let us suppose that a>b. Then 
the left-hand side is easily seen to be negative for c=a, and positive for c=6. Hence 
there is some real value of <?, between a and for which the condition is satisfied; and 
the value of co given by (14) is then real, for the same reason as in Art. 375. 

4°. In the case of an elliptic cylinder rotating about its axis the conditions (5) reduce, 
by Art. 373 (19), to 

“ (a 2 + 62)2 “ (£ 1 + 6)2 

If we put £0= we get the case of Art. 375 (8). 

If <i)=0, so that the external boundary is stationary, we have 

ah {a-vbf 

If f==0, i.e. the motion is irrotational, we have 

" ~^’"'’(®+6)2(ct^+6a262+64) 


384. The oscillations of a rotating ellipsoidal mass of liquid contained in 
a rigid envelope have been discussed by several writers|. We follow at first 
(with some amplifications) the very elegant treatment adopted by Poincar6. 

It is assumed that the mass-centre and the principal axes of inertia of the envelope 
coincide with those of the fluid, and that the vorticity of the fluid is uniform. 

* l.c. ante p. 669. See also Love, “On Dedekind’s Theorem, ...” Phih Mag. (5), sxv. 40 
(1888). 

t Greenhill, Proc. Camh. Phil. Soc. iii. 233 (1879). 

X Greenhill, l.c. ante p. 11; Hough, “The Oscillations of a Eotating Ellipsoidal Shell con- 
taining Fluid,” Phil. Trans. A, clxxxvi. 469 (1895); Poincar4, “Sur la precession des corps 
deformables,” Bull. Astr. 1910; Basset, Quart. J. of Math. xlv. 223 (1914). The application to 
precessional problems seems to have been first made by Kelvin [Papers^ iii. 322, and iv. 129] ; the 
explicit solution is due to Hough and Poincare. 


L. H. 
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Superposing a uniform rotation (p, g, r) on the formulae (13) of Art. 146, where the 
envelope was supposed fixed, we have, with a slight change in the notation, 

a a , \ 


b b 

V—- Tiou- -piZ'^ros - pz, 


The components of vorticity are accordingly 

l=2p+(5+j)pi, ^=2'-+(5 + 5 )’'i 

The kinetic energy of the whole system is given by 

ZT=^Ap^+Bq^+Cr^+AiPiH Biqi^+Oiri^+2Fppi+2Gqqi+^IIrri, (3) 

where A, B, C denote the principal moments of inertia of the whole system, whilst 
x4j, Bi, Oij F, (r, S' refer to the fluid alone; thus 

Ai=^^2(»i22)+p2(m/)=^2(m)(62+c2), etc., etc., (4) 

F=-2(mz^)+r^imp^)=i^(m‘)K etc., etc., (5) 

C 0 

the summations extending over the mass of the fluid. The principal moments of the 
envelope will be 

Ao^A-Ai, ( 6 ) 

The angular momentum of the system about Ox is 


Ao2)+Sm (^w-z'o)=A^p+[pA-j^p^ 2 iny‘^)-¥{pAp^ 2 imz^) 

A r, 

=Ap+A’pi=^ 

The dynamical equations relating to the moving axes are therefore 

^ >1 
dt cp dq ^ dr ’ 

ddT dT ^ dT .. 

-r- ^ p - — \-r y 

di dq ^ or cp 

d dT dT dT 

dt dr ^ dp dq~ \ 

where Z, if, N are the moments of the external forces. 

The equations of Helmholtz (Art. 146 (4)) when adapted to moving axes become 

d% , 

etc., etc., 


whence, on substitution from (1) and (2), 


d^ a ^ a , , 

= etc., etc., 


the symbol of total differentiation (djdt) being used, since hy hypothesis rj, f are 
functions of t only. 

Now from (2) we have 


^2 {m) 6c|=ifp+AiPi=g^^ , 


( 11 ) 
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and the Helmholtz equations accordingly take the forms 

d dT oT ^ 9^ n\ 

dt opi ^ cr I oqi 

d dT oT ^ dT . 

dt dqi ^ 6pi ^ ^ 

d dT dT dT 

dt dr I dqi dp^ ’ ^ 

If we substitute from (3) in (8) and (12) we obtain the following two systems of 
equations 

~^iAp+Fpi)-r {Bq + 6qi)+q (Cr +Eri) = L , ' 

^(Bq + Oqj)—p{Gr+HrT)+r{Ap+Fpi)=M, y (13) 

^ {Gr +Eri)-q {Ap ■^rFpl)+p iBq->rOqi)= N, 


-^l^iFp + AiPi)+ri {Gq+Biqi)-qi {HrA-G-^r-s) =0, 

j^{Gq +£i2i) +i»i {Hr+G^r^) -ry {Fp + AypG^^O, I (14:) 

j^iHrJrCin) +qi (i^+4i?>i)-Pi(<??+5igi)=o.J 

In the case of symmetry about the axis of s, to which we now confine ourselves*, 
we have 

a = &, A=^B, Ai^Bu Ci=R, F^G (15) 

Hence if (as we shall suppose) the external forces have zero moment about the axis of 
symmetry, we have 





It follows that drldt=^0, as is otherwise dynamically obvious. Hence 

r= const., = 0 ), say, (IB) 


Oi-~‘^F{pqi-piq)-=0. 


In the case of a slight disturbance from a state of steady motion in which the fluid and 
solid rotate together as one mass about the axis of symmetry, p, q, pi, qi will (initially at 
all events) be small quantities. If we neglect their products, ri will be constant, by (19), 
and may be taken to be small, since it may be assumed to vanish in the s beady motion. 
With these simplifications the remaining equations of the systems (13) and (14) reduce to 

A^ + F^ + iG-A)«,q-Fa.qi^L, 

I (20) 

A‘^^+F'^^-iG-A)<op+Fo>py=M, 


* The free oscillations of an ellipsoid with three unequal axes are discussed by Hough (Lc.), 
the ellipticities being assumed to be small. 
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(21) 


As a typical representation of astronomical disturbing forces we may put 


Z=>c cos o-jf, M-k sin crt (22) 

Hence, writing ^ -1- = xtr, i 

we have A)<o'UT-\-iFa>Wi^Ke‘^<^j (24) 




Hence, for the forced oscillation, 


ZVi = 


Ai(r+Ci <ii 
A (a-) 
Fa- . , 


ZKe^^ 


iicrt 


where 


A(o-)== 


Acr~{C - A) ft), 

Fcr^ 


i^((r-fft)) 

Aicr+-(7io) 


,(26) 

.(27) 

.(28) 


The free oscillations are determined by 

A((r)=0 (29) 

We have chiefly in view the case where the ellipticity of the cavity is slight. If the 
cavity were exactly spherical we should have, by (4) and (5), 

Ai—Ci=^F^ (30) 

and therefore A (£r) = 6'i (cr+co) {Aoo^-(^o““^o) (31) 

Hence for the free oscillations (relative to the rotating axes) we should have 

(r=~o)j and CO (32) 

Aq 


The former root would makep=0, g— 0, by (25), and corresponds to a slight permanent 
shift (in space) of the axis of vorticity of the fluid. The second root corresponds to the 
free ‘Eulerian nutation^ of the shell, now unaffected by the presence of the fluid. The 
forced oscillations of the shell would also he independent of the fluid. 


In the general case the formula (28) may be put in the form 
A (cr) = Ai (cr+ft)) (A 0 cr— ((7--A)ft)} 

+(Ai^ -^2) cr2+{(<7, - Aj) AoA-OiA^ - F^} cocr - {Cl - Ai) ((7- A) to- 

^ Ai 


We write 


,(33) 

(34) 


This is assumed to be a small quantity, in which case it coincides with the ellipticity of the 
cavity according to the usual definition. We have also, from (4) and (5), 


CiAi 


(35) 


As a first approximation to the free oscillations we have from (33) 


, C-A 

Gr=— ft), and or= — - — ft)j 
Aq 


.(36) 


the latter root indicating that the period of the free Eulerian nutation is shorter than i 
the whole mass had been solid, in the ratio AJA, as we should expect. The approximatioi 
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may be continued, but does not present much interest. The effect of a small ellipticity 
is in any case slight. 

The case is different with the forced oscillations, especially those of long period. If the 
distribution of the disturbing forces were invariable in space, it would have relatively 
to the moving axes an angular velocity - ©. Putting 0 *= - cd in (26) and (28), we find 

p -j- ^ (SI) 

This may be compared with the formula for the slow precession of a top, which may be 
regarded as a special case. The result is exactly the same as if the mass had been solid 
throughout. This conclusion, it is to be noticed, is independent of the smallness of e. 

If, however, the distribution of disturbing forces varies slowly in space, the time-factor 
being 6^”*, we must write or= — oj+n, whence 

p+iq=- iKc" ^ (38) 

The denominator may be written 
A ( — 6) 4" 7i) = ( j4 q 1 + jd *«- /^^) 7 }^ 

- {<7o^, - ((7i - ^i) + {7i 710) - (7 ((71 - ^ 1 ) 0)2 (39) 

It appears, then, on reference to (34) and (35), that if the ratio njoc be not only small, but 
small compared with e, the formula (38) reduces to 



approximately, the same, again, as if the fluid had been solidified. The assumed condition 
is that the ratio of the (absolute) period of the disturbing force to the period ^itI(o 
of the rotation should be large compared with 1/e. 

It follows that a very slight degree of ellipticity of the cavity would suffice to make the 
forced oscillations of long period practically the same as if the whole mass were rigid. If 
the earth consisted of a rigid crust surrounding a liquid mass having an ellipticity of the 
same order (j^J^) as that of the external surface, the condition would of course be 
abundantly fulMled in the case of the iuni-solar precession, whose period is 26,000 years. 
On the other hand, the lunar nineteen-y early nutation would be appreciably, and the 
solar and lunar nutations of semi-annual and fortnightly periods (respectively) would be 
seriously, modified by the internal fluidity*. 

It should be added that the results (36) as to the free oscillations are based on the 
assumption that the mass of the envelope is comparable with that of the fluid. In the 


extreme case where the mass of the shell is negligible we have 

A (o-)=(A^--i^2) ^ li) 0)2 (41) 

The equation to determine the free periods is therefore 

(^2-^2) cr ((r + «)~2a2o)2=o (42) 


It appears that the periods are real if c<a, or >3a, but imaginary if a<c<3a 
This is in accordance with Kelvin’s observation t that a liquid gyrostat whose envelope is 
a slightly prolate ellipsoid of revolution is unstable, whilst the oblate form is stable. 

385. The precession of a liquid ellipsoid with a free surface has also been 
discussed by Poincar6, who has verified a prevision of Kelvin that if the period 
of the disturbing forces is sufficiently long the precession will be practically 

* These propositions were enunciated by Kelvin in 1876 [Papers, iii. 322]. The mathematica 
investigation on which they were based was not published. 

t Papers, iv. 129, 183. The more precise criterion of stability was given by Greenhill; see 
also Hough, l.c. 
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the same as if the mass were solid. The question is more difficult than the 
former one in that the disturbing forces give rise also bo tidal oscillations, so 
that it is necessary to disentangle the precession from the deformation involved 
in the latter. 

Poincare has recourse to the Lagrangian method of Dirichlet, referred to 
in Art. 382 ; but there is some advantage, as well as interest, in pursuing 
(with the proper modifications) the method of the Receding Art. The pro- 
cedure is in any case somewhat indirect. We imagine in the first instance 
that the boundary of the fluid is constrained (if necessary) by suitable pressures 
to remain ellipsoidal, although its dimensions may vary. In the end it appears 
that the constraining forces are unnecessary (cf. Art. 382). 

The equations (1) are now replaced by 

a CL . , ^ \ 

h h ^ I 

V 


in accordance witli Art. 110 (5), the variations of the axes being connected by the condition 
of incompressibility 

^ + (44) 

a 0 c 

The formula (3) for the kinetic energy is therefore modified by the addition of a term 

(m) + (45) 

The suffixes in the symbols Aj, <7i, defined as in (4), may now be omitted, since 
Aqj ^o~^- 

The components of angular momentum are expressed as in (7), and the dynamical 
equations (13) will accordingly still hold, provided it be remembered that the coefficients 
A, jB, (7, F, H are no longer constants, since they involve the variables ct, c. The 
symbols M, N must of course include the moments (if any) of the constraining pressures 
on the surface. 

The components of vorticity being still given by (2), the formula (11) is unaltered ; but 
in place of (10) we have 

etc., etc (46) 

Hence, having regard to (44), 

j^{hoi)=ahqiC-carir}, etc., etc (47) 

The Helmholtz equations accordingly retain the form (12), but the coefficients in the form 
(14) are of course variable. 

The component accelerations at any point of the fluid may be derived from the formulae 
of Art. 12 ; for example, the acceleration parallel to x is 

du , du Dx ^ du By , du Bz 

+ + ( 48 ) 
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where 


Do) 

~Dt 








,(49) 


Dz c c c 

The accelerations are therefore linear functions of ?/, with coefficients which are functions 
of t. The conditions of integrability of the hydrodynamical equations shew at once that 
these functions must reduce to the forms 


ax-^hy^^gz, hx+^y+fz, goo^fy^yz (50) 

This may be verified, with a little trouble, by means of the Helmholtz equations (14), 
which are in fact the conditions of integrability referred to. The hydrodynamical equa- 
tions are accordingly of the forms 

1 0P , - 0G 0O' , 

= (51) 

1 3P ' da da’ 

~ p +■>'* 37 > ,1 

where P is the pressure, is the potential of the ellipsoidal mass itself, and Si' is that of 
disturbing bodies at a distance. 


In the notation of Art. 373 we have 


Sl~7rp “Xo) 

The disturbing .potential Si' can be expanded, for points in the neighbourhood of the 
origin, in a series of solid spherical harmonics of positive degree. The terms of the first order 
are without influence on the motion relative to the centre of mass, whilst terms of higher 
order than the second are usually negligible. We write, therefore, 

{A'x^ -f By’^ -h C'z"^ -h ^F'yz -f 2 G'zx 4- ^H'xy\ (53) 

the coefficients, which are known functions of the time, being subject to the relation 
A' + jB' + (7'=0, in virtue of the equation V2i2'=0. 


The equations (51) are therefore satisfied by 


provided 



yl^t\ 

¥ cy’ 


a+2Trpao+A'=-^, fi+2irp^o+S'=-^, y+2rrpyn+C' , 


(54) 

(55) 


and f+F’=0, g+Gf'^O, h+S'=0 (56) 

In the equations (14), (44), (55), (56) we have a system of ten equations connecting the 
ten depexident variables a, 5, c, p, r, rj, X with the time. 

It is to be noticed that the equations (66) are precisely the equations which would 
be derived from (51) and (53) by expressing that the rates of increase of the angular 
morfitfenta with respect to fixed axes coincident with the instantaneous positions of the 
axe^ of the ellipsoid are equal to the respective moments of the external forces. They are 
in fact equivalent to the system (13), where Z, M, N may now be taken to refer to the 
disturbing forces alone, since the pressure-distribution given by (54) has zero moments 
about the axes. The direct identification of (56) with (13) is also not difficult. 
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Althougla it is not essential to our purpose, we may substitute the values of a, y 
obtained from (48) in (55). Eliminating X, we get 

aa—o^ if^ +$'i^+ri2) - '^caqqi —^abrri -h 27rpa^ Oq + 

=zhb~b^ ( 7-2 ^p2 ^^.^2 _ 2abrri — 2bcppi + + B'b"^ 

~cc —c^ (p^ -^q^+pj^^+qi^)-~2bcppi — 2caqqi +2irpc^yQ +C'c^ (57) 

These, together with (13), (14), and (44), may be taken to be our fundamental system of 
equations. 

So far there is no approximation, and the equations would be applicable, for instance, 
to the finite oscillations of a Jacobian ellipsoid under a disturbing potential of the tyj)e 
(53). In the case, however, of a slight disturbance from a state of steady rotation about 
the axis of z, the quantities p, q, will be small, whilst r will be approximately 

constant. It follows that, if we neglect small quantities of the second order in the first 
two of equations (13) and the first two of (14), the coefficients maybe treated as constants. 
The changes in the instantaneous axis are therefore independent of the tidal deformation, 
and are the same as if the fluid had been enclosed by a rigid envelope of negligible mass. 

The tidal oscillations of the free surface, on the other hand, are determined by the 
equations (57), together with (44) and the third equations of the systems (13) and (14), 
respectively. These latter, it may be noted, take the forms 

I (Or+Er^^N, Cr,)=0 (58) 

When the undisturbed ellipsoid is one of revolution about the axis of z, the precessional 
equations reduce as before to the forms (20) and (21). Moreover, in the astronomical 
application, that part of the disturbing potential which is effective as regards precession 


consists of terms of the form 

Q' = — sin ^ cos ^ cos (<r^ + 0), (59) 

where cr is very nearly equal to © ; ef. Art. 219 (1) and p. 337. In Cartesian co-ordinates 
we have 

Q' = X-2 (y sin crt — iv cos crt) (60) 

This makes 

Z= A) sin crty M= — I' (O — A) cos crt, W=0 (61) 

Thus —ik{G— A) (62) 


The argument, leading to the conclusion that the precession is, under a certain condition, 
the same as if the mass had been solid, then takes the same course as in the preceding 
Art. 

When the disturbing function has the form (59), the oscillations in the semi-axes 
a and c correspond to diurnal tides in the case of the earth. 



LIST OF AUTHORS CITED 


The numbers refer to the pages 


Alalborn, F., 642 

Airy, Sir G. B., 240, 241, 243, 247, 252, 254, 
258, 262, 320, 321, 323, 333, 346, 458, 535, 
536, 596 
Aitken, J., 597 
d’Alembert, J. le E., 652 
Allen, H. S., 567, 573 
Ampere, A. M., 194 
Arnold, H. D., 567, 573 

Baird and Darwin, 333 
Bairstow, L,, 582, 583 
Barnes, E. W., 525 
Barnes and Coker, 628 

Basset, A. B., 125, 147, 170, 214, 220, 569, 587, 
593, 609, 658, 664, 671, 673 
Beltrami, E., 81, 84, 138 
Bernoulli, D., 19, 21, 338 
Berry, A., 573 
Besant, W., 114 
Bessel, F. W,, 127 
Bjerknes, C. A., 125, 138, 147, 175 
Bjerknes, V., 125 
Blasius, H., 78, 629, 645 
Bobyleff, D., 96, 549 
Bohr, N,, 430 
Boltzmann, L., 100, 183 
Borchhardt, C. W., 562, 563 
Borda, J. C., 23 
Boussinesq, J., 399, 401, 556 
Boys, C. V., 645 
Brioschi, F., 671 

Bromwich, T. J. I’a., 275, 335, 427 
Bryan, G. H., 110, 169, 668 
Bryan and Jones, 96 
Burgess, B. W., 577 
Burkhardt, H,, 59 
Burnside, W., 357, 370, 396 
Byerly, W. E., 102, 106 

Carleman, T., 649 

Carslaw, H. S., 228, 513, 560 

Cauchy, A., 15, 16, 30, 187, 361, 407 

Cayley, A., 219, 220, 223, 659 

Chapman, S., 531 

Chree, C., 482 

Christoff el, E. B., 77, 87, 497 

Chrystal, G., 258 

Cisotti, U., 82, 98, 387 

Clebsch, A., 102, 145, 158, 229, 487, 600 

Coker and Clement, 628 

Colladon and Sturm, 452 

Couette, M., 557, 630 


Coulomb, C. A., 588 
Craig, T., 158 
Cunningham, E., 573 

Dale, J. B., 106, 127 
Darcy, H., 630 

Darwin, Sir G. H., 137, 232, 262, 313, 319, 320, 
321, 338, 339, 606, 655, 659, 660, 665, 
666 

Dawson, H. G., 371 
Dedekind, B., 669, 673 
De Morgan, A., 276, 380, 458 
Dinnick, A., 479 

Dirichlet, P. L., 115, 291, 379, 572, 669, 670, 
671 

Doodson, A. T., 339 

Dyson, Sir F. W., 147, 228, 658, 659 

Earnshaw, S., 260, 458 
Edwardes, D., 573 
Eiffel, G., 642 

Ekman, V. W., 349, 392, 412, 415, 561, 628 
Encke, J. F., 558 
Euler, L., 2, 5, 481 

Fawcett, Miss, 166 
Fax4n, H., 567 
Ferrel, W., 323 

Ferrers, K M., 102, 110, 130, 131, 137, 487 
Foppl, ii., 206 

Forsyth, A. B., 64, 65, 87, 105, 111, 127, 131, 
229, 273, 276, 549, 637 
Fourier, J. B., 481 
Franklin, B., 349 
Frost, P., 38 
Froude, B. E., 410, 414 
Froude, W., 20, 23, 357, 413, 414, 643 

Gauss, C. F., 37, 96, 105 
Gerstner, F. J. v., 396 
Glaisher, J. W. L., 106, 380, 479 
Goldsbrough, G. B., 331 
Gouy, L. G., 358 
Grace, S. F., 217 
Graham, T., 25 
Gray, A., 224 
Gray and Mathews, 275 
Green, G. [1793-1841], 41, 44, 58, 116, 144, 254, 
345, 346 

Green, G., 359, 415 

Greenhill, A. G., 11, 76, 77, 85. 86, 97, 159, 
160, 161, 164, 207, 350, 355, 417, 424, 555, 
669, 671, 672, 673, 677 



682 


List of Authors Cited 


Grindley and Gitson, 545 
Grdbli, 207, 224 
Guthrie, F., 175 
Gwyther, E. F., 402 

Hadamard, J., 334, 461, 567 
Hadley, G., 287 
Hagen, 627 

Hamilton, Sir W. E., 170, 176, 289 
Hankel, H., 33, 273, 275 
Hanlon, G. 0., 23 
Hansen, P. A., 127 
Hargreaves, E-, 671 
Harris, E. A., 71 
Harrison, W. J., 553, 591, 631 
Hartshorn, L., 25 

Havelock, T. H,, 358, 375, 393, 396, 412, 415, 
587, 609 

Hayward, E. B. , 150 
Heaviside, 0., 193, 279 
Heine, E., 102, 106, 107, 126, 128, 129, 130, 
478, 486, 487, 504 

Helmholtz, H. v., 20, 52, 71, 86 , 88, 100, 171, 
178, 183, 191, 193, 196, 228, 262, 332, 352, 
403, 404, 452, 473, 545, 555, 584, 585, 589, 
604, 616 

Herman, E. A., 125 

Hicks, W. M., 85, 125, 138, 147, 175, 205, 207, 
224, 228, 556, 670 
Hilbert, D., 231 
HiU, M. J. M., 215, 227, 229 
Hobson, E. W., 129, 407, 519 
Hogner, E., 413 
Hopf, A., 413 
Hosking, E., 545 

Hough, S., 324, 326, 328, 330, 331, 531, 589, 
593, 673, 675, 677 
Hugoniot, A., 25, 461 
Hyde, J. H., 545 

Jacobi, 0. G. J., 112, 139, 654 
Jahnke and Emde, 106, 127, 479 
Jeans, J. H., 484, 660, 666 
Jeffery, G. B., 573 
Jeffreys, H., 537, 632, 643 
Jonkowski, N., 76, 78, 647 

Karman, T, v., 208, 212, 642 
Kelland, P., 237, 422 

Kelvin, Lord, 7, 31, 33, 34, 37, 45, 138, 139, 
150, 154, 166, 169, 170, 175, 179, 182, 183, 
187, 189, 193, 205, 212, 224, 228, 232, 296, 
298, 299, 313, 315, 323, 324, 372, 383, 386, 
387, 392, 410, 412, 425, 427, 433, 434, 436, 
443, 519, 531, 596, 630, 636, 642, 673, 677 
Kirchhoff, G., 37, 39, 52, 77, 86, 91, 94, 100, 
101, 148, 154, 155, 161, 165, 183, 188, 212, 
214, 417, 469, 470, 476, 485, 496, 558, 572, 
_ 608, 609, 611, 612 
Kirchhoff and Hansemann, 419 
Klein and Sommerfeld, 335 
Knibbs, G. H., 627 
Koch, S., 545 
Korteweg, D. J., 335, 585 
Korteweg and De Yries, 402 
Kowalewski, Sophie, 658 
Kntta, W. M., 76, 78, 647 

Ladenburg, E,, 566 


Lagrange, J. L., 2, 7, 12, 15, 61, 65, 189, 226, 
235, 238 

Lame, G., 137, 139, 141 
Lanchester, F. W., 644, 646 
Laplace, P. S., 104, 112, 285, 309, 311, 319, 
324. 325. 334, 336, 339, 429, 453, 479, 652, 


Larmor, Sir J., 58, 150, 159, 166, 178, 183, 
225, 474, 476, 508 
Leathern, J. G., 46, 77, 98, 192 


Lees, C. H., 629 
Legendre, A. M., 107 
Levi, H., 98 
Levi-Givita, T., 98, 278 


Lewis, T. C., 225 
Liapounoff, A., 334, 649, 660 
Lichtenstein, L., 649, 660 
Liouviile, J., 468, 654 
Lipschitz, E., 129, 275, 276, 671 
Lodge, A., 106, 300 
Lommel, E., 363, 479 
Lorentz, H. A., 566, 640, 641 
Love, A. E. H., 97, 175, 207, 215, 224, 228, 
328, 335, 356, 357, 427, 476, 496, 497, 600, 
667, 673 


McGowan, J., 240, 261, 402 
Macdonald, H. M., 286, 424 
Maclaurin, 0., 287, 642 
McMahon, J., 267 
Mallock, A., 557, 630, 642 
Margules, M., 530, 531 
Matthiessen, L., 656, 658 
Maxwell, J. 0., 23, 32, 33, 38, 68, 84, 103, 138, 
153, 183, 193, 195, 220, 223, 430, 436, 545, 
547, 588, 611, 614, 638 
Mehler, F. G., 128, 274 
Meissel, E., 127 
Merian, J. E., 416 
Meyer, C. 0., 654 
Meyer, O. E., 609 
Michell, A. G. M., 553 
Michell, J. H., 97, 395, 414 
Minchin, G. M., 220 
Morrow, J., 630 
Morton, W. B., 84 
Murphy, E., 107 


Nagaoka, H., 220 

Nanson, E. J., 188, 189 

Navier, C. L. M. H., 547 

Neumann, C., 63, 125, 126, 147, 179 

Neumann, F., 109 

Newton, Sir I., 452, 557 

Nielsen, N., 126 

Niven, G., 496 

Niven, Sir W. D., 137 

Noether, F., 574 


Oberbeck, A., 563, 572 
Orr, W. McF., 636, 637, 641 
Oseen, C. W., 574, 577, 579 
Ostrogradsky, M. A., 416 

Pedersen, P. 0., 430 
Perry, J., 106 
Pidduck, F. B., 371 
Piotrowski, G. v., 555 
Planck, M., 87 



688 


List of Authors Cited 


Pockels, F., 473 
Pocklington, H. C., 228 

Pomcar4, H., 137, 189, 235, 271, 291,299, 331, 

518, 649, 658, 662, 664, 665, 666, 667, 673, 
677 

Poiseuille, J. L. M., 554 
Poisson, S. D., 16, 126, 269, 275, 354, 361, 371, 
407, 459, 468, 469, 485, 515, 547 
Poole, E. G. C., 327 
Popoff, A., 376 
Prandtl, L., 78, 645, 647 
Proudman, J., 216, 217, 304, 333 

EanMne, W. J. M., 26, 61, 79, 121, 396, 459, 
462, 463, 629 
Easmussen, A., 415 

Eayleigh, Lord [1844-1919], 25, 37, 38, 71, 76, 
91, 94, 95, 108, 114, 127, 128, 129, 231, 234, 
235, 241, 242, 255, 260, 264, 267, 269, 270, 
276, 281, 286, 293, 299, 308, 331, 333, 340, 
352, 356, 358, 360, 362, 371, 376, 393, 396, 
399, 418, 419, 420, 430, 433, 435, 438, 443, 
444, 447, 448, 453, 457, 461, 462, 463, 464, 
466, 469, 473, 480, 481, 482, 485, 486, 488, 
491, 493, 496, 502, 503, 505, 507, 512, 515, 

519, 528, 532, 538, 552, 553, 558, 567, 573, 
581, 584, 585, 587, 596, 609, 614, 615, 629, 
630, 634, 636, 637, 643, 645 

Eelf, E. F., 643 
E4thy, M., 96 
Eeusch, E., 225 

Eeynolds, O., 20, 25, 225, 359, 545, 551, 553, 
597, 627, 631, 638 
Eiecke, E., 205 

Eiemann, B., 52, 258, 457, 667, 669 
Eitz, W., 234 
Eota, G., 415 

Eontla, E. J., 178, 179, 207, 231, 235, 285, 291, 
532, 540 

Bussell, J. Scott, 357, 443, 446, 596 
Bybczynski, W., 567 

de Saint-Venant, B. , 547 

de Saint-Venant and Wantzel, 24 

Sampson, E. A., 118, 573 

Scblomilch, O., 380 

Schwarz, H. A., 77, 87 

Schwarz schild, K., 660 

Schwerd, 481 

Sen, D. K., 579 

Sewell, G. J. T., 621, 623 

Sharpe, F. E. , 641 

Shaw, H. J. S. Hele, 82, 550 

Simpson, T., 652 

Smoluchowski, M., 90, 567, 573 

Sommerfeld, A., 59, 473, 513, 553, -637 

Stanton, T* E., 553, 629, 630, 643 

Stanton and Pannell, 629, 642, 646 


Steam, H. T., 610 
Stefan, J., 119 
Stekloff, W., 671 

Stokes, Sir G. G., 15, 24, 29, 33, 85, 115, 116, 
117, 118, 121, 188, 189, 191, 194, 226, 227, 
240, 265, 275, 276, 350, 358, 372, 393, 394, 
396, 399, 401, 402, 403, 421, 422, 453, 459, 
460, 466, 480, 482, 483, 504, 546, 547, 549, 
551, 557, 558, 566, 567, 581, 582, 586, 587, 

■ 590, 596, 609, 611, 612, 614, 628, 637 
Stuart, T., 230 
Swain, Miss L., 573 
Sylvester, J. J., 104, 660 

Tait, P. G., 594 
Tarleton, E. A., 206 

Taylor, G. I., 216, 217, 218, 257, 299, 537, 558, 
631, 632, 643 
Tedone, 0., 189, 671 
Terazawa, K., 371, 409, 558 
Thomson, J., 23 

Thomson, Sir J. J., 77, 199, 201, 202, 207, 228, 
673 

Thomson, Sir W., see Kelvin 
Thomson and Tait, 33, 44, 45, 85, 102, 104, 105, 
111, 126, 148, 153, 156, 161, 170, 173, 178, 
183, 221, 231, 287, 288, 291, 332, 336, 338, 
362, 532, 572, 651, 653, 654, 655, 665 
Tisserand, P., 660 
Todhunter, I., 102, 131, 326, 652 
Topler, A., 100 
Torricelli, E., 21 
Turner, H. H., 338 

Unwin, W. C., 629 

Voigt, W., 125, 189 

Wangerin, A., 102, 111, 137 
Watson, G. N., 127, 129, 274, 275, 276, 300, 
479, 504, 582 
Webb, E. E., 350, 448 
Weber, H., 13, 129, 471, 502 
Whetham, W. C. D., 555 
Whittaker, E. T., Ill, 179, 231, 235 
Whittaker and Watson, 102, 109, 110, 111, 127, 
137, 275, 326 
Wien, W., 158 
Wieselsberger, C., 583 
Williams, W. E., 566, 567 
Wilton, J. E., 395 
Wood, A. B., 452 

Yarrow and Marriner, 415 
Young, T., 234, 247, 250 

Zahm, A. F., 643 
Zempl^n, G., 558 



INDEX 


The numbers refer to the pages 


Air-waves, plane, 451, 454; spherical, 464; 
general, 467 ; in two dimensions, 498 
due to a vibrating sphere or cylinder, 482,503 
of finite amplitude, 456, 459 
due to a local disturbance, 477 ; in variable 
medium, 515, 519, 521 
effect of viscosity and heat-conduction on, 
612, 613, 615, 617 

incidence of, on narrow obstacles, or on 
screens with narrow apertures, 487, 491, 
493, 504, 506, 508 

Analysis of the motion of a fluid element, 29 
Annulus, liquid, rotating, 657 

motion of a solid, in frictionless liquid, 169 
Apertures, irrotational flow of a liquid through 
rectilinear, circular, and elliptic, 70, 129, 
135, 142 

transmission of sound-waves through, 492, 
506 

Atmospheric oscillations, 515, 527 
Atmospheric tides, 530 

Basin, tidal oscillations in a circular, 264, 271 
tides in a rotating, 299, 305 
Bernoulli’s theorem, 19, 21 
Bessel’s Functions, 125, 127, 265, 502 
of the ‘ second kind,’ 273, 502 
Bifurcation, forms of, 661 
Bobyleff’s problem, 96 
Borda’s mouthpiece, 22, 88, 90 
Bore, in canal, 260 

Bubble, collapse of a, 114 ; vibrations of a, 450 

Canal, ‘long’ waves in, 235, 240, 244, 246; 
effect of variation of section, 254, 256 
waves of finite amplitude in, 242 
Canal-theory of the tides, 247; effect of friction, 
535 

Capillarity, 430 
Capillary waves, 431, 433 
Cauchy-Poisson wave-problem, 361, 406 
Cavity, expanding, 114 

Circular sheet of water, tidal oscillations in, 
264 ; case of variable depth, 271 ; in- 
fluence of rotation, 299, 305 
Circulation defined, 31 ; constancy of, in 
moving circuit, 34 

Clebsch’s ti*ansformation of thehydrodynamical 
equation, 229 
Coaxal circles, flow in, 67 
Collapse of a bubble, 114 
Communication of vibrations to a gas, 483, 
503, 

Complex variable, 63 


Conduction of heat, effect on sound-waves, 613 
Confocal conics, flow in, 70 
Conformal representation, see Orthomorphic 
projection 

Continuity, equation of (Eulerian), 5 ; La- 
grangian, 13 ; in cylindrical co-ordi- 
nates, 125 ; in spherical co-ordinates, 
104 ; in general orthogonal co-ordinates, 
139 ; in ellipsoidal co-ordinates, 141 
Convective equilibrium, vibrations of atmo- 
sphere in, 522, 524, 528 
Critical velocity in turbulent motion, 627, 628 
Currents, action of wind on, 560, 561 
Curved stratum of liquid, irrotational flow in, 
100 

Curvilinear co-ordinates, 79, 130 
Cyclic constants, 50 

Cyclic motion in multiply- connected spaces, 48 
Cylinder (circular), moving in frictionless 
liquid, without and with circulation 
round it, 72, 75 ; in viscous fluid, 581 
(elliptic), moving in frictionless liquid, 
translation and rotation, 80, 83 
steady motion of a, with circulation, 76, 
646 

Cylindrical co-ordinates, 111 

harmonics, 125, 127; expansions in terms 
of, 126 

Dedekind’s ellipsoid, 673 
Determinateness, conditions of, 39, 40, 190 
Diffraction of sound-waves, 487, 504, 512 
Diffusion of vorticity, 548, 559 
Dirichlet’s ellipsoids, 669 
Discontinuities at wave-fronts, 497 
Discontinuous motions, 97 ; instability of, 352, 
642 

Disk (circular), moving in frietionless liquid, 
130, 135; steady motion of, in viscous 
liquid, 573 

(elliptic), in frictionless liquid, 144 
Dissipation of energy by viscosity, 548; a 
minimum in slow steady motion, 584 
Dissipation-Function, 538, 549 
Dissipative systems, vibrations of, 532, 638 
Distortion of a fluid element, 30 
Divergence of a vector- field, 5, 43 
Diverging waves, on water, 276, 278, 405 ; in 
air, 464, 482 

Eddy viscosity, 631 

Edge- waves, 422, 424 

Effiux of liquids, 21 ; of gases, 23 

Elasticity of gases, 451, 453 
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Electromagnetic analogies, 183, 193 
Electromagnetic rotation of a liquid, 27 
Ellipsoid, Maclaurin’s, 651 ; Jacobi’s, 654 ; 

Dirichlet’s, 669 ; Dedekind’s, 673 
Ellipsoid moving in frictionless liquid, 132, 133, 
135, 137, 143 ; in a viscous liquid, 571 
Ellipsoidal co-ordinates, 130, 133, 139 
harmonics, 130, 131, 132, 141 
Ellipsoidal mass of liquid rotating under its 
own gravitation, 651, 654; precession 
of, 677 

Ellipsoidal shell, irrotational motion of a liquid 
in, 138 

motion of a liquid of uniform vorticity in, 
189 

containing liquid, precession of, 673 
Elliptic co-ordinates, 79 

Elliptic cylinder in frictionless liquid, circula- 
tion round, 70 
motion due to an, 80, 84 
Energy, equation of, 8, 19, 199, 470 
Energy of irrotationally moving liquid, 45, 54, 
63 ; of long waves, 241 ; of vortex 
systems, 199 ; of surface-waves, 347 ; of 
capillary waves, 432 ; of air -waves, 
454 

Equation of continuity, see Continuity 
Equations of motion, of frictionless fluid, 4, 
12 ; of viscous fluid, 546 ; of a gas, 454, 
456, 618 

of solids in a frictionless liquid, 154, 161, 
173, 178, 180 

Equilibrium (relative), of a rotating system, 
288 

Equilibrium theory of tides, 336 
Eulerian form of the hydrodynamical equa- 
tions, 4 

Exchange of stabilities, 662 
Expansion defined, 5 

and vorticity, velocities expressed in terms 
of, 191 

Expansion, waves of, see Air-waves 

Figures of equilibrium of rotating liquid, 648 
Finite amplitude, waves of, on water, 243, 258, 
393 ; in air, 456, 459 

Finite oscillations of a liquid globe about the 
spherical form, 669 
Fish-line problem, 443 
Flapping of sails and flags, 352 
Flow, defined, 31 
Flux, defined, 36, 60 

Forced oscillations about equilibrium, 233 ; of 
a rotating system, 295 
Fourier’s theorem, 361 

Free oscillations, 232 ; of a rotating system, 292 
Free stream-lines, 86 
Friction, effect of, on tides, 535 
fluid, 8ee Viscosity 

Gases, elasticity of, 451, 453 ; viscosity of, 545, 
636 

Generalized co-ordinates, 170 
Gerstner.’s waves, 396 

Globe, oscillations of a liquid, 425, 608, 670 
Globule, vibrations of a, 448 
Grating, flow of a liquid through a, 69 ; reflec- 
tion and transmission of sound-waves 
by a, 508, 511 


Green’s theorem, 41; Kelvin’s extension to 
cyclic regions, 52 ; Helmholtz’ extension 
to sound-vibrations, 473 
Group-velocity (of waves), 357, 359, 433, 435 
Gyrostat, stability of a liquid, 677 
Gyrostatic systems, equations of motion of, 
178; small oscillations of, 292; with 
friction, 540 

Hamiltonian principle, 170 
Harmonic analysis of tidal observations, 339 
Harmonics, spherical, 102 ; cylindrical, 125 ; 
ellipsoidal, 130, 133 

Helicoidal solid moving in frictionless liquid, 
165 

Heterogeneous liquid, waves on, 355 
Highest waves on water, 395 
Hydrokinetic symmetry, 158 

Ignoration of co-ordinates, 175 
Image, of a double source in a sphere, 122; of 
a vortex-ring, 225 

Impulse, of a solid moving in a frictionless 
liquid, 149, 153, 168 
of a vortex-system, 197 
Impulsive generation of motion, 10, 112 
Inertia-coefficients, of a circular cylinder, 73 ; 
of an elliptic cylinder, 81 ; of a sphere,. 
160 ; of an ellipsoid, 144, 146 ; general, 
152 ; in cases of symmetry, 161 
Instability, of surfaces of discontinuity, 352 ; 

of linear flow of a liquid in a pipe, 626 
Irreducible circuits, 47 

Irrotational motion, general theory of, 29, 33 ; 
in cyclic spaces, 48 ; in two dimensions, 
62 

of a liquid ellipsoid, 673 

Jacobi’s ellipsoids, 654 
Jets, theory of, in two dimensions, 86 
capillary phenomena of, 446 

Kelvin’s theorem of minimum energy, 45 
Kinematic coefficient of viscosity, 545 
Kinetic energy, of an irrotationally moving 
liquid, 44, 46, 54, 63 ; of a solid moving 
through a liquid, 152, 168 ; of a vortex- 
system, 199, 200, 201 ; see also Energy 
Kinetic stability, 291 
Kineto-statics, 182 

Kirchhoff’s integral of the general equation of 
sound, 475 

Lagrangian equations in generalized co-ordi- 
nates, 173, 178 

Lagrangian form of the hydrodynamical equa- 
tions, 12 

Lamina, impact of a frictionless stream on a 
lamina, 92, 94, 96 

Laminar motion, 30 ; in viscous liquids, 609 ; 
stability of, 634, 636 

Laplace’s dynamical theory of the tides, 309 
Lift due to circulation, 75, 646 
Limiting forms of relative equilibrium of a 
rotating liquid, 586 
Limiting velocity, 20 
Lines of motion, see Stream-lines 
Long waves in canals, 235 
Lubrication, theory of, 551 
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Maclaurin’s ellipsoid, 651 
Mean value of potential over a spherical surface, 
37, 471 _ 

Minimum dissipation, Korteweg’s theorem of, 
584 

Minimum energy, Kelvin’s theorem of, 45 
Minimum velocity of water-waves, 434 
Modulus of decay, 533 ; of water-waves, 590 ; 

of air-waves, 612 
Moving axes, 11, 18 

motion of a solid referred to, 149 
Multiply-connected regions, 47 

Newtonian velocity of sound, 452 
Normal modes of oscillation, 232; of water in 
rectangular and circular basins, 264, 
271, 416; in a channel of uniform 
section, 244, 421 ; of air in a spherical 
or cylindrical envelope, 480, 502 

Obstacles, scattering of sound-waves by, 487, 
488, 491, 493, 504, 506, 621 
Oil, effect of a thin film of, on water-waves, 597 
Orbits of particles in water-waves, 343, 345 
Ordinary and secular stability, 291 
Orthogonal co-ordinates, 139 
Orthomorphic projection, 65, 101 
Oscillating plane in viscous fluid, 586 
Oscillations, see Small oscillations and. Waves 

Pear-shaped figure of equilibrium of a rotating 
. liquid, 666 

Pendulum, in air, 484; impact of air- waves on, 
488 ; in viscous liquid, 608 
Periodic motion of a viscous fluid, 585, 598, 618 
Periphraetic regions, 38 

Permanent type, waves of, on water, 393; in 
air, 459 

Physical equations, 6 

Pipe, flow of viscous liquid in a, 553 ; turbulent 
motion in a, 626, 628 
Pitot Tube, 23 

Poiseuille’s experiments, theory of, 554 
Porous bodies, absorption of sound by, 615 
Precession of an ellipsoidal shell containing 
liquid, 673 ; of a liquid ellipsoid, 677 
Pressure-equation, 18, 19 
Pressures on solids moving through frictionless 
liquid, 154, 155 

Prismatic vessel, irrotational motion of a liquid 
in rotating, 85 

Progressive waves, tidal, 239 ; on deep water, 
344 ; in air, 454 

Eeflection, of waves, 243 

and transmission of air-waves by a grating, 
508, 511 

Belative equilibrium, condition for, 288; linear 
series of configurations of, 660 
Eesistance, of fluids, 92, 94, 641 
due to waves, 391 
in a viscous fluid, 567, 571, 573 
Eetardation and acceleration of tides by inertia, 
331 ; by friction, 536 

Eevolution, solid of, moving in frictionless 
liquid, 161, 164 

Bing moving in frictionless liquid, 169 
Bing-shaped figure of equilibrium, 657 
Bipples and waves, 435, 441 


Eotating dynamical system, small oscillations 
of, 289 

Botating liquid, 25, 26, 27, 648 

approximate calculation of periods of vibra- 
tion, 293, 307 

Eotating sheet of water, tides on, 296 ' 
Botation of a fluid element, 30 
Botation of a liquid mass under its own gravi- 
tation, 648 

Eotational motion, 185 

Eotationaily moving liquid, motion of a solid 
in. 215 

Scattering of air- waves by spherical and other 
obstacles, 487, 488, 493, 504, 506, 507 
Schwarz’ method of conformal representation, 
77, 87 

Secular stability, 291, 663 
Semi-infinite screen, diffraction of sound by, 
512 

Shallow water tides, 261 
Ship-waves, 409, 413 

Simple source, 55, 115; of sound, 465, 472 
Simply-connected regions, 35 
Skin-resistance, 643 

Slipping, resistance to, at the surface of a solid, 
546, 569 

Small oscillations, 231 ; of a gyrostatic system, 
290 ; of a dissipative system, 532, 538 ; 
of a liquid ellipsoid, 667 
Smoke-rings, 225 

Solid of revolution, motion of a, 161 
Solids moving in frictionless liquid, 148 ; with 
cyclosis, 166 

Solitary wave, Scott Bussell’s, 399 
Sound, velocity of, 453 
Sound-waves, ut Air-waves 
Sources and sinks, 55, 119 
Sources of sound, simple and double, 465, 472 
Speed of an oscillation defined, 232 
Sphere moving in frictionless liquid, 115, 120 ; 
inertia-coefficient of, 116 
in viscous fluid, steady motion, 565, 569, 
573 ; oscillatory motion, 620 
Spheres, motion of two, in frictionless liquid, 
122, 124, 174 

Spherical harmonics, 102 ; zonal, 105 ; tesseral 
and sectorial, 109; conjugate property 
of, 111 ; expansions in terms of, 110 ; 
application to sound-waves, 477 ; to 
steady and periodic motions of a viscous 
fluid, 562, 603 

Spherical mass of liquid, free and forced oscil- 
lations, 425, 428 ; influence of viscosity, 
605 

Spherical sheet of water, tidal oscillations of, 
282, 285, 428 

Spherical vessel, decay of motion in, 605 
Spherical vortex, Hill’s, 227 
Stability, ordinary and secular, 291 

of a solid moving in frictionless liquid, 156, 
164, 165 ; of vortex-systems, 208 ; of a 
cylindrical vortex, 213 ; of a jet, 447, 448 
of the ocean, 333 

of a rotating mass of liquid, 663 ; of a 
rotating annulus, 657 ; of Maolaurin’s 
and Jacobi’s ellipsoids, 667 
Standing waves on water, 341, 415, 420, 422 ; 
see also Normal modes 
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Steady motion of a Motionless liquid, 18 ; with 
a free surface, 86 ; general conditions 
for, 225 

of a viscous fluid, 550, 553, 555', 579 
Steady motion of a solid in frictionless liquid 
(possible types), 155, 156, 165; stability 
of, 156, 164, 165 
of a solid of revolution, 165 
Stokes’ theorem, 33 

Stream-function, Lagrange’s, 60 ; Stokes’, 117 
Stream-lines, 18 ; in two dimensions, 61 

of a circular cylinder, 73, 74, 75; of an 
elliptic cylinder (translation and rota- 
tion), 80, 84; of a sphere, 120; of a 
circular disk, 136 ; of a vortex- pair, 204 ; 
of a row of vortices, 207; of a vortex- 
ring, 221 ; of a spherical vortex, 228 ; 
of standing waves on deep water, 344 ; 
of a liquid globe, 427; of a sphere in 
viscous liquid, 566 
Stresses in a viscous fluid, 544 
Superposed liquids, oscillations of, 350, 354 
Surface-conditions, 6 

Surface-distributions of sources, 57, 58, 473 
Surface-disturbance of a stream, 375, 383 
Surface-energy and surface-tension, 430 
Surface-waves, 341 

due to a local disturbance, 361, 364, 375, 
437 ; due to a travelling disturbance, 
389, 409, 439 ; due to a submerged 
cylinder, 387 
of finite height, 393 

Surfaces of discontinuity, see Discontinuous 
motions 

Symmetry, hydrokinetic, 159 
Tangential stress, 542 

Tension, surface-, see Capillarity and Surface- 
energy 

Terminal velocity, of a sphere, 567, 671; of a 
cylinder, 681 
Tidal waves, defined, 231 

in uniform canal, 235, 240, 244, 247, 260; 
in canal of variable section, 254; on 
open sheets of water, 262, 264, 271 ; on 
a spherical ocean, 281 
on a rotating sheet of water, 287, 298, 305 ; 

on a rotating globe, 309 
of finite height, 243, 258 
Tide-generating forces, 336 
Tides, diurnal, 320, 329; semi-diurnal, 321, 
329; of long period, 316, 326; spring- 
and neap-, 332 ; of second order, 261 
equilibrium theory of, 336 ; correction to, 338 
dynamical theory of, 309 ; Laplace’s theory, 
309; Hough’s theory, 326 
effect oSe friction on, 535 
Torricelli’s theorem, 21 


Torsional oscillations, of a spherical shell con- 
taining viscous liquid, 604 ; of a sphere 
surrounded by liquid, 607 
Travelling disturbance, waves due to a, 389, 
439 

Trocboidal waves, 396 

Tube, flow of viscous fluid in a, 553 ; critical 
velocity in a, 627 
Tubes of flow, 36 
Turbulence in atmosphere, 632 
Turbulent motion, 626 

Velocity-potential, defined, 15 ; kinematical 
property of, 16 ; persistence of, in 
frictionless fluids, 15, 34; mean value 
of, over a spherical surface, 37, 471 ; 
in simply and multiply-connected spaces, 
35, 48 

of an isolated vortex, 194 
Vena contracta, 22, 90, 91 
Viscosity, 541 ; stresses due to, 544 ; coefficient 
of, 545 

of gases, 611; effect on sound-waves, 612, 
618 

Viscous fluid, equations of motion of, 546 
steady motion of, 550 ; periodic motion of, 
585 

flow between parallel plates, 550 ; through 
narrow tubes, 553, 555 
steady motions of a sphere and of an ellip- 
soid in, 565, 573 
pendulum oscillating in, 608 
Vortex-lines and filaments, 185; vortex-sheet, 
195; vortex-pair, 204 

Vortex-rings, 218; mutual influence of, 224 
Vortex-system, impulse of, 197; energy of, 199 
Vortices, motion due to isolated, 193; per- 
sistence in frictionless liquid, 187 ; recti- 
linear, 202; cylindrical, 213; elliptic, 
214 ; circular, 218 ; spherical, 227 
Vorticity, defined, 30 ; diffusion of, 558 

Water-waves, effect of viscosity on, 590 ; effect 
of oil on, 597 ; see also Capillary waves, 
Surface- waves. Tidal waves 
Wave-patterns due to a travelling disturbance, 
410, 445 

Wave-propagation in one, two, and three di- 
mensions, 501 
Wave-resistance, 391 
Wave- velocities, 237, 347, 432, 434 
Waves, see Air- waves, Tidal waves, and Water- 
waves 

Weber’s transformation of the hydrodynamical 
equations, 13 

Wind, action oi in generating water-waves, 
594 
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